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NPEAUCJAOBUE

[Tpodeccop A. A. Byxuita6 nosroe BpeMs Oblal 3aBeAYIOUIMM Ka-
benpoit Teopuu unces MOCKOBCKOro rOCyLapCTBCHHOTO Nejarorpue-
ckoro uucruryra um. B. M. Jlennna (neine MockoBekuil neparoruye-
CKMi rocypapcrBennblit ynusepcutet). Ero kuura «Teopus umcen»
BRCPBHIE U3Aala 0koy0 B0 JIeT HA3a/A W ¢ TEX NOP SABASETCH OJHHM U3
OCHOBHBIX YUeBOHUKOB 110 TCOPHH YUCe 1151 NeJATOTHYECKHX HHCTUTY-
TOB ¥ yHuBepCcHTeTOB. KHYra TakyKe YCMeNIHO HCMOAB3yeTcs B KJjac-
CHYECKHX yHMBEPCHTCTAX W JIPYTHX By3ax.

HOCTOMHCTBAMH KHUTH SIBASIOTCS €€ BbICOKMH HayYHO-MeTONMYe-
CKUHl ypOBEeHb, IOTHYECKAS CTPOrOCTh U3A0XeHus. BMecTte ¢ Tem, BHuU-
MaHue K TPYJIHLIM JETAASM ¥ NOAPOGHOCTL H3MOKEHHA Aeal0T KHH-
ry AOCTYRNHOM, 4TO 0COBEHHO BayKHO NMPH NEPBOHAYANBHOM H3YuelidH
Teopun vicen. Mcropudueckne KOMMeNTapiy K raBaM ocTasaeHs! 6e3
H3MEHEeHHsT W CNeLMannCTbl N0 TEOPHU YHCEa C YAOBOJIBCTBHEM OTMeE-
TAT, 4TO 3@ HECKONBKO JECATHAETHH B TEOPHH YHCEJ JOCTHIHYT BOMb-
wo¥ nporpecc. Jlokazana teopema ®epma, peweno ypasuenue Kara-
J1aHa, 3aMETHO PA3BUT METOA TPHIOHOMETPUUECKHX CyMM. OUECHKH JH-
HeliHbIX hopM OT norapudMoB airebpanuecKux UMCen NO3BOIHIN pe-
WHTb PR TPYAHBIX Npodaem.

CyliecTBeHHbIe JOCTHKEHHS CHeJaHbl B PA3BHTHU APYrHX MeTO-
JOB TEOPHH TPAHCUEHACHTHbLIX uncen. TlepeuncanTs Bce JOCTHKEHHS
HEBO3MOKHO, HO TAKXKe HEBO3MOXKHO OCTABMTb 0€3 BHHUMAHMA Mpi-
KiajHbie 3a1a4H TeopHH vuces. DYpHOe pasBUTHE M WIHPOKOE pac-
NpocTpalenye BbIYHCAHTENbHON TeXHHKH MPHAAIOT BCe DoJibllee 3Ha-
YeHUe BOMPOCAM 3alllUThl HHQOPMALiHU. TeOpeTHKO-UHCA0BbIe MCTO/Ib)
3QHIUTBI MHQOPMALMH J€XKAT B OCHOBE GOJbIIHHCTBA COBPEMEHHbBIX
Kpuntocuctem. PyugamenTabibie NOHSTHA H (AaKThl, Ha KOTOPHIX
Ba3upyTCA 3TH METO/bl, aKKYPAaTHO H NOAPOOHO HU3A0XKEHL B 3TOR
KHHTC, UTO JC/1aeT ec aKTyaJbHOH M B HAILKW JHH.

3asedywowuii kagedpoi meopuu ducear MITY,
npogeccop Kageops: MAMEMAMUYECKO20 QHAAU3A
MEXQHUKO-MameMamuueckoeo gakyasmema MY
usm. M. B. Jlononocosa, 0. ¢.-u. n. B. I'. HYupcruii
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OT ABTOPA

Kunra paccuutaHa B nepByio oyepeib Ha TO, YTOObl CJAYXKHTH
B KauecTBe Y4eSHOIro MOCOOHS NMPH NPOXOKACHUH KYpPCa TEOPHH dHCeNn
Ha (DH3MKO-MATeMAaTHYECKHX (akyJabTeTaX NeAarOTHYECKHX HHCTHTY-
TOB M B YyHHBepCHTeTaX. TeopeTHKo-4HCJO0Bble BONPOCH BbI3BIBAIOT
UHTepeC He TOJbLKO Y CNELHUaJHCTOB MAaTeMATHKOB, HO H Y 3HAuH-
TenbHO Gojiee IIHPOKOro Kpyra Jiofed, 3aJyMblBaloLlHXcst Hal OT-
JeMpHBIME apudMeTHIeCKHMH npob/emMaMH, H aBTOp CTapasjcs yuecTh
HHTCpeChl 4uTaTeseli B 3TOM otHolWweHHH. OXBaThiBasg MOJHOCTbLIO
yuebHY10 nporpaMmy IO TEOPHI YHCeJ, KHHIA COAEpPKHT M JOMoJ-
HUTCJALHBIH MaTepHas, pa3BuBalolldil TOT HeGOAbUIOH 00si3aTe bHbI
KYPC, KOTOPBIil NPOXOANTCS BCEMH CTYJeHTaMH-MaTeMaTHKaMH B neja-
FOTHYECKHX HHCTMTYTax. DTOT AONOJHHTEJbHbLI MaTepHald MOXKET
OBITb HCITOAbL30BAH 1P OpraH3aluy paboTsl CICLICEMHHADOB, a TAKXKe
B KayecTBe OCHOBBI JAJsi PsiAa KypCOBHIX paboT HO TEOpHH uHCe.

ABTop crapancs ZOOHTbCA TOro, 4ToObl YHTaTedAb MOT B ITOR Ke
KHHFC HafiTH BCC TO, 4TO HCNOJAB3YETCS MpH A0KA3aTejbCTBE TeopeM
kypca. B cssa3n ¢ stum B l-i raaee cdopMyJsipoBaH psjg obWKHX
MATEMATHUECKUX IOJNOXKEHHUH, TeopeM Bbicllelf aaredpbi M MaTeMaTH-
4eCKOr0 aHaJH3a, HCNOJb3yeMHX B JalibHellueM.

2-51 ¥ 3-1 I'1aBbl H3J1aTal0T apU(METHKY LebiX YHCes. DTOT pasjed
apudMeTHKH (akTuyeckn sBJAAercss 0a3ucoM BCero Jafbheiliero
NOCTPOeHHSl caMoil Teopuu yuces, B memaroruueckHX HHCTHTYTaX
apudMeTHKA LEJbIX PAHOHAMABHBIX YUCes MPOXOAUTCH B Kypce 3Jje-
MEHTapHOH MaTeMaTHKHM K 3TH JBe IjaBbl MOTYT OBTb HCIIOJb30BaHbI
npH H3YYeHHH 3TOro Kypea.

B kHure BBe/leHa CHJOIIHAS HYMepalus TeopeM (apabCKUMH
guppamu). 3TO AaeT BO3MOKHOCTbL GoJjee yAOOHO NOAb30BATLCS NOK-
poOHBIMM CCHIJIKAMH. B KOHIle KHHTH (HaunuHasi npumepro ¢ 3l-#
TAaBbl) CCHIIKH, KOrZa OHH CBSI3aHbI C JIPHMEHEHHEM 3JeMeHTApHBIX
TEOpeM TEOPHH MHEJHMOCTH HJAM TEOPHH CpaBHEeHHIl, HOCAT meHee
cucTeMaTHYeCKHIT XapakTep. TeopeMel, OTHOCSHITHECS] K APYTHM pas-
lelaM MarTeMaTHKH M NOMElleHHble B KHHIE TOJBKO B KayecTBe Clipa-
BOYHOTO MaTepuajia, nepeHyMepoBanbl DUMCKHMH uudpamu, Ocnos-
Has 44aCTL TCOPEM TEOPHH UYHCe] JaHa C NOJHBIMH L0KA3aTebCTBaMU.
Hekoropbie TeopeMmbl AaloTcst 6e3 KOKa3aTENLCTB.

Bonbiioe MecTo B KHHTe 3aHEMAIOT BOIPOCH HCTOPHUYECKOIO pas-
BHTHS TeODHW uHces. [loMHMO BBefeHHs], AAOWEro OGWHH CUEpPK
Pa3BUTHA TEOPHUH UHCEN, UCTOPDHA NpeAiMeTa OCBelllaeTcsi M B CaMOM
TEKCTe, & B KOHUE MHOPHX TIJIaB [IOMElleHbl HCTOPHYEeCKHe KOM-
MEeHTapHH.

AsTtop crapancs Besfe, TAe 3TO BO3MOXKHO, BBeCTH UYHTaTels
B KYPC COBDEMEHHOrO COCTOSIHHSI pacCMaTPHBAeMbIX BONPOCOB U AaTh
NpeACTaB/ieHHe O TEOPHH UHCes KaK O Pa3BHUBAIOLICHCS Hayke.

A. Bbyxwmab



OBO3HAYEHHA

B cxo6kax yKasamul CTPaHuLEl, HAa KOTOPHX BBeJeHHl WJIM BlIEpBEE BCTpe-
9ai07ca 5TH 0603HaueHus.

aEM —a snement mHORectBa M (crp. 15).
((@1, Q25 ..., ay))—Komunekc (crp. 17).
b|a —b peaurens a (crp. 19).
b/i’a —b ne peautesnr a (crp. 19).
f(x) ~ o (x)—acummorornyeckoe paseHcTBo GyHROui f(X) 1 o (x)
(ctp. 26).
O (0 (x)), 0 (® (x))—(cTp. 26 u crp. 27).
(a1, a3, +.. , ;) —HauGONBIIUE OGUIHH JEJNHTENb YHCRN &y, Gy, +vv 5 Ay
(ctp. 38).
lay, ag, ¢, 0]l —HauMeHbwee ofliee KPATHOE YHCEN y, gy «ve s Uy
{cTp. 41).
{o]—uenass yacte uncaa o {crp. 48).
{a}—npo6ﬂa;{ yacTh umcsaa o (crp. 49).

ao-}-l/ a1+-1/a2+...+—uas—K0HeqHaﬂ nenHag jgpobe (ctp. 59).
¢—OCHOBaxHe HaTypalbHOH cucrembl jJorapu(pmos.,
Ti-—OTHOLIEHHE IJAMHBL OKPYMXKHOCTH K AHAMETDY.
a==b(mod m)—a cpaBHuMO Cc b mo Moays m {cTp. 72).
a —KJace Ho paccMarpupaeMoMy MogyJate m {ctp. 77).
¢ (m)—dynxnus Sfinepa (cTp. 89).
L (m)—o6o6wennan dyukuus ditnepa (crp. 99).
P, (a), P (a)—rnoxasatens a no Mopynio m (ctp. 140).
P (k)—uHucio KyaccoB NO paccMaTpUBAEMOMY MOAYJIO My
noxasaTesb KOTOPHIX paBeH k (ctp. 143).
ind,b—muHgekc b no paccMaTpUBaeMOMY MOLYJIO /1 4 OCHO-
Bauuio a (crp. 152).

(%), (%) —cumBojint Jlexanapa H Sixo6u (ctp. 177 u crp. 191).

a(,-;—i/al-]-yaz—}—...—6ecxonequaﬂ penHaa japobn (cTp. 210).
{a, b, c}—-—GHHapHaﬂ KBajgpatuuynas Qopma (cTp. 278).
($%>—yﬂumonynﬁpnaﬁ JauHefiHas noicraHoska (crp. 279).
{a, b, ¢} {4, B, C}—osxpusanentuocts gopm {a, b, ¢} n {4, B, C}
(cTp. 279).
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T (n)—uncno menutenelr yncna n (erp. 316).
o (n)—cymma menutenel umcna n (cTp. 316).
w (n)—oynkuus Mébuyca (cTp. 319).
{ (s)—nsera-pynkuus Pumana (crp. 321).
Q (x)—uYnCJIO HaTypaJbHbLIX YHCes, He NMPEBOCXOAAUHX X H
cBOGOAHEIX OT KBagparos (cTp. 329).
7t (¥) — YKCJIO POCTEIX YHCEJI, He [ peBOCKOAMHUX ¥ (cTp. 333).
v (n)—uUCIO PABIMYHBIX TNpPOCTHIX JeJauTened ducia n
(ctp. 348).
v, (k, x)—uHuC/aO0 MPOCTHIX YHCEJ, HE TIPEBOCXOASUIMX X H TPU-
Hajpexamux mporpeccnn k¢! (ctp. 358).
x(n)-xapaxfgg f [0 paccMaTpuBAEMOMY MOAyiio &

(cTp. 3



BBEJIEHHE

1. NPEJIMET TEOPUH YHCEJ

TlepBoHauanbHEle 3JeMEHTHl MaTEMATHKU CBSI3aHBl C IOSIBJCHHEM
HABHIKOB CYeTa, BO3HHKAIOU[UX B INPUMUTHBHOH ¢opMmMe Ha cCpaBHHU-
TeJIbHO PAHHMX CTYIEHSAX PA3BUTHA 4YeJIOBEYECKOTO oOLIeCTBAa B Mpo-
uecce TPYAOBOH AesiTenbHOCTH, ITOHSATHE HATYpaJNbHOrO uuc/aa, MOsAB-
Jsioleecs KaK pe3yJbTaT IOCTelleHHOro a6cTparupoBanus, sBJseTCs
OCHOBOH BCero jJajbHeflllero pasBUTHSI MaTeMaTHKH,

Hsyyenue CBONCTB HATYpaJbHHIX HHCeJ, HaUuaToe B NPHMHTHBHOM
¢opMe MaTeMaTHKaMH AABHO VINEAIIHX [OKOJEHMH, 3aHHMAeT 60Jb-
1108 MECTO B COBpPeMeHHOl MaTeMaTHKe, COCTaBJISIsi OCHOBHOE COAep-
JaHHe OXHOTO M3 ee BeAYIIMX pasfeioB, KOTOPbIH Mbl Ha3kEIBaeM
Teopueli uucen. [Ipu paccMoTpeHHH HaTypaJsbHBIX YHCeJ Mbl 3aMe-
yaeM, 4TO CPeJAH HHMX BCTPEUYAIOTCS YHCJA € BecbMa pasHooOpa3HBIMH
cpolictBaMu. Tak, Hanpumep, CPelM HaTypaJbHBIX YHCEJ Mbl BbiZe-
JfieM NOpOCTble 4YHCia, H, eCTeCTBEHHO, BO3HHKAeT BONPOC, Kak
pacupejiesleHbl 3TH 4YHCJA Cpeld BCeX HATypaJbHbIX uuces. Mur
MOXKEeM TaKiKe 3aMeTHTb, HallpHUMep, 4TO CPeAM HaTypaJbHHIX UHCEJN
€CTb YHCJAa, KOTOpble HEeJNb3sl IpEeNCTAaBUTh B BHAE CYMMBl ABYX
KBaJpaToB HATypaJ/bHbIX 4HCeJ, W NOCTaBHTh BONPOC O TOM, KakKue
HMEeHHO 4ucja o6J1alaloT 3THM CBOHCTBOM M KaK 4acTO BCTpevarorcs
TaKHe 4HCJa,

B Teopuu uymces, €CTeCTBEHHO, BBIAEJSIOTCS H paccMaTpHBAIOTCS
B NEpBYIO ouepelb Te NpoOJeMbl, KOTopble TAYGOKO H JOCTATOUHO
HENOCPEACTBEHHO CBS3aHBI C H3yuaeMbIMH OOBEKTaMH M BaKHBI JAJIS
NOCTPOEHUST MaTeMaTHKH B ee lesnoM, HekoToprie TeOpeTHKO-UHCIIO-
Bble 33aJayd BO3HHKAIOT YXKe B PaMKax WMKOJbHOrO Kypca apudme-
THKHU. McTopuuecku TeopHsl uMCesl BO3HHMKJA KaK HEHOCpeACTBEHHOEe
pasBuTHe apudMeTHKH. B Hacrosmee BpeMd B TEOpHIO UHCEs BKJIKO-
YaIOT 3HAYHTEJbHO 00Jsiee MIHPOKHUH KDPYr BONPOCOB, BHIXOASALIHX 32
PaMKH M3Yy4eHHS HaTypaJbHbIX yucesa. B TeopuMM ducea paccMaTp-
BAiOTCS HE TOJIbKO HATYpaJjibHble YHCJa, HO ¥ MHOXKECTBO BCeX LeJIBIX
yHces, a Takike MHOXKECTBO PalMOHAJbHBIX YHCe.

Ecnu paccmaTpuBaTh KOPHM MHOTOYJIEHOB:

f)=x"+ax" 1 +... +a, (1)



¢ ueanMi ko3bduIHeHTaMH, TO OOBIUHBIE LeJble YHCJa COOTBETCT-
BYIOT CjAyuaw, Korja Muorousied (1) mmeer crenedn n=1. Bo Muo-
HKCCTBE KOMIIJIEKCHBIX YHCEJ €CTeCTBEHHO BbIJe/NUTb TaK Ha3biBaeMble
Hessie  ajrebpadueckue uHcJaa, INpeAactaBasomne coboli KOPHH
MHorousieHoB Buza (1) ¢ mensiMu Koa(dulueHTaMH,

Wsyuenue cBOHCTB TAKHX YUCEN COCTaBJAeT COAepKaHHe OLHOrO
U3 BamHeHIIHX pasfelioB COBPEMEHHOH TeOpHM 4uCeN, Ha3biBaeMOro
anrebpanueckoll Teopueit umuces. B Teopmio umcesn BKJIOYAIOT
TakKe BONIPOCHI, CBsi3aHHbIE C NIPUOINKEHNEM AeHCTBHTENBHBIX YHCe
panuoHanbHbIME Apobsimu. Takue NpUOMHKEHHS Ha3biBalOT OOBIYHO
Au0QaHTOBBIMH NPHONUMKEHHSIMH, MO HMEHH BeJHKOTO IPeYecKoro
MmateMaTuka [lnodanra.

Iust coBpeMeHHO TeOpHH YHCeN XapaKTepHO NPHUMEHEHHe BeChMa
Pa3sHOOGPA3HBIX METOAOB HCCHeJOBAHMH; Tak, HanpuMep, MHOTHe
npoG/eMbl TEOPHH YUCEN MOTYT ObITh, €CTECTBEHHO, C(HOPMY JAHPOBAHbI
B reoMeTpuueckoil ¢opMe, M K peIeHHI0 TaKOro poja 3ajad npu-
MeHSIIOT reoMeTpHUecKHe cooOpaKeHHst (reoMeTpHYecKas TeopHs
yncen). B coBpeMeHHOI TeOpHH UKCeN IIHPOKO IOJAb3YIOTCS METOAAMH
MaTeMaTHYeCKOro aHa/lH3a; B HACTHOCTH, NPH H3YYeHHMH BOIPOCOB,
CBSI3aHHBIX C paclpeieNeHHEM MPOCTHIX UHCeJd, OCOGeHHO HYacCTo
NPUXOAUTCS TPHMEHSITH TEOPHI0 (PYHKIHH KOMIJIEKCHOTO MepeMeH-
HOro. TeopeTHKO-YHCJIOBble MCCJAENOBAHHA, B KOTOPHIX CYHIECTBEHHO
HCIOJMb3YIOTCSA METOZBI MaTeMaTHYeCKOTO aHasn3a, ABJAIOTCA COAep-
JKaHHeM BeChbMa 3HAYMTE/ILHOTO pasjiesia TEOPHH YHCes, NOJYUHBLIEro
HauMeHOBaHue ,AHajuTudeckas TeopHs uuces®.

Pasputue TeOpHH YuceJ TECHO H HENOCPeJCTBEHHO CBfA3aHO C
pasBuTHEM LeJIOro PsAa PasfesioB MaTeMaTHKH.

Teopust unces He TOJBKO UIMPOKO HCHOJB3YeT METOABl, paspa-
BoTaHHBle B CMeXHBIX MaTeMarHYeCKMX JUCHMIJIHHAX, HO H caMa
BAHSET HAa (QOPMHPOBaHME 3THX AMCUMIIMH. Tak, HanpuMep, Hayajuo
ray6OKHX HCCIeNOBAHHE B TEOPHH ajreGpaudeckux umces Oblio
CBS3aHO C Tak HasbiBaeMoll npofSiemol @epma O BO3MOXKHOCTH
CYMIeCTBOBAHHS LIEJBIX MOJOXKHTEIbHBIX DelleHHl HeompelesieHHOTO
ypaBHenus x"-4-y"=2" npu n>>2; RaibHefiulee pasBuUTHE ITOH
TEOpHH OKa3aJ0 peluaioliee BIMSIHWE HA COBDEMEHHYIO anreGpy,
a BO3HHKIIME B TEODHH YUCEJN NOHATHA ,KOJblla“,  uaeasa“ sBJASIOTCH
OAHMMH U3 OCHOBHBIX [OHSITHH BCell MareMaTMKy HAllero BpPEeMEeHH.
Paj BOMpocoB TeopHH YHCE HAXOAUT cele NpHMeHeHHe HA NPAKTHKE,
HanpuMep B TeOPHH TesepoHHbIX ceTell (kaleseir), B KpHCTa/IOTpa-
¢HH, TpH pelieHMH HEKOTOPBIX 3ajau TeopHH I1PHOJHKEHHBIX
porupcaenuii. COBpeMEHHYI0 TEODHIO UYHCEJ] MOXKHO B OCHOBHOM
pa3buTh Ha caefylomue Pasieisi: :

1) dremenTapHas TeOpHsS 4YHuCeJ (TeOpUs CPaBHEHHH,
Teopusi (oOpM, HeompeleNeHHble ypaBHenus). K atomy paspeny
OTHOCAT BONPOCH TEOPHH YHCeJN, SABJAIOLIHECH HENOCPeJCTBEHHbIM
pa3BUTHEM TEOPHH IEMMMOCTH, H BONPOCHl O NPEACTABHMMOCTH YHCEJ
B onpefenieHHO# Qopme. Bosee ofweii gBiaseTcss 3afaua peiueHus
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CHCTEM HEONpeJeNeHHbX YPaBHEHHH, T. €. VYpaBHeHUH, B KOTOPHIX
3HAUEHH A HEH3BECTHBIX JKOJIKHBI ObITh 00513aTeNbHO 11eJbIMA UHCIaMH,
Heonpenenennsle ypaBHeHHS] HA3BIBAIOT TaKkiKe NHO(AHTOBBIMH Y pas-
HeHHSIMH, Tak Kak JlHo(paHT OblJ mepBHIM MaTeMaTHKOM, CHCTeMa-
THYECKH PacCMaTpUBaBIIMM TaKHe YpaBHeHHsT. Mbl YCJIOBHO HA3BIBAEM
9TOT pasjen ,DNieMeHTapHas TeopHs uuces®, MOCKOAbKY 3HeChb HaCTO
MPHUMEHS0TCS OObluHble apu(MeTHUecKHe U ajreGpanueckiie MeTOAbI
HCCJIeHOBAHNA,

2) AnreGpanveckas Teopusa uncen., K atomy pasieny
OTHOCAT BOMPOCH, CBSI3aHHBIE C H3YUEHHEM pAa3JHYHBIX KJacCoB
anrebpaudueckux YHCes,

3) Inopantosn npubaunxenus. K stomy pasgeny
OTHOCSIT BONPOCH!, CBSiI3aHHble C H3ydeHHeM NPHUGJIIKEHUS AeHCTBHU-
TeJBHBIX YHCeJ DalHOHAJbHBIMU Apo0aMu. K guodantoBeiM npubau-
HeHUSIM NPUMBIKAIOT TeCHO CBf3aHHble C 3THM Ke KpYyroM wuiefi
BONPOCH H3YueHHd apuMeTHUecKOf npHPOAb pasJHUHBIX KJaccoB
qucedt.

4) Ananmutunueckasn Teopusd uncea. K stomy pasgeny
OTHOCSIT BONPOCH TEOPUH 4HMCeJ, AJs H3Y4eHHs KOTOPLIX HPHXO-
IMTCS TPHMEHSITb MeTOAbl MATeMaTH4eCKOro aHaJju3a,

KoHeuHo, pasiejeHue TeOpHHM YHCeJ HAa TakHe pasjenbl He
ABAsieTcst cTaHAapTHbM, MHorpa BbiAeasIOT Kak oco0yio 4acThb Teo-
PHH YHCEJ TEeOMEeTPHYECKYI0 TeOpHI0 4Hces] uad u3 obuero Kpyra
BOMPOCOB TeOPUH IHOPAHTOBBIX NpPUOHKEHH BBHJIENSIOT TEOpHIO
TpPaHCUeHAEHTHBIX uHcesa. Halo, Kpome 5TOro, uMeTb B BHAY, UTO
4acTo TPHUXOZUTCS MMeTh JAeJ0 ¢ HCCJeJOBAHHSIMH, KOTOPble HeNb3s
OTPaHHYHBATHL PaMKaMH OJHOT'O ONpejeNIeHHOro pa3zleJa.

B sT0fi KHUre Mbl GYJeM OTHOCHTEJbHO NOAPOGHO H3yYaTh Teo-
PHIO CpaBHEeHMI; UTO Ke KacaeTCs TeOpHH (OPM M HeompeleseHHbIX
ypaBHeHHu#i, To dTa npobieMaTHKa 3aTPOHYTa 31eCh B o4eHb HeBOJb-
mom o6veme, KHHra Jact Takxke HeKOTopoe oblnee NpejcTaBJeHHE
0 npuOMIKEeHHH JeHCTBUTEJbHBIX HHCEJ pANHOHANbHBIMU APOOSMU
(nuotanTOBEl TPHOMHIKEHHS]). B aHaJUTHUECKOH TEOPHH YHCEJ Mbl
OrpaHuuYuBaeMCsl pPaccCMOTpeHHeM HauboJee MNPOCTHIX Pe3y/bTATOB,
NONY4eHHBIX 3JieMeHTapHBIMH  MeTofamu, OcTaBjesEbl B CTOpPOHe
MeTOAbl, CBsSi3aHHble ¢ NpUMEHEHHEM TeopuH QyHKIUH KOMIJEKCHOTO
nepeMeHHoro. Ajrebpandeckasi TEOpPHS yuces COBCEM He paccmaTpi-
BaeTCA B 3TOH Kuure,

2. KPATKU¥ HCTOPUUYECKUH OYEPK PA3BUTHSA TEOPHH UYHCEJ

[Ipu u30KeHHH KOHKPETHOro Marepuana OYAYT HPHBOAHTHCS
COOTBETCTBYIOLINE HCTOPHUECKHUE U GHOrpaduuecKue JaHHbE, 3eCh Ke,
BO BBEJCHHU, Mbl OIDAHHUHMCS BecbMa KpPaTKHM OOWHM OUEePKOM
HCTOPHH PA3BUTHS TEOPHH UHCEJ.

Panuuil mepuog pasBHTHS apHOMeTHKH XapaKTepH3YeTCs TeM,
YTO MOCTENEHHO H HPHTOM BecbMa MeJJICHHO pa3BHBaeTcs CcaM
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HPOLECC CYETA, BbISIBJISIOTCSI BO3MOXKHOCTH HEOTPAHHUEHHOTO0 ero 1po-
JDOJUKEHHs, Co3jaercsl mNpakTHuyecKas =~ apu(MeTHKa, B KOTOpPOH
pEeIaloTCs OTAeNbHbIe KOHKpDeTHble apH(MeTHYeCKHe 3afaui.

B tpynax EBkanIa TEOPETHKO-UHCAOBBIE HCCIELOBAHUS 3aHUMAIOT
CPaBHHTEJbHO HEOOMBIIOE MECTO, OLHAKO yXKe Y Hero Mbl BCTPEYaeM
psiA OCHOBHBEIX IOJIOKEHHH TEOPHH IEJMMOCTH H XOTS IPOCTOH, HO
4ype3BLIYAMHO BaxKHbIH pe3yJbTar: OECKOHEYHOCTb MHOXKECTBA Hpo-
CTBIX YHCes.

I'peweckuM MaTeMaTHKaM Obll H3BecTeH Cnoco0 BbieNeHHs
APOCTHIX 4YHCEJ H3 HATypaJbHOTO pAAa, NOJAYUMBHIMH Ha3BaHHe
apatocdeHroBa pemreta. Teopuio umpces] Kak ocodyio o6jacTb MaTeMa-
THKH MOXHO pacCMaTpHBAaTb TOJbLKO HauuHas ¢ pabotr [dnodanra
(BpeMsi ero XH3HHM B TOYHOCTH HEHM3BeCTHO, mo-supumMomy, III Bek
Hawe#i apsl). JlmodhaHT paccMoTpes psAj 3a4auy O NPelCTaBUMOCTH
yyuces B ompefeieHHoN dopme M Oosee oflive 3afaud peLUeHHS
HeonpeJesieHHbIX YpaBHEHHH B IMeJdblX M palHOHAJbBHBIX (TOUHee,
NOJIOKHUTEbHBIX PALHOHANBHBIX) uHcaax. FIMeHHoO aTH 3ajayd sBH-
JIECh M03J{Hee OTIPABHHIM IIYHKTOM BCell TeopuH (opM H TOH 0a3of,
OTKYJa BO3HHKJIA TIPOGJeMaTHKA TeOPHH AH0DaHTOBBIX NPUOJIHKEHHH.

B nepuon ymnazka aHTHUHOH KYJbTYpnl paborsl Juodanra ObliH
noutu coscem 3abbithl, B VIII—IX Bekax B apafckux crpanax —
Ha Teppuropusax Ttenepemnero Mpaxa, Cpenneit Asum u apyrux
ctpan Damxkuero BocToxa — BO3HMKaeT cBoeoOpasHasi MaTeMaTuye-
ckag KyJabTypa. ApalGckasi MaTeMaTHKa, KYJbTHBHDPYS HcCCJ/eloBa-
HHMSL Do ajrefpe W TPHFOHOMETPHH, MPOSBJASAJIA He3HAuHTeJNbHbIH
HHTEPEC K TEOPETHKO-UHCJIOBBIM 3ajauaM. Hekoropole apabckue
yuenble, Hanpumep Anbkapru (XI Bex), xommenTuposaiu [Quodanra,
HEeCKOJILKO Pa3BHJM €r0 CHMBOJHKY, paccMaTpHBald apudMeTuye-
CKHe 3ajayd Toro ¥e Tuna, 4ro u [JuodaHT, OfHAKO HHUETO CYIecT-
BEHHO HOBOTO MMH He ObLJO MOJYYEHO,

B Espone, HayuHasg C SMOXH KPeCTOBbIX MOXOAOB BILIOTH 0
XVII Beka, pasBuTHe TeOPHH YHCeJs, Kak, BOpodYeM, H BCelt mMareMa-
THKH, OblJI0 OYEHb MeJJeHHBIM. MaTeMaTHKH OOBIYHO paccMarTpHBajH
TOJIBKO OTJEeJbHEIE KOHKPETHbIE 33/la4H TeOPETHKO-YHCJIOBOTO Xapak-
tepa. OG6wye MerToxbl OBLIM IIOYTH HEH3BeCTHH. B 3ToT nepuoj
B OCHOBHOM pasBu/aCh TNpaKTHuecKas apupmeTuka AeHcrsmi. M3
paboT 3Toro BpeMenu HauGOJBINNIK ciel B JasbHeHIIeM Da3sBHTHH
TEOpUM YMCEeJ OCTABHMJX BeCbMa S3HAUMTeNbHHE JJIS ITOH 3H0XU
pabotsi Jleonapgo Musanckoro (ymep B 1250 r.) um paGotal Perno-
monTtana (1436—1476), kotopulil nHawea Tpyam Huodanta M Bhep-
Bole B EBpofle cTanm cucteMaTHUYeCKH HX H3yuaTb.

B XVI u B navajse XVII Bexa Ha JlaTHHCKOM H (PPaHLLy3CKOM
g3blkax Oblid M3jaHbl counHenusi [uodanrta, U pAj MareMaTHKOB
TOr0 BPEMEHH, H3 KOTOPBIX B IepBYIO ouepelb MOXKHO Ha3BaTh
Buera (1540—1603) u Bamé ge Mesupbsika (1581—1638), sansamnuce
KOMMEHTHPOBAHHEM JTHX COUYHHEHHMI, HECKOJbKO JONQMHAA HX
HOBBIMH De3YJIbTaTaMHu.
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B macrosieM cMbicie TEOPHIO 4HCeNd KAaK HAYKY HaAO CUUTATh
HauyuHas ¢ pabor gppannysckoro maremaruka I1. ®epma (1601—1655),
NOJIYUHBIIEr0 OCHOBHON pe3yJibTaT TeOPHH AeJUMOCTH Ha 3aJaHHOE
DpPOCTOE UHCJIO U PeIUUBIIEro Psiji BaXKHbIX 3ajau TeOPHUH Heolpe-
JIeJIEHHBIX YpaBHEeHHH.

B XVIII sexe J1. Dfinep (1707—1783), Gonbmas yacts paGor
KoToporo Owbiia Hamucana y Hac B [lerep6yprckofi Akajnemuu Hayk,
3HAYMTENBLHO NPOABUHYJ BIepef Pa3BUTHe TeOpHH uucen. JI. Dinep
obobinuy ocHOBHO! pesynbrar Pepma Ansd Cayuas AeJMMOCTH Ha
COCTaBHBIE YHCJA, COZAaN OCHIYIO TEOPHIO TaK HA3LIBAEMBIX CTEleH-
HBIX BBIYETOB, MOJAYUMUJ OueHb OOJBIIOE YHCJAC pPazHOOGpa3HBIX
pe3yJbTaTOB O TPEACTABUMOCTH UHCEa B BHAE (OPM ONMpPEAENICHHOTO
THNA, UCCAEAOBAN PAJ CHCTEM HeolpefeseHBHX YDaBHeHUH M mouay-
YRJ HHTEPECHBIE pPe3yJbTaThl O pasGHeHHH UHCEN Ha charaemble.
Y Diiepa Msl BepBble BCTpeuaeMcsl C Hfeell NPUMEHEHHS METOLOB
MaTeMaTHUeCKOro aHajuaa K 3ajauaM Teopuu uucelsl. Paccmorpenue
OECKOHEUHBIX PALOB H NPOUSBENeHHH SBHJIOCH Y Jhjepa Jefcr-
BEHHBIM OpYAHeM [Js TOJYyYeHHS] TeOPETHKO-YHCJIOBBIX peayib-
TATOB.

[Tocae pabor Diniepa nouTu Bce Kpynuble marematnku XVIII u
XIX BekOB B TON WJH WHOfl CTeleHH 3aHUMAIOTCS TEOpHeH 4HCelN.
B uacTHOCTH, CYIHeCTBEHHHIH CJef B Pa3sBHTHH TEOPHH YHCEJ OCTa-
BuJ (panHuyscku#i marematux Jlarpamx (1735—1813), passusLuwuit
Jadeiie MeTOAH Dilsiepa. Jlarpamx paccMaTpHBaA BONPOC O Hpex-
CTaBJeHHH 4YHCesa B BHJAe OHHAPDHOH KBajpaTHUHOH dopmbl ax? -
+bxy - cy?, HKoKasasq TeopeMy O HIpPeACTaBUMOCTH YHCEeJ B BHIe
CYMMBI 4eThbIpeX KBaADAaTOB M NPOBEJ CYILECTBEHHBIE HCCAETOBAHUS
II0 TEOPHH HETIPEPLIBHBIX ApoGed.

DoJipllioe BAMSHHE Ha JaJibHellllee PA3BUTHE TEOPHH YHCEN OKa-
sanun ¥ pabornl A. Jlexauipa (1752-—1833) no teopum neomnpele-
JIEeHHBIX YDaBHeHWH BBICIIMX CTeneHell. Jlexauap, MexAYy NpouuMm,
Hallesl TakiKe SMIUPpHUYeCKYIo (bOpMyJIy JJIST UHCJIa TPOCTBIX UYHCeJ
B 33jlaHHBIX Tnpelleiax. Pabotwl Jiyepa, Jlarpamka u Jlexanapa
cosfanu 6asy AJs UeJbHOH TEOpUH, MOJYyunBUIMH mosxe y [aycca
Ha3BaHWE TEOPHU CpaBHEHHM.

3ameuatenbunle pafoThl Hemelxoro MateMatuka K. Taycca
(1777—1855) umMenn ocobeHHO GOMbLIOE 3HaYeHHe ANA Bcell TeopHu
uynces. Pabotsl aycca mo Teopuu cpaBHeHuit 2-fi CTeleHH NpuUxanu
efl 3aKOHUEHHBIH BHA, TaK YTO B HACTOsIIIee BpeMsi BCH 31a 0oGniacThb
TeOpHH yuces GasupyeTcs Ha pe3yJbTaTax, H3MOXKEHHBIX HM B KHUTE
,Disquisitiones arithmeticae“. B stofi kuHre paccMmarpuBaercs
TakKe TeOPHS KBaApaTHUHBIX ()OPM, B KOTOpPOM MM ObINH NOJYUEHbI
(byHIaMeHTabHbe pesyJibTaThl. [ aycc Hapsaay c u3yueHueM oObiMHBIX
HeJblX YHCeJ HagasJ pacCMaTpHBaThb TakXKe H apHPMETHKY dHCeJ,
NONYYUBIINX HAa3BaHHe MLeJbIX TayCCOBHIX WHCEJ, a HMEHHO Yucesn
BHja a-+bi, TAe a WU b—oObiuHbe Ueable. OTH ero HCCJeJOBAHUA
NOJIOKHIM Hauajo ajarebpanuyeckoll TeOpHH dHces,
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Mocne pabor l'aycca B Teuenne Bcero XIX Beka u Temeps,
B XX Beke, HCCJEIOBAHHS [0 TEOPHH uHCead HNpHOGPETaloT BCe
VBeJmuHBaiouniics: pasmax. Kpynusie MateMatuku X1X Beka: dxobu,
Jupuxae, Kymmep, Uebpues, JIuysuaab, dpmur, Kpouekep, Puman,
Munxosckuii, 3oa0tapeB 1 Apyrue — paspabaThlBaloT pasHoobpasHbie
ApobJieMbl TEOPHU wHCel.

B pa6orax Kywmmepa (1810—1893) n [Hupuxiae (1805—1859),
Pa3BUTHIX 3ateM  KpoHexkepoM (1823—1891), enexungom
(1831-—1916) u E. Y. 3onorapeBnim (1847—1878), 6mna noctpoena
Teopust anrebpaundeckux uucen, Padors Jluysuaas (1809—1882) u
Opmuta (1822—1901) sBHJANCH OCHOBOH TEOPHH TPAHCIEHJIEHTHBIX
Yuce.

B 1873 r. Dpmury yaajaoch f0Ka3aTb TPAKHCUEHAEHTHOCTD YHCJA €,
a b 1882 r. Obl1a JoKasaHa TPaHCUEHHEHTHOCTL uucjaa n (JIuE-
JieMaH).

OcoGenno Hano orMeTutb paborol Hupuxne, 1. JI. Uebniera
n Pumana 0o Teopuu HpPOCTBHIX uHces, sfBHMBLIHeCH (ByHAAMEHTOM
Bcefi amanuTHUeckoi Teopuu uucen. Jupuxje BrepBble JoKasas
CYlecTBOBaHHe GeCKOHEWHOr0 MHOXKECTBA IPOCTHIX YHCeJ B apug-
METHYECKHX mporpeccusix o6uero BHAA M Jald aCHMITOTHYECKHE
OLEHKH psifla BaXKHEHIINX YHCJIOBHIX (GYHKIHHA.

UpesphlualiHO BajkKHOE 3HAUCHUE MMEIOT PaboThl BEJHUKOTO pyc-
ckoro maremartuka [1. JI. UeGeimmeBa (1821-—1894). UeObiueB mnep-
Bl Jla/l OLEHKY pocTa GYHKLHH 7t (X), Bblpakaiollell 4ucJ/I0o IpPOCThIX
yycesi, MEHbIUUX UM paBHBX X. Ero pabothl no TeOpHH NPOCTHIX
yyces SIBJSIOTCS OCHOBOU A LEJOTO psja HOCJAEAYIOMHX HCCJe-
JIoBauuil B 9710# obgactu. B. Puman (1826—1866) nasn ocHoBHbie
HlIed HCIOJNb30BaHuA GYHKIHH KOMIJIEKCHOTO N€PeMeHHOr0 B TeOPHHU
pacnpejiefieHHst TPOCTHIX WHces, W 3TH MAeH B paGorax Ajamapa,
Bange-Ilyccena u psjga JApyrux MareMaTHKOB AajdeKO MPOABHHYJIH
3Ty TEOPHUIO.

Hauunas ¢ pa6or YeOwieBa, B TeopHH uyuces OGOJbIIYIO PoJb
€Taju urparb paboTEl PYCCKHX MaTeMaTHKOB, Pa3BHBABLUMX TEOPHIO
4HCeJ BO BCeX ee HanpaBjdeHHAX. Kpome Ve YHOMSHYTOTO
E. W. 3onorapesa, paspabaTbiBaBiiero TeOpHIO LeJbIX anre0pau-
YeCKHX UHCe/I, B MEePBYIO ouepelb HalO OTMeTHTh pabotel A. A. Map-
kosa (1856—1922) no Teopuu KBaIpaTHUHBIX GOPM M BhIjaroiecs
paboret I'. @. Bopomnoro (1868—1908) no aHanuTHuyeckoil TeopHu
yycesl ¥ TEOPHMH KBaJAPaTHYHBIX (POPM.

XX Bek [Jaja cyuecTBeHHble CABHUTM B AHAJUTHUECKOH TeOpuH
yuCeJ, PasBUTHE KOTOpPOH ObLJIO CBSI3aHO KaK C COBEpLUEHCTBOBA-
HHEM Y¥Ke H3BEeCTHhX, TaK H OCOGEHHO C CO3JaHMeM COBEpPLIEHHO
HOBBIX METOIOB.

B wnauane XX pexa D. Jlanmay, I'. bop, anrauiickue wmarema-
muku ', Xapau u [Ix. JIntasyja, a satem E. Turumapui, K. 3ureas,
A. Tlefigx, H. I'. UygnakoB, A. Cennbepr n Ap. noapobHo uccie-
JoBany x3eTy-pyuxkuuio Pumana u L paan [upuxsie (cMm. ruaeb 33
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#n 36), COBEPLIGHCTBOBAJH TEeXHHKY TPHMEHEHHSI METOJOB TEOPHH
(YHKIMIT KOMIJIEKCHOTO [IepEMEHHOr0 K MCCJeOBaHUIO pasHoobpas-
HBIX Tpo6JeM aHaJUTHYECKOH TeOopHH YHCeN.

B XX Beke cranu takxe npumenstecs (I'. Be#snp) Tak naspi-
BaeMble TPHTOHOMETPHUECKHE CYyMMbl, NpocTefilline U3 KOTOPHIX pac-
cmatpuBaJsuck ene 'ayccom.

OcHoBHOe BAMSHME HAa pAasBHTHE aHAJMHTHUECKOH TeopuH YHces
okasajun paborel M. M. Bunorpagosa, rayfoko paspaborasiero
MeTOJ TPHTOHOMETPHUECKHX CYMM M CYMeBIIEro € IOMOIIBIO 3TOro
MeTOjia peluTb psij 3aJay, KasaBUIUXCA [0 3ITOr0 COBEPIUEHHO
HepocTynuniMu. [IpumeHeHue 3TOro Meroja HallIo CBOe DasBHTHE
B paborax mesoro psina MateMatukos: Ban Kopnyra, JI. Mopaeasa,
I'. Jasennopra, T.2ctepmana, Xya Jlo-rena, H. M. Kopo6osa u zp.

B camble nocseprue roAbl OOJbIIHE YCHIeXH B aHAJHTHUECKON
TeOPUH uYHcea OHJAM JOCTHTHYTH Oaarofapd rayboOKHM HaesM,
BHeceHHbiM [O. B. JlunaukoMmM. 31H HjeH CcOMIMKAIOT HEKOTOpPbiE
pasfienbl aHaJIUTHYECKOH TEOPHHM YHceJ C TeOpHeH BepOsSTHOCTEH,
Meroanl JIMHHEKA HalJM CBOe pasBuTHE B padoTax UEJOH mJesijs!
€r0 YUEHHKOB H B [eJIOM 3HAUHTEJBbHO YBEJHUHJIH BO3MOXKHOCTH
npuMenenus L papgos JupuxJse K pa3auuHblM npobieMaM aHaJUTH-
UecKOl TEOpHH 4YHcel.

Hapsiny ¢ MeTozoM TpUrOHOMETpHUECKHX CYMM H TeopHell psajioB
Jlupuxse B anaJjuTuueckod TeopHH uuceJa HauvHas ¢ 1918 r. Bce
B GoJibllled CTeNeHH NPUMEHSIOTCS 3JeMeHTapHble MeTOXHL.

Meron sparocdenoBa pewmera Obl1 paspabotan B paGorax Buro
bpyna, a npyras pasuoBupHOCTh pelllera B paborax A. Cennbepra.
B nocienyoomue rofs annapat Meroja petueta Gblil CYIULECTBEHHO
YCHJIEH.

Coserckuft Matematuk JI. I'. [lluupensman B Hauaje TPHALATHIX
rofloB paspaGotan oOuUIMA MeTOJ) H3Y4eHHUs AaJAHTHBHBIX CBOHCTB
NOCNeIOBATeJIbHOCTEHl HATypaJbHBIX uuceNn. e, sanoxeHHBIE
B paborax JI. I'. HlnupenbMaHa, He TOJNIBKO NPHHECJH €My ycmex
B pCLICHMH Psila KOUKPETHBIX 3alau, HO M BHECJH B TEOPHIO UHCeN
HOBYI0 npo6GaeMaTHKy, CBSI3aHHYI0 C AJJNHTUBHBIMH CBOMCTBAMH
MHOXKeCTB HaTypasibHBIX 4Hces,

IIpoGnempt, BosHukinne Ha Gase paGor LllHupenvMana, paspala-
ThiBasuch B uccaenopanusax A, 9. Xwunuunma, I'. Mana, H. I1. Poma-
Hona, I1. 3paéma u ap.

W3 snemenTapHbIX METOLOB HYMKHO OCOGEHHO OTMETUTHL paspado-
TaHHBIA B KOHIe COPoKoBbX rofioB Mertop A. Cennbepra. B paGo-
tax A. Cespfepra OCHOBHblE 3aKOHBI pacipefiejleHus I1POCTHIX
uHCeJ B HATYpPaJbHOM Py H B apUOMETHUECKUX IIPOTPeccHsiX
ObliH TOAyueHbl 0e3 NMPUMEHEHHUs TeOPHH (GYHKHHE KOMIJIEKCHOTO
nepeMeHHoro.

Bonbiune yenexu B XX Beke OblIM JOCTHTHYTH B TEOPHH
AHO(QAHTOBLIX NPHUOAHKEHUIl M B TEOPHH TPAHCUEHNEHTHMX YHCEN.
Hosble MeToAbl J0Ka3aTeabCTBa TPAHCHEHAEHTHOCTH IIHPOKHUX KJlac-
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coB yuces Gpiau paspaboranst coBetckuM MateMaTHKOM A, O. Ten-
hOoHAOM M HeMeUKHM MareMaTHxoM K. 3uremem.

Bonpocsl annpokcuManuu ajare6pandyecKHX UHCEJ PalHOHANb+
HbIMU GBIJIH CYHIECTBEHHO NPOABUHYTH B Hauase Bexa A. Tys, a aatem
B OATHAECATHIX rogax B paborax K. Pora. 2tm uccresobauus
MO3BOJHMJN H3YUUTb YHCJO pelleHHii HEKOTOPHIX HeonpeieseHHbIX
ypaBHeHHU Bricmux creneHeifl. Obuiue Bonpockl AMODAHTOBHIX HpU-
G6aumenuit paspabatoiBanuch B paGorax A. . Xunuuna.

B nocrnepnee BpeMsi Bce GoJipliee BHUMAaHHE CIHELHAJHCTOB MO
TEOPHU YHCeJ NPUBJEeKaeT aiarebpanueckass TEOPHS HHCEJ.

3necy Hano naszpate pabotet I'. Xacce, E. I'ekke, a B ocoben-
HOCTH (hbpaHIy3cKoro MaTeMaTHka A, Befiig, pesyJsbTarhl KOTOPOro
OblJIM HCIOJB30BAHEL BO MHOTHX TEOPETHKO-UHCJIOBLIX HCCJENOBa-
HusX, Kak wpanpumep J. Bepmkeccom B mpoGseMe O HauMEHbIIEM
KBaZpaTUYHOM HeBbIYeTe.

K asnre6pauueckolf Teopuu 4HCesJ OTHOCATCS M HMHTePeCHHIE
pabothl coBerckoro wMarematuxa I. P. Hladapesnya, a Takke
paborbr B. H. lenone mo Teopun KyOHUYECKHX (ODM.



'TABA 1
OBUIHE OCHOBbI TEOPHH YUCEJI

1. MHO)XXECTBA C ONEPAIIHU IMHU

BrickasbiBanus , M ~—MHOXKECTBO, a—3JeMEeHT MHoxecTBa M
(sanmucwiBaeTcss a € M) paccMaTpHBAOTCSl KaK OCHOBHLIE, He Tpe-
Oyiollle onpeleseHUl MMM KaKHX-IuO0 moscHeHuH, OGHUYHO Ham
TIpUIETCS] UMeTh JIeJI0 C MHOMXKEeCTBAMH, B KOTOPBIX ONpejeseHa HeKo-
TOpas omepaumus.

Onpenenenne 1. Lydem cosopumo, umo 6 mruoxecmee M onpe-
OeneHa Hexomopas onepayus ™, ecau ycmasoeAeHo COOMBemcmsue,
npu Komopom xaxn0oi nape saemenmos ¢ € M u b € M conocmas-
Aslemes Hekomopuoil onpedenernoul aremenm ¢ € M, nasvieaemoill
pesyavmamon onepayuu Had a u b.

Takum o6pasom, COIJacHO STOMY ONpeleJIeHHIO 3aJaHHe ollepa-
MM O3HAYaeT B CYHIHOCTH 3aJaHHe (YHKIHH JABYX apryMeHTOB
f(a, b), onpenenenHoll 1A Beex a ¥ b, Bxogsimux B M, sHaueHus
KOTOpPOH TaKiKe NPEACTABASIOT cO00H 3/7eMEeHTH 3TOr0 MHOXKECTBA.

B 6GosbiirHcTBe caydaeB Mbl OyJeM HMeTh JeJlo C MHOMKeCTBaMH,
IJs1 KOTOPBIX OMpeJieJieHsl JBe Ofepalliu: CJOXKeHHs H YMHOMXKEeHHS.
BygeM, xak 370 ofuienpuHATO, pe3yJbTaT CJAOXKEHHS o U b Hasbl-
BaTh CYMMO#H cJaraeMelX @ ¥ b ¥ 3anuceBaThb B BHJAE a-b, a
pe3yabTaT YMHOXeHHs Ha3blBATh NPOU3BeJleHHeM MHOXHTenel a u b
H 3aluCHBaTh B BHAE ab,

Bynem cuuTaTh 3HAKOMBIMH YHTATEJIO TAKMe OCHOBHBIE MaTeMa-
THYECKHE NMOHATHA, KaK ,rpynna“, ,afauTHBHas rpynma“, A KoabLo®,
Soae”, Kak oObYHO, KOJbLIO Ha3blBaeTCst KOJBLOM C JeJHUTeNIMH
HYJsI, €CJH B HEM CYIecrByeT XOTsi OBl OIHa mapa 3J/IeMEHTOB
a ¥ b, takux, uto a=%=0, b=£=0 u a-b=0. Koabio HaspiBaercs
KoJbluoM Oe3 Jenutenefl HyJsi, ecad I8 JIOOBIX JBYX €ro aJje-
MEHTOB @ H b, Takux, uTo a0 u b=%=0 Gymer takxe ab==0,

* Bo BceM JlanbHefilieM pacCMaTpHBAIOTCS TOJBKO TaK HasnlBaeMbie OHHApHBIE
onepanky, T. €. ONepalHH C ABYMA 3j€MEHTAMU.
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2. YUCJA

Cunrasl M3BECTHBIMH UHTATeJi0 Pas3jHuHBle KJACChl YHCeN, pac-
cMaTpuBaeMble B 3TOH KHHTe, a IMEHHO: YMCJa HaTypaJlbHble, Lelble,
pauuoHaNbHbIE, JeHCTBHTE/NbHbE, KOMIJIGKCHbIE, Mbl He OyzieM aBaTh
OnpeJie/ieHHs] COOTBETCTBYIOIMX TOHATHI H 00OCHOBBIBATL JAEHCTBUS
Haj HEMH. B 3TO¥ rjaBe Mbl OFPaHUUYUMCH TOJABKO MepeuucjeHHeM
OCHOBHBIX MNOHSITHI, omepauuil ¥ TeX HX CBOHCTB, C KOTOPHIMH Mbl
OyjieM BCTpeuaThcsl B KHHTe.

Harypaabupiii pan uucenl GyneT, Kak oOBIUHO, o6o3HauaThCs
B BHAe 1, 2, 3, 4, ..., a OTHeJbHBIE er0 3JE€MEHTH — Ha3blBATbCA
HaTypaJbHbIME unciaamu. HartypanbHbil psajg uuces obnajaer cie-
JYIOLMMH OCHOBHLIMH CBOHCTBAMHU, Ha3blBaeMBIMH aKCHOMOH HHAYK-
UK ¥ akcHoMOHl Apxumepa.

Axcnoma uupykuuu. Ecau uexomopoe MHOJNCECHE0 HAMYPALbHOLY
uucen codepacum eOunuyy 1 emecme ¢ KOuCObIM HAMYPAAbROLM HUC-
AOM, 8xo0auyum 6 nezo, codepocum cAaedyroujee 3a HUM, MO OHO
co0epacum 6ce HAmMYypasbHovle 4UCAQ.

Akcuoma Apxumena. Jlra awoboix HamypaabHolx uducea a U b
Cyuecmeyem HAmypaibHoe Kucio ¢, maxoe, 4mo bc>a.

CyMMa M TPOU3BeleHHE JBYX HATYypadbHBIX uHCe—YHKIUH
IBYX apryMeHTOB, OIpelesieHHble BO MHOXeCTBE HaTypajbHbiX UYH-
cen, Mo He Oyjgem mHanmoMuHaTh OOIeM3BEeCTHHIE CBOWCTBA onepa-
LHH CJI0XKEHUS U YMHOMKEHHS, a TAKXKe olepalull cO 3HaKaMu Hepa-
BEHCTB.

PacnpocTpansas noHsTus CYMMEBl M NIPOM3BeAeHHsI HA NPOU3BOJIb-
HOE YHMCJIO cllaraeMblX M MHOXKHTeJell, paccMaTpuBaeM BhIPAXKeEHHs

¥ S
BUld B g, u H1 @;, B YACTHOCTH, NPU @y =@y=...=0;=0 MO~
=1 (=

cejuee npouspefene o0o3HauaeTcst B BHIe a° M HasHBaeTcd
s-# cTeneHbio umcaa a. [IpousBeleHHe ab MOXKHO paccMaTpHBaTb
KaK CyMMY a-+a-+...-a, B KOTOPO# UHCJO CJjlaraeMbiX paBHO b,
unn kax cymmy b-+b-...-+b, B KOTOpOH UHCJO CllaraeMbiX
paBHo a. Kamkjoe uyncao Mbl paccMaTpuBaeM KakK CyMMY, COCTOsi-
Y0 U3 OJHOrO C/IATaeMOro, W TPOH3BeJeHue, COCTOosIee U3 OLHOrO
MHOKHTEJS

C nomolblo HaTypaJbHBIX YHCes Mbl MOXeM CYMTAThb NpEIAMETH,
T. €., BbiSHpass NOPSIJIOK CJeJOBaHWsA, NPUMNHCHIBATb COOTBETCTBYIO-
INYI0 YHCJOBYI0 XapakTEPHCTHKY OTHEJNBHEIM 3JIeMeHTaM Jio0oro
KOHEUHOT0 MHOMXKecTBa. BMecTe ¢ TeM HaTypaJbHBle YHCJA IO3BO-
JIAIOT NpUAaBaTh ONpeJeseHHbIE YHUC/IOBblE XapaKTeDPHCTHKM KOHeu-
HbIM MHOXECTBaM B [€JIOM, IDHIINCHIBAsi BCeM MHOXeCTBaM C OfH-
HAKOBBIM YHCJIOM 3JIEMEHTOB OJHY M Ty K€ YHCJOBYKD XapaKTepH-
cruky. Jlis HaTtypanpHOro pdja YHCeJ, MOJb3YSACh aKCHOMOH
HHAYKIHH, HOKa3bIBAlOTCH CJelyloliye TeOpeMbl.

Teopema 1. Bcakoe wenycmoe noOMHONCECMBO HAMYPALOHOIX HUCEA
codepacum HaumeHoliee YUCAO.

16



Teopema Il Bcskoe Kowedrnoe NOOMHONICECMBO —HAMYPAAbHOLX
qucen codepocum Hauboabuiee HUCAO.

Teopema 1Y, Ecau useecrino, 4mo Hexomopoe ymeepicOeHue:
1) eepro Oan 1, 2) us npednoroxcerus, 4mo YymsepocdeHue 6epHO
nPU HEKOMOpoM N, evimeKkaem, 4mo OHO 6epHO 0is n-+1, mo amo
ymesepacderiie 8epHO OAL 8CeX HAMYyPAAbHbLX duCcer.

Teopema IV. Ecau ussecmuo, 4mo wHekomopoe YymeepucOerue:
1) eepro O0as Hamypaabrozo wucsa a; 2) u3 npednoosCerus, 4mo
ymeepocOerue 6epHO OAA BCeX HAMYPAAbHLIX wucer k, makux, 4mo
a << k<< n, guumexaem, umo ymeepucOerue 6epro 048 B, MO Ymeepo-
Jernue 8epHO 048 6Cex HAMYPQAAbHbIX HUcer kR=a.

Ecnu yrBepxieHune chopMYyJHPOBAHO B TEPMHHAX, HMEIOIHX
CMBICJI TOJBKO JJISl HATYpPaJbHBIX YHCeJI, He NPeBOCXOiAUX N, To
U3 oocbliiok 1) ¥ 2), rie n<< N, cleAyer CnpaBeiJuBOCTh YTBEpIK-
JEHUS] JJIst BCEX HATypaJbHBIX UYHCed k, Taxux, 4to a<<k<<N.
Mbl He GygeM NpUBOAMTH JOKA3aTesbCTBA ITHX M3BECTHEIX TEOPEM.
JlokasaTenbcTBa, B KOTOPBHIX HCHOJB3YETCS akKCHOMA MHAYKIUM HJIH
oxua us teopem: II1 wmam IV, Mpr 6yaeM HasplBaTh LOKa3aTesbCT-
BaMi MeTOAOM MaTeMaTHUYeCKOH HHAYKUMH (MHAYKIUS IO n).

JJIsT IBYX MHOMKECTB € OJMHAKOBBIM YHCJOM 3JIEMEHTOB HMeeT
MecTO oOWMH NPUHHHUN, KOTOpPHH Mbl chopMy/aupyeM, HasbBad
YCJIOBHO 3JEeMEHTbl OJHOr0 MHOMKeCTBa ,SIIMKaMH“, a BTOpPOro—
HpeiMeraMu”. TOT UpHHEIUN Mbl OyJleM Has3hBaTh ,MPHHIUIOM
SIIKOBY,

Teopema V (, npusuun smuxoB®). Ilycme umeemcs rexomopoe
qucao L AuuKkos® u  npedmemos”, Ecau ussecmno, umo: 1) xaoOvidl
npedmem Aexcum 8 KaAKoMm-mo sujuxe; 2) Hu 68 00HOM sujuke He
Aesicum Goaee 00Ho20 npedmema; 3) YUCAO NPEOMEMO8 PABHO HUCAY
AUKOS, MO 8 KAXOOM Aujuke fexcum 00UR W MOABKO 00UK npednem.

HokasatenbctBo., O603HAUAM UHCJAO SLIMKOB uYepes A

Ilpu n=1 yrBepxaeHue oYeBHIHO.

BosbMeM 1 > 1 ¥ npelnosioxuM, 4To xors Obl OFHH HIIHK OYCT,
Torna (ycnosusi 1 u 3) B ocTanbubix n—1 fIMRAX JeXUT 1 npes-
MeTOB, a 3TO HPOTHBOPEUUT TOMY, YTO B n—1 dAlHKaX MOXeT
Jexatb (ycjoBue 2) He Oojsiee n—1 mnpeamera. [lpennosoxenie,
u4TOo XOTA Obl OAMH SLIMK NYCT, NPHBEJNO HAC K MPOTHBOPEUHIO;
BHAYHT, BCe SIMHKH He NycTel. [JOCKOJbKY COrjlacHO YCJOBHIO 2
B KamJOM SIHUKE JIEKHT He O6ojiee ORHOTO MpejMeTa, TO Mbl H
AoJyvYaeM, YTO B KaXKJIOM SIIHKe OLMH M TOJbKO OJHH
npeMerT.

Onpenenenne 2. ITycmo mor umeen n mroscecme My, My, ..., M,.
Komnaexcamu us aremenmos amux mroxcecms 6ydem HQ3vi80Mb MHO-
ocecmea ((aq, aq, ..., a,)), 20e a;, Ay, ..., Q,— IAEMEHMObI, GIAMLLE
mak, umo a; € My, a, € My, ..., a, € M,, npuden 6i60p 3iemeH-
mos mogcen Ovimib NOOUURER U HEKOMOPbIM O0NOARUMEAbHbIM YCAOBUAM.

B uacrHoctH, MHOXectBa M, M,, ..., M, MOryr coBmajaThb,
H TOrJa KOMIJIEKCH IIpeAcTaBJAoT co0oi 3aHyMepoBaHHBIE HaGOpHI
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H3 37eMeHTOB OJHOrO U TOTO K€ MHOMeCTBAa. JNEMEHTH d;, BXO-
Isilyve B KoMILIeKc, OyieM HasblBaTb SJIEMEHTAMH KOMILIEKCA.

Hea xomnaexca ({a,, @, ..., a,)) ¥ ((by, by, ..., b)) Oynem
CYHTATL PABHBIMH TOTJ3 H TOJNBKO TOTZA, KOTHA @, =1b,, a,=b,, ...
cee, Q,=0b,. KDOMHJIEKC 3 JIBYX snementoB ((a,, a,)) OOBIUHO
Ha3blBAKOT 1apoit.

Teopema VI. Ecau anemenm a, moocem Ovimb 6uiGpan S, CHo-
cobamu, siemeHm a, ewOpaw s, cnocobamu u m. 0. 00 dieMerma
a,, Komopbuill mogcem Ooimb eolbpaH S, cnocobamu, mo KOMHUAEKC
((ay, ay, .., a,)) mooucem 6oumno 66:6pan $;-Sy-...-s, cnocobamu.

TIpu n=1 yTBepxkaenne tpuBuanpuo. [Ipu n=2 yTBepxieHue
COpaBelJIHBO, TaK KaK YHCJIO KOMIJIEKcoB ((a@y, a,)) monayd4aercs
paBubIM cymMMe §; - ...-§;, T'Je YHCJO CJIaraeMblX PaBHO S,, T. €.
Mbl JEHCTBHTEJbHO NOJYydYaeM S,-S, KOMIJEKCOB. AHAJOTHYHO HOKa-
3blBACTCSI, UTO €CJIH YyTBepKJIEHHe BEepHO WIS 7, TO OHO BEPHO H
Onag n-+1, u TOrja CcOrJIaCHO NpPHHUIMNY JIONHOH MaTeMaTHUECKOi
HWHIYKUHH 3TO YTBepKIeHHe BepHO AAsl BceX n==1.

Teopemnt 1, Il u IV cnpaBeanussl a1 MHOMXKECTBA IIEJBIX HEOT-
PHLATEbHBIX YHCEN, eClAH B HX (OPMYJUPOBKAX 3aMEHHTb CJIOBO
H,HATYPaJBHLIA® CJI0BAMH ,eblll HEOTPULATENbHBIH®. Y nopsagoueH-
HOe KOJIbIO BCeX LeJBlX UHCeJ HaM HOpUAETCs OCcOGEHHO YacTo pac-
CMaTpuBaTh B KauecTBe O0LEKTa H3Y4YeHHsi B 3TOH KHHTe.

Kak n3BecTHO, Bce UYHC/IOBHIE KOJIbLA IPEACTABIIAIOT COGOH KoL
Ges gmenuTesiefi HYJSI, NMOITOMY MJIsi MHOMKECTBA LEJBIX UHCEN CHpa-
BeJJINBA TeopeMa.

Teopema VII. Ecau ak=0bk, 20e a, b u k (k5=0)—yeroe
uucaa, mo a=2=0.

MHOXKeCTBO LeJIBIX uHces AHCKPETHO, 4 HMEHHO HMeeT MeCTo
caenyoumas TeopeMa.

Teopema VIII, [Tycme a u b—uyeavle uucaa u a>b, moeda
a=b-41.

PaccmaTpuBasi CTemeHH UeJBIX YHCeJ, MBl, 0O ONpeleseHHI0 NpH
a=%0, cuutaem a®=1,

OcHoBHYIO poJb BO Bcefl apH(MeTHKe LeJHIX YHCEJ HMeeT Teo-
peMa 0 JeJieHHH.

Teopema 1. [laa mobozo yenoeo a u yeroeo b >0 cywecmsywom,
u npumom eOQuHCHBeHHble, Yeawle § U F, makue, 4mo a=bq-+tr,
O<<r<<bh.

Uncno ¢ Ha3BIBAKOT MOJHBIM HJIM HENOJHBIM YacTHHIM, B 3aBHCH-
MOCTH OT TOTO, PaBHO JIH ¢ HYJIO HJH HeT; r Ha3biBalOT OCTaTKOM
OT JeJieHHsI @ Ha b

HdoxasatenbcrBo. BospMem uucaa:

b-1, 5.2, b-3, ... (D

[pu a=0 paccmotpum MHOmecTBO M Tex uucen B (1), Koro-
pole Goabite, yeMm a. CorsmacHo akcHoMe Apxumena M He mycro,
a, caenoBaTesibHO (Teopema 1), Bo MHOkecTBe M 10/KHO OHITh
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HaHMeHblllee HHCJIO0, KOTOpoe Mbl 0603HAuuM uepes bs’. O6o3nauum
yepes s UMCJIO, HA eJMHMIY MeHbiuee, 4eM s'; Torga s+ l=s' u
bs<a<b(s+l).

IMpu a<<0, —a>0 wmb MoXeM B3sTh MHOXKecTBO M TeX
upcent u3 (1), KoTOphie Gonblue, YeM — @, WJIH PaBHEl —a, U 06o-
3HAUUTHL 4epe3 bf’ HAUMeHblUee U3 HHUX; TOrja Npu =1’ -—1 6yaer
bt <<—a<<b(t+1), Tak uro

b(—t—D<<a<<b(—1).
Mbl BuzuM, 4TO BO BCeX cayuasx Anas a u b(b>0) cywecrsyer

eJioe ¢, Takoe, YTo
bg<<a<<b(q+1). (2)
O6o3nayas uepes r pasHoOCTb a—bg, u3 (2) mojyvaeM
r=a—bg<<b(@g+1)—bg=0b un r=0,

Tak uto a=bq+r, O<<r<<b.
JoxaxeM Tenepb €IMHCTBEHHOCTb Takux ¢ u r. Ilycts

a=bg+rua=>bg +r’, rie 0<<r<<b; 0<<r’<b.

Hpennonoxmm cuauaJjia, uto r’'>r; TOTAa bq+r—~bq’+r’
r'—r=b(qg—q’), roe 0<<r<<r'<Cb, TaK uTo O<r —r<<b,g>q"
u, caegoparespso (teopeMa VIII), g==q 41,

r'—r=b(q—q")=b.

MBI MONIYYH/IE IPOTHBOPEYHE C TEM, YTO Hepes STHM uMend 7’ —r < b,
ToyHO TaKUM K€ NyTeM Mbl MOJYYaeM MPOTHBOPEYHE, IPEITONOKHB,
uto r>r’, T. e, JOJKHO - GbiTh r’_—r, u rorga b(g—q')=0; a
nocKoMbKy b0, T0 g—q' =0,

Onpeneaenne 3. Ilycms a u b(b#O)—-—L{E/lble yucaa. b Hasol-
saemcsa Oeaumensesm @, eCAU CYWecmeyem yeaoe Huci0 q, maxoe, 4mo
a=>bq. B smom cayuae a HQ36I6AEMCA KPAMHOIM b; @ §—4ACHHOM
om Jdeacrusi a Ha b.

CooTHomenune «b jgenutesib a» Mbl GyAeM 3amHChIBaTh AJf Kpat-
KOCTU B BHJe b|a@, U 3Ta 3alUCh BCerja CONepXHT B cefe npeamo-
noxenue, uto b=£0, Ecan xe b He sBaserca JenuteseM @, TO Mbl
GyreM nucatb b4 a. Jleauteab HasblBaeTCss COOCTBEHHDLIM, €CJM OH
OTJINUEH OT CaMOTO YHucJa.

Teopema 2. ITpu b>0 b ssasemca Jeaumenem a moeda u mMoALKO
mozda, koeda ocmamok om OeseHus a HQ b pasen Hywo.

HoxasarteabcTBo. Ilycts a=bg+4-r, 0<<r<Th.

1) Ecaun r==0, 10 a=bg u b|a.

2) Ecau bla, to cymectByeT g’ Takoe, uT0 @=bg', U B CHJIY
TeopeMbl | O eJUHCTBEHHOCTH MNpPEACTaBJeHHUI a B BHAe a=0b§+r
noayuum g =¢’, r=0.

3anuuieM pstj OPOCTEIX TEOPEM O AENHMOCTH.
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Teopema 3. [an aoboeo yeaveo a==0 umeem ala (pedaercus-
HOCTb OTHOIICHHS AEJTHMOCTH).

JokasaTeancrso, a=aqa-l.

Teopema 4. [laa awbozo yerozo a umeer 1}a.

JloxasarenscTBO, a=1.q.

Teopema 5. Ecaub|a, mo apu awbom covemanuy snaxos bl -4 a.

HoxasareascrtBo. Ecau a=bg, 10 a=(—0b)(—q),
—a=0b(—gq), —a=(—Db)gq, rae BMeCTe C ¢ HHCJIO -—g TOXeE
tieioe.

Teopema 6. Ecau c|b, bla, mo c|a (TpaHsUTHBHOCTb OTHOLIe-
HHS JeNUMOCTH).

Hoxasateanctso, Ecan a=bg,, b=cq,, rae ¢, 4 g, Le-
Jble, T0 @ =cq, TAE §= {,q, TOXKEe UeJoe.

Mpumewanue M3 TeopeMbt 6 HENOCPeACTBEHHO cleyer, uTo, ecad ¢|b,
cta t0bfa

Teopema 7. Ecau bla, mo npu awobom yeaom k=0, kb|ka.

HokasateanvcTno., Ecau a=bg, 10 ka=(kb)q.

Teopema 8. Ecau kb|ka, k%0, To0 b|a.

HoxasaTenncTBoO. Ec.rm ka=Fkb-q, rae k=0, TO cornacHo
TeopeMe VI a=bgq.

Teopema 9. Ecau b|a, mo npu awbom yeiom ¢ bjac,

Hokasateasnctso. Ecau a=bg,, rae ¢, uenoe, To ac=bq,
TAe g =cg, TOXe uenoe.

Teopema 10. Ecau cla u c|b, mo cla+b u cla—b.

HoxkasareasctrBo. Ecam a=cq,, b=cq,, The ¢, U g, Ue-
avle, T0 a-+b=cq, rae q=q,-}q, uenoe. Ananoruuno a—b=cq’,
rie q'~q1 —q, 1eJoe.

Teopema 11. Ecau clay, cla,, ..., cla, by, by ..., b,
atobote yeavie, mo cla,b,+ab,+ ... 4a,b,.

Hokasarteanscrso. Ecau clay, c|a,, ..., ¢la, TO, OPH-
MeHsIs TeopeMbl 9 ® 10, mosyuaem mocJieloBaTeNbHO €| a, by, ¢|asb,,
veey Clagby clagh Fagb,, clahyFah,Fad,, ..., clah +
+a,b,4 ... +a,b,.

Mpumeuanue. Ma srofi Teopembl HENOCpeICTBEHHO CJeLyeT, uTO eciu

clay, «...clay_1, b3, «uey by, by, moGee Neame U ¢ (b ... Fay 10, 1t
“+a,by,), 10 ¢ ¥ a,.
Teopema 12. Ecau by|a,, b,la,, ..., b,{a,, T0 b0,
b,laa,...a,.
HoxasarteabcTBo. Ecmi a; =04, @3=0,4,, ...,a,=b,4,,

TAe Bce q; LeJble, TO a44,...0,=0b,.. .b,q,Theq=0,q,...q9, Toxe
fI¢qoc.
Teopema 13. Ecau bla, mo npu aobom yesom n == 0 umeem b" a".
Hoxasarenncteo. Ecm n=0, 10 11, a npn n=1 umeem
UACTHBIA cayuali TpemblAylle# TeopeMbl, TAE G;=...=@a,=a U
by=...=0b,=b
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Teopema 14. [laa amobuix yeavix ducer a =1 u g>1 npu wnexo-
mopon s==0.
1) Cywecmeyem npedcmaerenue a 6 6ude
a=cg +Co & Fegtcg, (3)

20e 0<<c;<<g—1 npu ecex i=0,1,...,5—1u 0<e,<g—1;

2) npu 300aHHOM g U HAAOHCEHHOLX HA YeAble C; YCAOBUAX nped-
cmasaerue a 6 eude (3) eduxcmeentoe.

HNokasateabctro. 1)CymecTBoBaHHe. BosbMeM Jtoboe
g>1 ¥ npEMeHHM METOJ MaTeMarTHyecKoil HHAYKIHH,

[pun a=1, 3B s=0, ¢,=1=<g~—1, noayuaeM PaBeHCTBO (3)
B Bufie 1 =c,. [lpeanosioxuM, YTo paccMaTpHBaeMble NPEACTaBJeE-
Hust (3) MMEIOT MeCTO JJIi BCeX HaTypasbHbIX YHCel @, MEHbIUHX,
yem n. CorsiacHo TeopeMe | Ad n M g MOXHO HaliTu Lelble HEOT-
pHlATeJbHbIE YHCJA f; U r, TaKue, 4T0

n=gn,+r, 0=r<g—I1.

Jlerko BHZeTh, uTO n; << n. JeficTBuTenpbHo, ecan Gbl Gui0 ny == n,
T0, TMOCKOABKY g>>1, r =0, MBl HMenu Obi n=gn, -4r>>n.

PaccmoTpuM JBa BO3MOXKHBIX Chyuas:

a) Ecau n,==0, T0 A==r, T. €. PaBEeHCTBO (3) OCYIIECTBIACTCH
npu s=0, ¢,=r.

6) Ecan n, =1, 10 l<cn,<{n, W COIJACHO NPEATO/OKEHHIO
0 CYULeCTBOBAHMH [PCACTABJEHHs (3) AJfA BCCX UHCEN a<<n, T. €.,
B YACTHOCTH, M JJs 1, UMEeM:

ny=rg +riag .
npu Hexoropom ¢ n O=<<r;<<g—1 (i=0,...,1¢), r,>0. Torza
n=gn+r=rg* + g+ . g,

T. €. OpeicTaBjerue (3) ocymecTBaserca npu s=rt+41, co=ry...,
¢y ="g, Co==r. COIJIaCHO NPHHIHNY MOJHOH MaTeMaTHYECKOH HHIYK-
nuu (teopeMa IV) cymecTBoBanue paccMaTpHBAEMbIX npeACTaBJACHUH
JIOKA3aHO JUIsl BCEX HATypaJbHBIX YUCE.

2) EnuuHcTBeHHOCTh. Ecan

a=cg’+ ... togte=cg + ... gt )
rae Bee ¢; M ¢; Takume, uto 0<<¢;<g—1, O <<g—1, ¢ > 0,
c;>0, To, 3amucap (4) B BHAE:
a=g(cg '+ ... o) Fo=gcig " . )+ 6,
Mbl IIOJIyUaeM DPaBEHCTBO ABYX HpeACTaBieHHil a BUJA:
a=gq+r, O<r<g—1.
CorslacHO Teopeme 1 3TO BO3MOXKHO TOJIBKO HpPH
Co=Co» Ay==C,g* 1 ... oy =cgt T . ol
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Tlposons AJS @, TO e PACCYKJAEHHe, TONYUaeM ¢y =C;, 3aTeM
¢,=c, W 1. &. Tenepb Jerko BHAETb, UTO S==f. JIeHCTBUTeNBHO,
ecau, Hanpumep, Obiiio OBl s <C#, TO, HOJYUHB Cy==Cq, C1==Cj,-- )
€g= (s, MBI MOTJIM Obl COKpaTuTh ofe 4acTH Ha obmiue cCJjaraemble
Cor €18, - - -, C,@" U, TOCKOJBKY ¢;>>0, noayuuan Obl B Npapop ua-
CTH (4) MOMOKHTEJLHYIO BeJUUHHY, PaABHYIO HYJIO.

Ounpenenenne 4. [Ipedcmassenue a 8 gude (3), 20e npu scex i
O<<e;<sg—1 u ¢, >0, nasweaemes npedcmasienuem 4uciq 6 cu-
cmeme cqucienus ¢ ocrosanuem g. Jucaa cg, Cs_q, ..., €, HO36IEA-
10mes yugpamu 4ucio a.

Jast kpatkocTH BepaxkenHe (3) 3alNHCHIBAIOT TaAK: &= C.,_;. . .Cy,
HJM Jamke IMPOCTO CCi_y - .. Co

KoJbro 1esislX Yuces1 paccMaTpHBaeTCst Kak MOATONe HOJs panHo-
HAJBHKIX 4uces. PanuoHanpHble YHcaa Mbl 6YJIeM 3alHCHIBATL B BUJE

%, e a u b=1 uvenne, T. e. dakrtuyecku OYLYT paccMaTpu-

BaThCst KaK Iapa LeJdblX uYKcesa, Y KOTOPbIX 3HAMeHAaTeNdb BCerja
TIOJIOKUTeieH,

YropsiioueHHOE MNOJe AeHCTBHTENLHEIX YHCEJ He SABJSETCS] 00beK-
TOM CIENHaJbHOr0 M3Y4YeHHs B 3TOH KHure. Kak ymKe oTMeuanoch
paHblile, BO BBENSHHM, TEOPHUs UHCEeJ H3YHAET TOJABKO BOUPOCH,
CBSI3aHHBIE C apu(pMeTHUeCKOH NPUpORoH RefiCTBUTENILHBIX WHCEN, a
HMMEHHO TaKHe BONPOCH, K&K, HalpHMep, CYUIECTBOBAHHE YpaBHe-
HUS C LeJbIMH KOoo((ulieHTaMy, KOPHEM KOTOPOTO SIBNIAETCS JaHHoe
JeliCTBUTe IbHOE YHCJIO, NPpHOJIHKeH e JefiCTBUTeIbHBIX HHCeJ pamKo-
HaJLHBIMH H T, ],

Heficrsutenbuple uucjaa Ml 6yneM ofbluHO 0603HauaTh OyKBaMu
rpeyeckoro andasura o, f, vy, ..., HO HHOrAA, XKeJjasi NONYEPKHYTh
TO, YTO BeJHUHMHA PACCMATPUBAETCA KakK NepeMeHHas,— MOCJAeHUMH
6yKBaMU JIATHHCKOrO ajgasura X, Y, ... .

BymeMm cuurate U3BeCTHHIMH TOHSITHS CYMMbl, NpPOU3BENEHHS,
PasHOCTH, YacTHOTO, CTENeHH JeHCTBATENbHHIX yHcea. Kak ofwuHO,
NYCTYIo CYMMY OyfeM CUHTaTh PaBHOH HYJIO, a NYyCTOe NpOn3Bele-
HHe — DABHLIM efHHHIE,

ViMest B BHIY HMHTepUpETANMIO JeHCTBHTE/BHBIX UHCE] HA YHCIO-
BOI ocH, MBI 6y JeM JefiCTBUTEIbHBIE YHC/IA HHOTAA HA3HIBATh TOUKaMH.

Monynb, uau, Kax HHAue TOBOPAT, abCoMIOTHAY BeJMUMHA, AelicT-
BHTeJILHOTO uucja o 0003HauaeTcs | o] U onpenensgercs GopMynaMu:

{ o 1pu az=0,
o] = —o npu o <<0.

Ja mopyne#l NPHMEHSIOTCS H3BECTHBIE COOTHOLICHE:

s
> a;
i=1

< 2ol (5)
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s

Hai
1

i=

e, (6)

i=1

chpaBeiJiuBbie NPH MOGOM S, T, €. NpH J00OM UHC/Ie CJaraeMbix
B dopmyse (5) u MHOXHTeael B popMyJe (6). OcranoBumcs, B yact-
HOCTH, Ha HEKOTOPHIX BaXHBIX CBOHCTBAaX MOAYJeH HeablX dhCes.

Teopema I1X. Ecau a—uyeroe uucao, e pasioe 0, mo |a|=1.

Teopema X. Cpedu yeavix qucen, mo0yrb KOMOPbLX MEHLULE, HeM
m, moavko O Oeaumcs Ha m.

Bo MHOXKecTBe HeJRIX UHCEs HMeEeT MeCTO TeopeMma, aHa/loruiHas
TeopeMe I.

Teopema I’. Bcakoe wnenycmoe ROIMHONMECMEO yeablx Hucer Co-
depocum HAuMerHblULee 110 AGCOMOMHOL BEAUMILHE HUCAO, NPUHEM MAKUX
HAUMERBUILX N0 ABCOMOMHOL Geaudune wuces moxcem OCoume 460
00Ho, aubo Osa.

3. NOCAEJOBATEJbHOCTH. ¢ YHKUUH

DBymeMm cuuTaTh M3BECTHbIMH UYHTaTeJIO HE TOJbKO OCHOBHBIC 110-
HATHS aJre6pbl M MaTeMaTHUECKOIO aHaju3a, HO M BaxHEHIIHe HX
cBoiictBa. Cpefi TaKuUX HOHSITHH y Hac OyAyT BCTpevaTbCs MOHSTHA:
HHTepBasia, CerMeHTa, HOCJIEAOBATENILHOCTH, CUETHOIO MHOXKECTBA,
KOHTHHYYMa, Npejiesia, HelpepuiBHOM (Y HKIHH, OrPaHHUeHHOH PYHK-
UM, Jorapudma, cuHyca, MHOrOUJeHa, KOpHsl MHOro4jeHa, MHOTO-
yJileHa HEPUBOJAMMOIO Hajf JAaHHLIM N0JieM, CHMMETPHYECKOrd MHOTO-
ujleHa, CXOAAMErocs U pacXoAsIierocs psifia, POM3BOJHON, HHTeTpa-
na ¥ T. I. HanoMHuM TOJIbKO ompeleseHre INepHOJHYECKON HOC/Iel0-
BaTeJIbHOCTH,

Onpenenenne 5. 1) Ilocaedosamenrbrocme Hucer

Ay Ay Qgy eoes Ty ovs (7

Hasvigaemes nepuodudeckoil, ecau cywecmsyom k=1 1u s=0 ma-
Kue, 4mo a,,,=4a, npu 6cex n==S.

2) Ecau k 1 S—HQuMenbluye 4ucia, YoosAemgopsiouue mum
ycaosuam, mo k naseisaemca 0aunoil nepuoda, a $— OAUHOL nped-
nepuooa.

3) Hpu s=0, m. e. ecau cyujecmeyem k =1, maxoe,4mo a,,,=a,
npu ecex n, nocredosamervrocmo (7) HQ3bIBALMCS ducmo nepuodu-
4ecKoltl.

INepuoanueckasi NOCJAEHOBAaTENbHOCTb HMeET, TAKUM 06pasoM, BHJ

Aoy v ve 3 Qg gy Qsy vy Qgypa1s Qoo oo ey Qgifpots = o v s
rae Imocje MNpPEeANepHOAa @y, ..., 0 .; NEPHOJHYECKH IOBTOPIIOTCHA
OAHH M Te e 3JeMeHTH g, ..., 0 p-1-

Yucro [epHoAUYeCcKas MocC/e 0BaTeIbHOCTb HMECT BUAL

/PN P PPN AN
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TAe C caMOro Havajga IePHONUYECKH TOBTOPSIOTCH 3JEMEHTH 4,
Y PR

ITpn paccMoTpeHun NeHCTBUTEJbHBIX YHCE] HAM MPUJAETCS MOJb-
30BaThCs H COOTBETCTBYIOLIMMH TeOpeMaMH, H3yyaeMbIMH OOBIYHO
B Kypcax MaTeMaTHUecKOro aHaJjmnza M BhcHIedl anre6pul. [lepeunc-
JIUM HECKOJbKO OCHOBHBIX NOJIOKEHUI anrefphl U MaTeMaTHYeCKOro
aHaJu3a, Ha KOTOpble Mbl OyJEM ONMHpaThCs B AaJbHERILEM.

Teopema XI. [laa awboix Osyx muozousenos [(x) u g(x) nad
noaem P cyuwecmsyrom Osa mrozousena HAO amum norem g (x) u r(x),

maKux, 4mo
[(x)=g(x)q(x)+r(x),

npudem cmeners r(X) MeHbuie, 4em cmenens g(x).
Teopema XII (Besy—Topuep). [das aobozo muozourera f(x)=
=qux" o x" " .. Fa,(n=1) u wucra o

flx)=(x—a)g(x)+r,
e0e g(x)=byx""14- ... +b,_y, by=a,, by=aby+a,, by=ab,+a,
eeyb,_y=ab,_,+a,_,, r=ab,_,+a,=Ff(x).

Teopema XIII (dbopmynaa Teiiopa). Jlas aw6oeo muozourena f(x)
FOrth)=F () 1o (1) 4 P () o - 7 (),

Teopema X1V. Jlwboii mrozouren Hal nosem P cmenenwu n=1
moscem Ooume  npedcmasren 8 sude npoussederus Henpueodumolx
HAO amum noaem MHOS0MAEHOB.

Teopema XV. Iycms F (04, ..., %, Bys -« ., Pp)— MHO2OU1EH HAOD
nosem P, cummempuuecKuil no OMHOWEHUI K 08YM CUCHeMAM He-
UBBECIMHOLX Obyy oo oy Oy U By, ooy By To020a

F(og, ... 0By, ..y B) =@ (04, ...,0, Ty, ..., T,),

20e (04, ...,0,, Ty, ..., T,)—MHOOUNCH C KOIpPuyuenmanu us P,

0y, ..., 0,—3leMeHMAPHOLE CUMMempUH1ecKue MHO20YAEHOL  OM
Oy v v oy Qs

Ty o ooy Ty dAEMEHMADHYIE CumMMempUuecKue — MHO204AEHBL  Om
PR

Teopema XVI. [Tycms oy, ..., 0, —KOpHU MHo204reHa [(Xx) cme-

nenu n. Toeda ssemenmaprole CUMMENMPUYECKUE MHO204ACHOL OM

Oy ooy O, GOLDANCAIOMCA PAYUOHAALHO 4epe3 Kodppuyuenmor f(x).

Teopema XVII. Cymma cueminozo MHOMECMBA CHeMAHbLX MHOMECTMS

npedcmasasem cobol MaKice CHemHoe MHONCECITEO,

Teopema XVIII. [TocaedosamersHocmes cmpoeo 8A0XHCEHHbIX Opye

8 Opyza unmepeasod, OAURbL KOMOPBLX CMPeMAMCS K HYMO, umeem

O0HY U MOALKO 00HY MOYKY, 0OULYIO 8CeM UHMEPBAAAM U ABASIOULYIOCH

06LL§LLM npe(?eﬂom AEBLIX U NPAaBbiX KOHU08 dMUX UHMEPBAN0s.
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I pyraMH clIOBaMH, CJIH ABe [0CTeL0BaTENbHOCTH JEeNCTBHTENBHBIX
yucesn o, ¥ P,(n=1, 2,...) TaKOBbI, UTO

o <Oy < 0y << ... <Py <<Py<<By

u lim (B,—a,)=0, 1o cymecryor lime, wu limf,, npuuem
R n—->w . . n—>ow n->o
limea,=1lim §,.

n—> o n

- ®

Teopema XIX. IDycme [(x)—nenpepoignan 6 cezmenme [a; b)
pynryus; moeda:

1) [(x) oepanuuena Ha 3moMm Cezmerme.

2) Ecau f(a) u [(b) umerom pasnoie 3HAKU, MO 8 SMOM Ce2MeHME
aescum no Kpatined mepe o0un Kopeus [(x).

3) Ecau c—npocmoil Kopens [(x), marott, 4mo a<<c<<b, mo
6 docmamouno maioli oKpecmHocmu C, creea u cnpasa om c, f(x)
npuruMaem NPOMUBONOAONCHbIE NO 3HAKY 3HAUEHUS.

Teopema XX. ITycmo [ (x)—nenpeposras 6 ceemernme |a, b] pyuk-
yusa; m u M—coomsemcmeenHo Haumenouwee 1 HaubOAbUEE 3HAYeE-
Hus f(x) @ smom ceemenme; moa0a

b

mb—a)<{ () de< M (b—a).

a

Teopema XXI (D#inrep).
1) e =cosx-ising 9) % (e +e ) =cosx.

IeficTBUTENIbHO® UMCJIO 0. MOXHO HpEeACTaBJATH B BHAE CYMMbI
GeCcKOHEeUHOH CHCTEMAaTHYeCKOH XPOOH C OCHOBAHHEM CHCTEMBI CYH-
CJIeHHs], PAaBHBIM HEKOTOPOMY Lejomy g>>'1, T. e. B BHIE:

a=ay+2+3+. (®)

e Bee q;—Ienble uncaa unpu i=1 0<a; <<g—1. CokpamenHo
dopmyna (8) samuchiBaeTcsi B BHLE O.=d, Uydy ..., TAC &y, Gy,. ..
HA3BIBAIOT nudpaMu ApoGHON YacTH &) 4, HA3LIBAIOT IEJIOH YacThIO &
M 3aNUCHBAIOT TakKkKe B BHAe @,=[a]. Mws paccmorpum [a] Kak
OYHKIMIO OT o B rjiase 4. B KauecTBe OCHOBaHHsI CHCTEMbI CUH-
cnenus Gosbinell wactblo Oeperca g==10. Mspectnnl caexywomue
TEOPEMBI.

Teopema XXII. Jlw6oe Oeticmeumenvroe uucao o eOUHCMBEHHLIM
obpasom moxcem Goime npedcmasieno 6 eude (8), mak umo npu ecex
i 0<a;<<g—1 u cywecmsyom a;=g—1 co ckoae y200H0 6016~
wum i.

PeckoHeunas cucTeMarHueckas Apobb (8) HasbiBaeTCst mepUOLH-
YecKOH, ec/il NMepHOAHUECKOH SIBJAETCHA TMOCIEAOBATENbHOCTD WHPP
Ap, Aoy o v v
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Teopema XXIU. [ledicmeumensroe qucro o. 58asemes payiLoHaLb-
o mozda u moabko moeda, Koeda npedcmaesenue o 6 sude (8)
ecmo nepuoduteckas 0pobe.

Jra TeopeMa, B YaCTHOCTH, O3HAYAET, UTO €CJU IIpeACTaBJeHHe
o B BHJAE CHCTEMaTHU4eCKOH JApo6u Mo HEKOTOPOMY OCHOBaHMIO g > 1
ABJSETCS NEPHOSHUYECKHM, TO nepHoAudyecKoH OYAeT M CuCTeMaTH-
deckad ApoOb, MOJYYaOmascs NpH PAasvOXEeHHH o ¢ APYTHM OCHO«
BAHHEM CHCTEMBl CUHCJEHHUS.

Hawm yacrto npuznercst paccMaTpuBath GYHKIUU NPH HEOTPAHHYEH-
HOM pocTe apryMeHTa, T. €. pacCMaTpUBaTh MPOLECC, HPH KOTOPOM
apryMeHT CTaHOBUTCS Ooablie J000ro ¢GUKCHPOBAHHOTO HATypaJb-
HOTO YHcJna.

Onpenenenme 6. Dyukyus [(x) Hasvisaemcs acumMnmMomMu4eck
pasrotl gyrkyuu © (X), ecau Apu x— 00, M. €, NPU HEC2PAHUYEH -

X
HOM pocme X, cyujecmeyem npedes OMHOULHUS 19y amom npe-

o (x)
des pasen 1,
AcuMnToTHYECKOE PaBeHCTBO (QyHKHHH f(x) 1 o (X) 3anHCbIBAeTCH

3HAKOM ~, TaK 470 [(Xx) ~ ®(x) o3mauaer, yto lim [y,
x—»ww(x)

HMpumepn. 1) x2+4+2x241 x~ x3 2) sin%fv%;
3) In(x+42)—e * ~ Inx.

AcuMNTOTHUECKOE DABEHCTBO f(X) ~ @ (X) MOXKET MMETb MeCTO U
TOrAd, KOrZa pasHocTb f(x) # o (x) pacTeT 1O MOAYMIO C YBenH-
yeHueM X, OLHaKo pocT |f(x)— o (x)| meanenneii, ywem poct | f(x)|
u o (x)]. '

[ _

HeficTBuTeNnbHO, ecnnxgrgm— 1, (fo((xx))= 148(x), rme npu

x— 00 8 (x)— 0, oTkyga caenyer, uto [(x)=w(x)-+ 0 (x)® (x),
[F(x)— o (x)]=]8(x)|-]o(x)|. HecMorps Ha TOo uto &8(x) cTpe-
MATCA K HYyJIO, npoussefenue |0 (x)|-] o (x)| Moxer HeorpaHUYEHHO
YBeJHUHBATLCS, XOTA M MelJeHHed, ueM |o(x)| u |[f(x)|. Tak,
B TOJbKO UYTO JaHHOM MpHMepe f(x)=x3+2x“’—}—1/x, o {x) = x8,
a |f(x)—-m(x)]=2x2+]/x——>oo NIpH HEOTPaHHYEHHOM YBeJuue-
HHH X,

Onpeneaenune 7. ITycmo f[(x) 1 o (x) (o (x) > 0)—0se Pynxyuu,
PACCHAMPUBLEMBIE HA HEKOMOPOM MHONCECINEe SHAHEHUL apey MeHma X,
maxom, 4mo x—» oo, Pagercmeo f(x)=0 (o (x)) (wumaemcs f(x)
pasro O bGoavuwioe om o (x)“) 03HQuaem, 4mMo Cyu,ecmeyem noCHOAH-
nas A>0, maxas, umo |f(x)|<<Aw(x) 0daa ecex Oocmamouto
borvuiux x, m. e. npu x> X,.

Takum o6pazoM, O (® (x)) MOXKeT 03HaYaTh JM06yI0 By HKLUHIO [ (X)),
VJIOBJICTBOPSIOUYIO NpH XX, ycaosmo |f(x)|<< Aw(x), tae A
H X,, BOOGLle rOBOPS, PasjuuHbl AJs PasiuuHbiX f(x). Mbl MoxeM
Bcerga sanucath O (o (x)) << Ao (x).
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Opumeps. 1) (x—1)2sinx=0(x2); 2) V35 Fl+Inx=0(x%);

8 In(1—)=0(%).

Teopema XXIV. 1) Ecau f(x)=0 (0 (x)), g(x)>0, mo f (x) g (x)=
=0 (o (x)g(¥)).

2) Ecau f(x)=0 (o (x), mo O (f(x))=0 (o (x)).

3) 0(o (x)) 4= 0 (@ (£)) =0 (o (x)).

4) Ecau [(0)=0 (0 (x)), mo 0 (F(x)+0 (o (x)=0 (o (x).

5) O(o (x)) 0(g(x) =0 (o (x) g (x)).

HoxasarteasbctBo, 1) Ecan f(x)=0(w0{x)), 1. e. cymecrt-
Byer A >0, Takpe, 4TO NPH X > x, iMeeM | f (x) | < 4o (x) u g (x)>0,
10 |F(0) g (0] < Ag(x) o (x).

2) 3anuck O (f(x)) o3nHauaer, 4TO f(¥) MOMOMKHUTEJbHA JAJS pac-
CMaTPHBAaeMblX 3HaueHuii aprymenta. Ecam f(x)<CAde(x), 70
[0 (F () | <A (9) < Ay Ao (x), T.e. O(f (x)=0 (0 (x)). .

O6o3znauus O (f (x)) uepes F (x), Mbl MOMKeEM 3amucaTb 5TO CBOM-
CTBO B CJefyIOUeM BHJE:

Ecan F (x)=0(f(x)), f(x)=0(0(x)), 10 F(x)=0 (0 (x)).

Takum obpasom, cuMBoa O ofJjajaeT CBOHCTBOM TPaH3UTHBHOCTH.

MoxHo BMecTe ¢ TeM OTMETHTb, YTO 3TOT CHMBOJ He obJjajgaer
cBoficTBoM cummeTpuunocT. M3 f(x) =0 (o (x)) ne creayer o (x)=
=0 (f (x)). Hanpumep, lnx=0 (x), HO x =0 (In x).

3) Ecnu pnst mepsofl u3 paccmMaTpHBaeMbIx dyaxuait O (o (X))
umeeM |0 (0 (x)) | << A,0 (x), a muq Bropod |0 (0 (x)) | << A, (x), TO
IO(w(X))+O(w(X))I<I0(ﬁ>(x))|+|0(m(x))|<(A + A5) 0 (x).

4y Ecau f(x)=0 (o (x)), TO, NpuMeHsd CBoHCTBA 2 U 3, JaHHbIe
B 3TOH TeopeMe, HOJyyaeM

0 (F (1)) +0 (0 () =0 (0 (x)) +0 (@ (+)) =0 (o (x)).

5) |0 (@ (x)0(g(x))|=]0 (@ () ]-]10(g(x) |<< 40 (x) Ayg (x)=
= Ao (x) g (x).

ITpumep. ’%%—ln (1 +%>+O(%>:O(%>—O(%>+

rot)-o(#)+o(t)=0(2).

Onpeneaenue 8, [Tycme [(x) n o (x) (0 (x) > 0)—dse Pynxyuu,
paccmampueaemsie HA HeKOMOPOM MHONCECIBE BHAYeHUL X, MAKOM,
umo x-— oo. PaBeHcTBO f(X)==0(® (x)) (uuraercs _f(x) pasuo o
MaJleHbKoe 0T © (x)“) osHauaem, umo lim I ((x)) 0.

CumBoa o (® (X)) MoXKeT o3Ha4aThb, TaKuM o6pasoM, ob6yio GyHK-
U0 BUAA €(x) ® (x), Takyw, 4T0 &(x)-— 0 nmpu x-— oo.

Ilpumepsr. 1) Inx=o0(x); 2) "‘—[— x+l o(l).

x2
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YactubiMH  cayyasiMH onpefeneHuii 7 #@ 8 SIBAKIOTCA (DYHKIUM
Buna O(1) m o(l). O(l) o3Hayaer (YHKLMIO OT X, OrPaHUYEHHYIO
M0 MOAyJIO OpH BCeX X>X, a o(l)—dyHRuuio or x, Koropad
OpH X —> co UMeeT Npeles, PABHBIA HYJIO.

[Mpumepsn. 1) (1—}—.;16_)’620(1); 2) 1

nx
x0,1

=o(l).

FITABA 2
NMPOCTBIE YMCJIA
1, MPOCTHIE U COCTABHBIE YWCJIA

Kaxpoe HaTypajdbHOe 4YHCJO # HMeeT 1o KpafiHeli Mepe JBa
NOJOKATEJbHBIX Aequtedsi: 1 u n, CymecTBYIOT HaTypasibHble YHCHa,
KOTOpble He HMEIT NOJOKHTEeJbHBIX JeauTesell, OTIWYHEX oT | u
camoro cefs.

Onpenenenne 8, Hamypassuoe wucao p HA36180€MCA NPOCMbIM,
ecaw p>1 u p He umeem nosoKUMENbHLIX OeAumeneti, OMAULHOLY
om 1 u p.

Mpl 6ygem ofrpigHo mpocTeie wncia o6osHayaTh OykBoi p. Ilep-
Bble NPOCTBEIE UMCJia B HATYpaJbHOM PSAY:

2, 3,5, 7,11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47,...

Onpenenenne 10. Hamypaasvnoe uucio n>1 wnasvieaemes co-
CMABHBLIM, ecAl N umeem Ho KpaiiHell mepe 00UN ROAOKUMENbHOLL
Oeaumens, omauuneiti om 1 u n. COriacHO 3TOMY OIpejeseHHuIo,
€CcJil n—cCOCTaBHOE 4YHCJAO, TO Yy K HMeeTcd JAeJuTe]b ¢, TakoH,

n
yt0 n=ab, rie b=; TOXe Takoe, 4To 1 << b << n.

Bce deTtHble uncaa, KpoMe 2, cocTaBHBE, TaK Kak 0OpH n =2k,
k>1 6yner 2|n u 1<C2<n.

Cornacro onpegenenusM 9 u 10 MHOXKeCTBO HaTypaJdbHLIX 4uCea
pas0uBaeTcs Ha TpHU NOJIMHOMKecTBa: 1) nmpocrble umcaa, 2) cocTas-
HBle yucsaa # 3) uncqao 1, KoTopoe He NPUUUCAACTCS HH K IDOCTHIM,
HY K COCTABHBIM YHCJAM.

Teopema 15. Ecau p u p,—npocmote 4ucia u p 5= py, mo p 4 py.

HoxasateabctTBo, [10oM0KUTeNbHEEIMU ICAHTENSIMH [IPOCTOrO
p; sBJasiercss TogibKO 1 m camo p,. Ilpocroe umciao p =1 (nc omnpe-
JieJIeHuIo) u p 5= p, (10 yc.noamoﬁ, TaK uto p 4 py.

Teopema 16. [aa aio6oco nHamypaibroeo uucia n>1 Haumero-
wuil, omautnelll om eOuHUYbl NOAONCULMEebHbIE Oeawmend 6ce2da
npedcmasasem coboll npocmoe YUCAO.

HokasareancTBo. PaccMoTpuM MHOXKecTBO M NONOXKHTENb-
HBIX, OTJMYHBIX OT | fZeautejelt yucaa n, MuoxecrBo M He mycro,
Tak kKak n € M (n|n u n>1). Coriacno Teopeme 1 B MHOXeCTBe
M pomxHo OpiTh HauMeHblilee yucao g > 1. Ecau Op ¢ He OblIO
NPOCTHIM YHCJOM, TO CYILECTBOBaJo Obl @ Takoe, 470 l<la<{qg H
alg; Ho Tak Kak ¢|n, To Torpa (Teopema 6) Onio 6w aln, uro
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npOTUBOPEYUT TOMY, UTO g— HAUMEHBUINH, OTIHUHBIA OT €IUHHI!
NOJIOKATENbHBIH Aenutens n. Ilpeanojoxenne, uTo g HE ABJIACTCH
[POCTHIM YHCJIOM, TPHBEJNO HAC K IPOTHBOPEUHIO, CJIENOBATEJBHO,
g—TpocToe YUCIHO.

Teopema 17. KasicOoe Hamyparbroe 4ucio, OmAutHoe om 1,
MO%CHO npedcmasumms 8 8ude npousseOeHUs NPOCMbLY HUCeA.

NokasaTenbcTBO. Kaxnoe mpocroe YHC/IO Mbi paccMaTpu-
BaeM B BHIE TNpPOH3BEXEHHS, COCTOSMETO M3 OAHOrO MHOXHTEJN,
TaK 4TO AAsl BCeX MPOCTHX HUHCeJ, H B YACTHOCTH Ans 2, YTBEPK-
genne TeopeMbl BepHO. [IpeamoJiomuM, 4To YTBEPKICHHE TEOPEMbI
BepHO AMA BCeX k, Takux, uto 2<k<{n. OGosnaunm uepes p
HauMeHBIIHH, OTJHUHLIE OT 1 IOJIOMHTeJNbLHHH JeluTesb 7, KOTO-
phifi COTJIACHO TIPeABIAYLIeH TeopeMe ROJIKeH OBITH TPOCTHIM YHCJIOM.
Torga n==pk'. Ecau k'=1, T0o uist n=p yTBepXKJeHne TEOPEMBI
sepro. Ecam &'>1, 10 2<<k'<<n u, COrIaCHO HaileMmy Ipeano-
JIOXKEHHIO, k', a cnejoBaTeslbHO, M A NPEACTABUME B BHJe NPOU3-
BeJleHHA NPOCTHIX UKCeJl, T. €. H B 5TOM CJyuae Haule yTBEpXKAeHHe
pepo aast n. CornacHo Teopeme IV yTBepXienne TeopeMbl BEPHO
A BCEX HATypanbHBIX 4HCcea n==2. :

Jlpa pasJioXeHHs Ha NPOCTBIE MHOKHTE/H HA3BIBAIOTCS OAHHAKO-
BLIMH, €CJIH OHH OTJIHYAIOTCS TOJNbKO NMOPSAKOM 3THX MPOCTHX MHO-
KuTesell; Hanpumep, pasiomenus 30=2.3.5 u 30=5-2-3 cum-
TAlOTCs OMMHAKOBBIMH. Clegylomas TeopeMa siB/feTCs OCHOBHOM
TeopeMoil apHPMETHKH HaTypalbHbIX YHCE.

Teopema 18. [laa xaocdoeo Hamypaabrozo wucaa n>>1 cyuecm-
6yem eOUHCIMBEHHOe DA3AONCEHUE HQ NPOCIbe MHOMCUMEAU.

DTo 3HAUHT, YTO AJs JOOOTO HaTypaJbHOTO n IBA PassiOXeHHs
Ha MPOCTble MHOMHKTEJH MOTYT OTAMYAThCS TOJNBKO NOPSIJAKOM STHX
MHOXKHTENEH,

NokasatenbcTBo. IlpeanonoxuM, yto MHOXecTBO M Ha-
TYpaJibHBIX UYHCEN, JJsi KOTODBIX eJHHCTBEHHOCTb Pa3JIOXeHus Ha
NpoCTHie MHOMKHUTEJH Hapyliena, He nycro. Torja coryacHo Teopeme I
B MHOXeCTBe M uMeeTcss HaWMeHblilee UHCIO n, JJs KOTOPOTO
MMEIOTCS JIBA Pa3NUMUHBIX Pa3JIOKCHHS Ha NPOCTbIC MHOMKHTENH:

n=py...Pps=0qy...4; (1)

Cpenu NPOCTBIX UHCEN Py, ..., Pg, Gy, - - -, §; BblOCPEM HaHMEHD-
wee: nycth 970 Oygmer, HampuMmep, p,. Umcao p; oTanHuaerca OT
BeeX ¢, (1=<j<<?), 12K KaK ecau Obl p, =g, TO, COKpamas paBeH-
cro (1) Ha p,;, nmonyuunu Obl J1Ba DAas3jIMUHBIX DPAa3JOXKeHHs Ha

n
POCThie MHOMUTENHN Uil YHCJa — , KOTOPOe MeHblile, UeM f. p; < g,

upd Bcex j=1,..., t n (Teopen}xa 15) p 4 gy.
Mpl MoXKeM, NpPEICTaBUB ¢, B Buie ¢,=pk-+r, rIe k=1,
| <r << p,, MOICTABHTH 3TO BhIpawenne BMecTo ¢y B (1). [Toayunm
n=pPs...Pg=pPikYs...q: + R, (2) -
rae R=rq,...4q;.
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Us (2) Bugno (teopema 10), uro p,|R,

R=rgq,...9,=p,l, 3)
T. €. r<{p<<qy, R<n, Tak uro R, COIJIaCHO TPeANOJOXKEeHHIO,
HMeeT TONbKO €QMHCTBEHHOe MpejcTaBJcHHE B BUJE NPOU3BEJEHHA
NPOCTHIX MHOXKHTEJEH, KOTOpOe MOXKHO HMOJIYYHTh, pasfaras B ¢op-
myse (3) r u [ Ha upocTeie MHOXuTend. Ilojyvaiomuecs Torga H3
(3) xBa pazjoxeHUS R Ha NpOCTble MHOXHTENN JOJKHBI COACPXKATD
OJMHAKOBEIE NPOCTHIE MHOXHMTENH, a CJIEJOBATENbHO, IOCKOJBKY
P155Gs, oo oy PLF=Gss P1| T, UTO TPOTHBOPEYHT YCAOBHIO 1 <Ir < py,

ITpeanoJsioxkenre, 4TO MHOMecTBO M He TYCTO, TNPHBENO Hac
K NPOTHBOPEUHIO, cJenoBatenbHo, M mycTo, T. €. Kaxpoe n>1
HMeeT e[HHCTBeHHOe pa3joXKeHHe Ha NPOCTble MHOXKHTEJH.

B pasfioXKeHUHU f=piP,...P, CPEAU YHUCEN Py, Py, ..., Pg MOTYT
ObITE OUHAKOBBIE MPOCTHIE MHOXHUTeNH, U €CJHU, HalpuMep, Cpeiu
HUX MepBhie k PA3JIHUHbI, MBI MOKEM 3aNUCATh fL B BHAE == pi*. .. pg".
Ecau wenoe yuenao n<<0, to —n >0 u, NPEeACTAaBUB — 1 B BUJIE
—n=pi'...py*, THe BCe p,—NONAPHO pAa3JHUHbIE HPOCTHIE YHCJA,

Gynem umeTh #=—pi'...ps*. Taxkoe npeICTaBjeHHe, Kak 3T0
CeRyeT U3 TeopeMbl 18, Toke obsajaer CBOACTBOM eIHHCTBEHHOCTH.
Onpenenenue 11. Kawuonuueckum pasiOHeHUEM NEACO 4UCAQ

a>1 Hasvieaemca npedcmasienue a 6 eule a=pi*...py, ede
P1s .., Pp—NONAPHO PABAULHLIE NPOCTbIE HUCAA, Oy, ..., Op——HO-
mypanensle uucsa, Kanonuuweckum passodicenuem  yeasozo HucaQ
a<<—1 HageiBaemca  auaiveuuroe — npedcmagienHue 8 - 8ude
a=—pP...pE

Mpuo,=...=a,=1, 1. e. a=p,...p, 4YHCIO @ Ha3LBALOT
CBO60AIII)IM OT KBaJpdaToB.

Kauotnueckoe pasfoxeHue 1= d,...d;=0y...b; MOXHO NOJYYHTH,
NepeMHOXKAasl KAHOHHYECKHE PA3JIOKEeHHs HHCeN dy,..., Qg WJIH THCN
by,..., b;. Teopema 18 moxasniBaer, 4To PE3yNbTAT IOJYUHTCS ONHH
n ToT Ke. B uactHOCTH, TakuM oOpasoM, CIpaBeiauBa CJeRYOlast
TEOpeMa.

Teopema 19. Ecau p—npocmoe 4ucio, p{a, p{b, mo pfab.

Teopema 20. Ecau a=- pi...pH—KanoHuueckoe npedemas-
AGHUE HUCAQ O, MO noAoxcumensroe 4ucAo d ssasemcs Oeaumenem
a moeda U moavko moza0a, Ko20a d:pf‘. . .p%", 0B, <oy, «..,
0< ﬁk = X

HoxasateabcTso. [lycts d|a u npocroe pld, Torza pla,
CJIeZIOBATEJIbIIO, COrJIacHO TeopeMe 18 p nONXKHO COBHaZaTh C OGHHM

U3 ducea py, ..., P, lakuM obpasoM, B KaHOHHYECKOE pasJjowxe-
HUe d He MOXMeT BOHTH HH OAMH IPOCTOH MHOMKHTENB, OTJHUHbLLE
OT Py, +vvy Ppr T. €. d=pP ... pBe.

B

. a
Ecau npu Beex i 0<<fP, <o, TO a=p1’...p‘,§"-:p'f‘...pkq,

rae g=p&P | p% P __yenoe uncio, T. €. dfa.
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Ecnu xe xotst 6o ogHO B; >a;, TO H3 NpelNOJOXKeHHs a=dq,

T. e. U3 a:p‘f‘. . .p%"'=p?‘. . .p¥g, mocne coxpameHusd Ha p‘f" Mbi

noayuusin Obl LI LEJA0ro YHCJa -5;1 [Ba Pa3JMYHBIX PA3JIOKEHHS
i
Ha NPOCTHle MHOMKHTEJH.

Taxum ofpasom, d=p§‘. . .pE" SIBJISIETCST JIEJINTEJIEM @ TOTJa H
TOJNILKO TOTZa, Korja Aas Bcex [ 0<<f;<<a,.

[MTocne0BaTeABHOCTh MPOCTBIX UUCeJ HeOTpaHHYeHHA, DTOT pe-
syabTaT Obl mosydeH eme EBkampom u momemeH B [X kuure ero
,Hauan“ B kauecrBe 20-ii TeopeMsl.

Teopema 21 (EBxaun). Muoocecmso npocmetx yuces GecKOHELHO.

HokaszateabcTBo. Ilpenmonoxum, 4TO MHOXKECTBO IPOCTHIX
qyyucesl KOHEUYHO U COCTOUT M3 uucen 2, 3, 5, ..., p, TIe p—rnocraes-
Hee, camoe OoJibllloe MpPOCTOe 4YHCJHO0. PaccMOTPHM HAaTypaJsbHOe
upcsqo N=2.3-5...p+ 1.

2YN, 3YN,..., pYN, 7aKk Kak HemOCPEJCTBEHHO BHJHO,
yto npu gemenun N Ha Bce uHMcaa 2, 3, 5,..., p mnojgyyaercs
ocratox, pasHblil 1 (Teopema 2). Takum ofpasom, N He gesntcs
HM Ha OJHO MPOCTOE 4YUCIO, T. €. (Teopema 16) N=1; a Bmecte
€ TeM HeNnocpeACTBeHHO BHUHO, uto N > 1. IlpeamonoxeHwue, 4TO
MHOKECTBO NPOCTHIX UHCeJI KOHEUHO, NMPUBEIO HAC K IPOTHBOPEUHIO,
T. €. NPOCTHe Yucaa o6pasyloT GeCKOHEYHOe MHOMKECTBO.

B nanbuefimiem GyfeT MOKasaHO, YTO NPOCTHE YHcaa, XOTS HX
n GeCKOHEYHO MHOTO, COCTaBJASIOT HeGOJBIIYIO YacTh BCeX HATY-
PaNbHBIX YHMcesN. MOXKHO JIETKO 10Ka3arhb, 4TO B HATypaJbHOM PSLY
CYIIECTBYIOT CKOJb YIOAHO OOJbIUHE NPOMEXYTKH, 3aloJHEHHbIe
CIJIONb OAHUMH TOJNHKO COCTABHBLIMM GHCJIAMH.

Teopema 22. Kax 0ot eeauxo wu 6vtao yesoe uucro k=1, 6 Ha-
mypareHom pady ModCHO Haumu R cocmasHelx uucea, Henocpedcm-
8eHHO Ccaedyroujux Opye sa Opyeom.

HoxasarteasncTBo. Yucso (B+ 1)1 =2.3... (k+ 1) menurcs
Ha Bce uwucna 2, 3, ..., R+ 1, Tagk 4To cpenm umucen

(-+-D1+2, (k+DUE3, oo, (REDIH(R+D) (4)

IepBoe JeJIUTCS Ha 2, BTOpoe Ha 3 M T. A. 0 INOCJENHero k-ro,
KoTopoe nenurca Ha k- 1. Takum ofpasom, Kaxjoe M3 ITHX UHCE]
HMeeT MOJOKUTeNbHOrO JAeNuTessi, OTJAHYHOro or 1 m camoro cebs,
T. €. BCce uHcaa (4) cocTaBHble.

Creayiomas TeopeMa JaeT KpHTepHH, NO3BOMSIOMHA CYIUTD,
ABJACTCH JH HATYPaJbHOE YHCJO 7 NPOCTHIM HJIH COCTABHBIM.

Teopema 23. Ecau namypaasnoe uucao n(n>>1) ne Oeaumcsa
HU Ha 00HO npocmoe 4ucAo, He npesocxodsawee V'n , mo ono npocmoe.

JoxkasaTteabcTBo. Ecau 6bl n GO COCTAaBHBIM, TO n=ab,
rae l<<a<<n, 1<<b<Cn. Uucna a u b He Moryr OwITb OFHOBpE-

MeHHO OoJiplile, 4eM )/ n, Tak Kak Torja ab 6piio 6n GoJbiue,
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yeM n. IlycTh, HampuMmep, a<]/n . Mockoneky a > 1, y a noaxen
CyIIeCTBOBATh MO KpaliHell Mepe OAUH NPOCTOH FENMTENb p U TOrAa
pln, tie p<a<]/n, YTO IIPOTHBOPEYHT YCJIOBHIO.

OueBUIHO, YTO ecal 7 JeJHTcs XOTA Obl Ha OJHO MPOCTOE YHCJO,
MeHblee HJH paBHOE V'n', 10 oHO SBASETCS COCTABHbBIM.

Jng toro urobbi M3 MHOXKECTBA HATYPaJbHBIX UYMCes BHIIEJATDH
ApOCTHIE UHCJla, MOXKHO B35iTh BCe HATypaJIbHEIE Yuc/a A0 3alaHHOH
TPaHUIBl U, MNOJb3YSICh KPHTEPHEM TeopeMh 23, onpenenuTb Lns
KaXkJOro H3 HMX, SIBJISETCS JIH OHO IPOCTHIM /M COCT&BHHIM. Do-
Jee ynoOeH crnocol OTCEHBAHUS COCTABHEIX YHCEJ, HM3BECTHLIH ele
rpedeckoMy MatemaTHky Ipatocheny (276—-194 rr. no Hauei
IpHI). ’

Sror cnccob, noayyHBIIKA HasBanue pemera DpaTocdena, OCHO-
BaH Ha caenywollell MoaudUKanuu TeopeMbl 23.

Teopema 23'. 1) Ecau 6 muosecmee HAMYparbrolX —4diuces
2, 3, 4, ..., N sauepiknymes uucia, Kpamwvle nepevim r npocmoim
uucaam 2, 3,..., p,, mo nepsoe (HaUMEHDILEe) He3aUePKHYMoe
qucao 6ydem npocmuim.

2) Ecau eoriepKHymb 6ce HUCAQ, KPAMHbie 6CeM RPOCHIbIM YUCAAM
do VN, m. e. szpamb r max, umo p, <V N < p,,;, mo ocmae-
wiuecs ducaa 6yoym coenadame ¢ MHONCECMBOM 6CeX NPOCITIbLY YUCEA D,
makux, wmo VN <<p<N.

HokasartenbcTBo. 1) Kaxaoe coctaBHOE YHCIO 71 JEeNUTCS
o KpaifiHeft Mepe Ha OLHO IpOCTOEe YHCJIO, MeHbIlee, deM 7. Ecau
YHCJIO 7 HE JEeAWTCS HM Ha OLHO NPOCTOE YUCJIO, MEHbILee, YeM 7,
TO OHO SIBJISETCH NPOCTLIM.

2) Kaxjoe cocTapioe YHCAO 71, TAKOe, UTO V' N <n< N, geaurcst
(teopema 23) no kpajineii Mepe Ha OJBO NpOCTOE p, <Vn<VN,

T. €. HAa OJHO H3 uucea 2, 3,..., p, (p,gl/N<p,+l), H, CJeno-
BaTeJIbHO, OYJAET BHIYEPKHYTO.
ITpocteie uncna p>VN He gesdrcs ®Ha 2, 3, ..., p, H, TaKuM

obpasoM, He OYAYT BHIUEPKHYTHL.

Teopema paer cieiyoomuil aATOPHTM HAXOXKIEHUA BCeX NPOCTHIX
ypces << N: B MHOXKeCTBE HaTypa/bHBIX HHCeJ

2,3, 4,56, ..., N

nepBoe uHcI0 2 mpocToe. BoluepkmBaem Bce 4Yucja, KpaTHhe 2;
TOFJIa TepBOE HEBBIUCPKHYTOE YHCJAO0 3 npocToe. BhiuepkuBaeM Bce
yhcJa, KpaTHHE 3; [epBOe HeBHIUEPKHYTOE YHCJIO b mpocrtoe M T. 1.
Ilponoskaem 3TOT mpoLecc, NOKa He BhHYEPKHEM Bce uuc/a, Kpar-
Hple HafileHHbIM TIPOCTHIM 4ucaam 2, 3, ..., p,, TAe p, Takoe, 4TO
P, < VN a cJeayiolee mnpocroe p, +1>VN Bce ocraBminecsa
HEeBLIUEPKHYTHIMH YHCJIa JaAyT HaM MHOXKECTBO NPOCTBIX YHCEN,

nexamux Mexay VN u N (Bkmowas N, ecaum oHO npocToe), a
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BMECTe ¢ paHee HaliJleHHBIMH HPOCTHIMHE 2, 3, ..., p, Mbl NOJyyYaeM
BCE NPOCThHIE YHCJa, He NpeBocxoisimue N.

Mpumep. Ilycre N=>50. IlocaenopaTensnbie BhYEpKHBAHNS
paot (puc. 1):

2,3.%,5,6.,%,8,9,90, 11, 12,13, 1%, 15,16 1718,
197m7m92\27239%92\532612\7! m9297m’31 1'3\27}3%)}(‘7
35,36, 37,38,39,50,41 4R, 43,54 %5, 46, 47,58,49,54...

Puc. 1.

HoguepkuyTer mpocThie uncaa p;<< V50 (2, 3, 5, 7). Ocranuce
HeBLIUCPKHYTHIMH NpPOCTHE uHC/Ia, Jexamue mexny J/'50 u 50.

2. ®AKTOPH3ALHM A

Tlpouece nmpejictaBienust 4uces B KaHOHHYECKOM BHJIE Mbl Oynem

HasuiBaTh (pakTopuzamueli. OOmul mMeTox (GakTOpPH3ANHH 3aJAaHHOTO
4MCJIa 3aKJI0UaeTCsH B TOM, 9TO A TIPOOYIOT ZeJuTh TOCJeN0BaTeNbHO

Ha mpoctele uyucna 2, 3, 5, ..., p,é]/n JO Tex IMop, IoKa He
HailjeTcs npocToe 4HCAO p, Takoe, 4yro p|n. Ecam Takoe p Haxo-
IuTCS, (PAKTOPUSALKSA N CBOAUTCS K QAKTOPH3AIUH MEHbIIEro YHC/Ia;
€CJIM ¥Ke CpPeIH 3ITHX BCeX NPOCTHIX YHCe] HeT HU OJHOTO Jesu-
TeJs n, TO COTJIAacHO TeopeMe 23 caMo n IpoOCToe.

Ina GoiblUuX 1 3TOT aNrOpPUTM TpebyeT JOJrHX BHIYUCIEHHI.
Wmerorcs:  Tabanubi, € IOMOIIBIO KOTOPHX MOXKHO HPOH3BOJUTH
(GaxTOPH3aLKI0 YHCes, JeXallHX B LOCTaTOUHO IHHPOKHX INpejesiax.
Tax, nHanpumep, tabaunel Jiemepa, cocraBieHHble uM eme B 1909 r.,
JLRIOT AN KaxKJoro HaTypanabHoro umciaa n=<g 10000000 Bennunny
€ro HaWMEeHbIIEr0 MNPOCTOro JIeJHUTeNsl, TaK 4YTO C IOMOIIbIO 3THX
TabJul, MOXHO HallTH KAaHOHHYECKOE DPa3JOXKeHHEe Ha NPOCTbie MHO-
KUTENd JJisi  JUo0Oro 4uceja, Jiexauero B InpelenaX MepsbiX
10 MuANTHOHOB.

MHorue MaTeMaTHKHM JaBaJH pAZL cnoco00B, PacCUYUTAHHBIX Ha
yMeHbliieHHe 00beMa BBLIKJIAJ0K, HeOOXOAMMHIX AJsf (PaKTOpU3alHU
OTJeJIbHBIX KJ1AacCoB uHces. Hekorophie M3 aTHX MpHEMOB OCHOBAHEI
Ha ODPHMEHEHUH IPOCTHIX aJrebpauvecKux TOXKIECTB. ‘

Ecau MHorodsed f(x) mpeicTaBjleH B BHIE IPOM3BEJEHUS IBYX
MHOTOYJIeHOB Y (X¥) H ®(x) ¢ ueJsMEH K03h(hULHeHTaMH, TO NpH
Ja060M LesIOM 12, TakoM, 410 P (n)>1 u @ (n) > 1, f(n), oueBupHo,
npeicTaBaser coboit cocraBHoe uucao M daxrtopusaunus f(n) cBo-
aurcd X akropusauuu P (n) U o {(n).

[Tpumep (Tak nasmBaemas TeopeMa Codu YKepmen).

Upeno n*--4 npu n>1 Bcerga COCTaBHOE.
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Aro caeayer u3 TOro, 4to nt4-4=(n*42n-42)(n?—2n4-2),
rjae npu n>1 oba muoxkuTens OGouxple 1.

QakToOpU3AUMI0 YHCET MOXHO OCYINECTBJAThL € IOMOLIBIO CJe-
Lyloweil TPOCTOH TeopeMsl.

Teopema 24. Paccmompum npu Hedemuom n=9 aucia:

Ny=n, Ny=N,+1, N2=N1+3, Ny=N,+5, ...

[n 9] n-9 _ ]_{_2[”-——9]__1, 6]
mak, 4mo eoobuje

stNs-1+23—l, <1<S = [n-é-g])’

n 6ydem cocmagreim moeda U moavko mozda, Ko20a e evipasice-

nuu (5) uexomopoe N, =12, m. e. npedcmaessem coboii noaHbill

Keadpam, npuuem 8 amom caydae n= ({-—s)({+s):
HoxasateasctBo. M3 (b) momyuaewm:

Ny=nt(14+34...+(25—1)=nts (0<s<[i’6;9]>.

Ecmu Ny=n-+5s*=12, 10 n=12—s?=(f{—s)({-+5s).

1) Ilpu ssn; HMeeM n>=65+-9>254-1, 2=n-+s2>

>(s+1)?, t>s-+1, t—s>1, Tak uT0 n—COCTABHOE YHUCJO.
2) Ecnu n HeuerHoe cocTaBHOE, TO n=ab, TAe @ U b—HeyeTHbIe

—- — n b—a
yncsa, Takue, uto 3<<a<V'n, Vn<b<—3—. Ilpn §=—— 10~

Jaydaem N =n-s?= ab+(b““>2=<52_">2, re ogb;"é

I /n b—a n—9
<7<§—3>, TaK 4TO Ienoe —5— < [—6—-] .

Mpumep. HaliTu pasnoxenwe Ha NpPOCTHE MHOKHTENH
gucaa 391.

HaxozuM nepsrie uncna Bupa (5):
Ny=391, N,=392, N,=395, N,=400=20%.
3recr s=3, t=20, Tak uro 391=(20—3)(20+43)=17.23.

Ilpumeuanne. Eciu npuMeHsTo TeopeMy 24 JIas uHcAa #, He JeJf-
n—49

14
Jeiictutensno, Torga n=ab, rae T<<a<<¥n, V5<b<—;- W
b—a 1 /n

s=tstal(2-7).

CpeJm OTACABHBIX KJaCCOB IMNPOCTBIX YHCEN B CBOE BpeMs 3Ha-
UMTeJbHLIH MHTepeC BHI3BIBAJ BONPOC O NPOCTHIX YHCAAX BHAA
2"—1. HHrepec K 3TOMY BONPOCY BO3HHK B CBSISH C M3yUeHHEM
TaK HasbiBaeMbiX COBEPIUEHHBIX yHcea (cM. raaBy 33). Ilpoctoie

34

merocs Ha 2, 3 B B, To B (B) MOMHO OTpaHAYHTHLCH 3HAYECHUAMH §<C



uucaa Buja M,=2"-—1 paccMaTpuBasMCh, B YaCTHOCTH, ¢paH-
uysckum MatematukoM XVII Bexa MepcenHoM, u Taxue yucjaa mo-
JYYHJIM HasBaHME NPOCTHIX 4Hcesa Mepcenna.

Ecau uwucno n HeuerHoe cocraBHOoe, To 2"—1 Oyner Takxe
COCTaBHBIM YHCJIOM, TAK KaK U3 n=ab, 3<<a<n, 3<<b<n caenyer

2% ] =(29—1)(2¢0-D 0= L 9d L]y,

n n

Ipu mobom yeTHOM 7 == 4 yucaa puja 2" — 1 = (2 2 — 1) <22 -+ 1)
COCTaBHLIE.

Takum oGpasom, 2"—1 MoxkeT ObIThb NPOCTHIM YHCJOM TOJBKO,
€CcIM caMo n=p npocroe. IIpH NpPOCTHIX 3HAUCHHSIX N =p UYHCJIO
27 —1 MoxXeT OKasaTbCsti NPOCTBIM, HO MOXKeT OBITb ¥ COCTAaBHBIM.

Hanpuamep, npu p=2, 3, 5, 7, 13, 17, 19 Mel nony4aem npocroie
ypcna Mepcenna 2%2—1==3, 28—1=7, 2°—1=31, 2°—1=127,
285 —1=8191, 2" —1=131071 u 2 —1="524287, a npu p=11,
23, 29 ypcna 2P—1 cocraBHble.

[Ipu GosblinX 3HaueHHAX p ompeneseHue Toro, Oyjer ju 2F—1
NpPOCTHIM HJH COCTaBHbIM, TpeOyeT OoJibIIMX BbluHc/NeHHi. Drito
BbiSICHEHO, uTO 2311 (Ditnep, 17560 r.), 261—1 (IlepyxuHn, 1883 r.),
28 —1 u 219—1 (IToyapc, 1907 u 1914 rr.)—mnpocrtble uucia,
Jo 1952 r. caMbiM GOJbLIMM H3BeCTHBIM NPOCTHIM HHcAOM MepceHHa
ABJsANIOCH yueqo 2127 —1; npocToTy 3TOrO YKCa, uMetomero 39 uudp,
ycranoBua Jlwoka B 1876 r.

[TpuMenenne ObICTPONEHCTBYIOMHUX CUETHHIX MAUINH MO3BOJHJIO
3a MOC/JeXHHe TOJbl HAHTH 3HAYHTEJBHO GOJIBLIHE HPOCTblEe YHCHA
Mepcenna. B 1952 r. 6nino ycraHoBjeHo, uro 27—l -—rmpocroe
ygcno npm p=>521, p=607, p=1279, p=2203 u p=2281.
B 1957 r. Onio salifeo npoctoe yucno Mepcenna, 23217 —1,
umemomee 969 uudp. B 1962 r. Opinu  Halizensl IBa TNIPOCTHIX
yucaa Mepcenna 2425%—1 y 244251 a B 1965 r. eumle Tpu mpoc-
ThiIX YHcaa MepceHHa, a uMeHHO 296801 209411y 211213 | Uyejo
2112181 ymeer 3376 uudp u sABAseTcd BoOGUE caMbiM GOJBLINM U3
M3BECTHEIX HAaM INIpOCTHIX uHcest. CyilecTByer JH GECKOHEUHO MHOTO
npocTulX 4Yuces MepcerHa? DTOT BONPOC He pelleH [0 CUX UOp H,
10-BHAUMOMY, SIBJSIETCH UPe3BbIYAfHO TPYLHBIM.

Uucaa suga 2°--1 Moryt ObiTh NPOCTHIMH TOJMBKO HpH 1= 2%,
Ecau n uMeeT XoTd Obl OAMH HeUYeTHbH jgeautesb a>> 1, TO

2"4-1=(2'al+1)<2 +...—2%+1),

rje, KaK Jerko BUJIETb, IIOCKOJBKY n =3, a==3, 06a MHOXHUTeJs
Ooabiie 1, T2k yro 2" - 1 —cocTaBHOE YHCJO.

Qepma BbiCKa3asJ HNpelnoOJIOKeHHe, YTO BCe uHucaa BHAa F,=
=92 31 npocThie; 3T0 KakK OyATO NOATBEpXKJAJOCh TeM, UTO NpPH
k=0, 1, 2, 3, 4 pelcTBUTEJIbHO MOJYYaJHUCh MPOCTHIE YHCJA
3. 5, 17, 257, 65537, Caepyiowiee 4ucj0 Takoro supa 22° 41 6bu1o
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yiKe HacTOJNbKO BesuKo, 4yro Pepma He CyMeJs OIpeJeJuTh, NPoCToe
OHO WM COCTaBHOE.

B 1739 r. Ditnep mnokasas, 4YTO 3TO YHCJO COCTaBHOe, H TeM
cambiM onposepr runoresy Pepma. Ditniep ykasan obmuii nyTb Aas
cpamopnsauun qyces TAKOrO BHAA, JOKAa3as, UTO BCE JEJIUTEIH YHCHAA
Buga 2:"--1 noJKHb I/IMeTb Bup m2* 1.

IIpoctole uncaa Buja 92 4 |, KaK H3BeCTHO, CBSI3aHBl ¢ 3ajadeil
NOCTPOEHHUS! NPABHIbHBIX MHOIOYTOJNBLHHKOB C HOMOHIBIO ILHPKYJIsi H
Jaurefiku. [aycc mokasas, 4To npaBHABHBIA MHOTOYTOJBHHK MOXKET
ObITh NOCTPOEH € IOMOILBIO UHMPKYJS M JHHEHKH TOTJa H TOJBKO
TOrZa, KOZd HYHC/O €ro CTOPOH fi PABHO 2°p;-py ... pg, THE BCE
NpOCTEIe YHCNIA p; MMEIOT BHJ 22 1. Cpean l'IepBbIX 1000 3naue-
Hall n(n>> 1) umeercs Bcero TOAbKO B4 yucaa TAKOro BHAA.

Heonpaspasiueecs npeanosoxenue ®epma, 4ro Bce yucja BHJA
2" 4-1 npocTbie, eCTeCTBEHHO CTABMT 3ajauyy MOCTPOEHHs IPYIHAX
¢yHguud f(k), 3HaueHHsIMM KOTOPHIX NpH BCEX HAaTypaNbHBHIX R
ABJSIIUCH Obl TOJBKO NpocThle ukcia. PyHKIMH, KOTOpHE NpPHHH-
MaioT INOAPSJ MHOTO INPOCTHIX 3HAayeHHH, OblIH H3BeCTHH JABHO.

ditnep ykasan HHTepecHblE MHOrouneH x%*—x--41, KoToph#
npu Bcex Hedwx X or 0 1o 40 BKJIOYHTEJNbHO TNPHHUMAET TOJBLKO
npocTee 3HaueHus. Ilpm x=41 u x==42 3HaueHHs S5TOrO MHOTO-
ujeHa OYAYT, OAHAKO, yXkKe COCTABHBIMH UHCHaMH. Jlerko BHAETDb,
4yTo BOOOIle MHOTOW/JEH C IeJbiMH KO3(DOhHIMEHTAME He MOXKeT NpH
BCeX HATYPaJbHBIX 3HAUEHHAX apryMeHTa NPHHMMATB TOJbLKO NpPO-
CThle 3HAUYEHHUS.

Teopema 25. Jlwbod mroeouren ¢ yesbimu Kodppuyuenmany npu
HEKOMOPOM HAMYPALLHOM BHAMCHUU QPSYMEHMA NPpUHUMaent 3Haue-
Hue, npedcmasasioujee coboLli COCMABHOE YUCAO.

HoxasarteabcTBo. Ilyeth [ (x)=ax"+ax""14...+4a,,
rae Bce @;—uesple uHcja. [lpennosoxuM, YTO NPH HEKOTOPOM &2
f(R)=p, rne p—1pocTtoe HHcao. M3BecTHO, 4TO MHOTOUWJIEH CTeNeHH
7 TpUHMMaeT OJHO K TO XKe 3HaUeHHe He 6onbme, yeM B 1 TOYKaX,
Tak 4YTO Haififiercs rtakoe uejoe {>>1, uro f(k - pt)=%p. Pasnaras
f (k- pt) no crenensm pf, nonaydaem:

f e+ pt)=F (k) +copt +co (14 ... 4-c, (01", (6)

Ije Bce ¢;—Lennie uucna. [Tockoabky f(k)=p, u3 (6) nonyuaem,
uro p|f(k-+ pt), Tak uro f(k-+ pt)-—cocraBHoe yuco.

ITpumep. Muorounen x%2-+3v-4 1 npuUHUMAET MNPOCTHE 3HA-
ueHust Hpu x==1, 2, 3, 4, 5. Oxuako nockoasky f(1)=>5u f (6) =45,
To f(6) corsacHO JOKa3aTeJbCTBY TeopeMbl 25--COCTaBHOE YHCJO.
HefictButesibno, f(6)=>55. Touno Ttak xe u3 f(2)=11uf(13)s£11
caeayer, uto f(13)==209—cocraBHoe qucjo.

B Teopeme 25 npeanonioncerue, 4To paccMaTpuBaeMas QYHKIUT —
MHOT O4JIeH, CYLIECTBEHHO.

M3 BecteH B HEKOTOPHIX yHKUME [(X), npUHUMAOIMUX OpH
BCeX HATYpaJ/ibHBIX 3HAUEHHFAX APLYMEHTA TOJBKO OPOCTLIE 3HAUCHHS.
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Tak, nanpumep, Music B 1947 r. nokasaj, 4TO CYHIeCTByeT neH-
CTBUTEJIBHOE YHCJIO «, Takoe, uTo f(x)=[a3"] npu Bcex uHeanx
x = | npuHAMaeT SHaYeHHUsI, peACcTaBgwIEe cobol MPOCThe YHCIa.,
B 1951 r. HuBeH HecKOJABKO YTOUHHJ 3Ty TEOpPEeMy, IOKas3as, HTO

8 .
A JOGOro ¢ >> - CYMeCTBYeT o, TaKoe, To ["] npH Beex mevibix
x> 1—Bcerga npocroe 4ucIIO.

Hemopusecrue wommenmaputt Ko 2-it zagee

1. EBxnup—BeNUKHE J[peBHErpedecKHi MaTeMaTHK, KMBIIHI
okomo 300r. pmo Hawe# spnl. ,Hauana* Epxaunga-—Baxueiiuee
Npou3BeJeHMe Bcell ApeBHerpeueckoifl MaTeMaTHUecKOH KYJAbTYpPHI.
OcHOBHOE ero cofiepxasue — U3J0XKeHHe CHCTeMbl FeOMETPHH, OJHAKO
B HEM paccMaTpHBAlOTCS B HEKOTOPbIE TeOPETHKO-THCIIOBEIe IPOGIEMHI.

Teopema 19 B Heckombko apyroit dopme umeercs B ,Hauamax“
Eskauga.

2. Teopema 18 1o coeMy coJep:KaHHIO JABHO H3BECTHA U 4aCTO
HEOCHOBATeNIbHO pacCMaTpuBaJiach - Kak OYEeBHAHOE NOJIOXKEHME.
Tounass ¢opMysnpoBka C J0Ka3aTeJbCTBOM 3TOH TeopeMmbl Oblsia
Bnepsble JaHa ['ayccom.

3. Dparocen (276— 196 rr. no nawel 3pu) 6B TyIaBHBIM GHO-
JHOTeKapeM 3HaMeHuTOH Aunekcanipuiickoli OunGanorexu. ITomumo
NCCJIEAOBAHUS PACNOJOXKEHUS] MPOCTBIX YHCEN B HATYPaAJbHOM pPAAY,
3aHUMAJICST M3YUEeHHEM TaK Ha3biBaeMbIX MHOTOYTOJIBHBIX YHCeJ.
DpatocdeHn Obla Goslee H3BeCTEH He KaK MaTeMaTHK, a Kak reorpad
J acTPOHOM, CHeJaBIIMH, B YacTHOCTH, Ha OCHOBAaHHH H3MepeHHSd
JAJMHBL MepHAMaHa MeXay AunexcaHapuelf m AcCyaHOM IOBOJIBHO
TOUHBI pacuer BeJWUYMHB 3emMHOro miapa. OH 3aHHMAJCs TaKKe
XPOHOJIOTHEH EZpeBHeH HCTOPHUH.

4. ®nbonauun (Jleonapuo [1nsanckuii) ObIJ IEPBEIM MaTEMaTHKOM,
YKa3aBIIHM, YTO IJs HAXOMAEHHS JesuTesiell uucha 1 JOCTaTOYHO
HCNBITATE ACJUMOCTb 3TOTO 4YHCJa Ha YHCja, He HPpeBOCXOoAsHI e Vﬂ.

5. Teopema 24 ocnoBaHa Ha MJee criocoba pakTopusauun Qepma.

6. Mepcenn (1588—1648) paccmaTpuBal IpOCTHE YHCJIAa BHAA
2"—1 B cBoeM counHennu ,Cogita physico-mathematica“. Tor daxr,
yro uueaa 2'7—1 u 2! —1 npocThle, 61T YCTAHOBJEH HTANBSIHCKUM
matematukom Karanpau (15562—1626) mo Mepcenna. B cymmocrn
1pPOCTHIE YHCJA, Hocslue uMs MepceHHa, BCTpeuasiuch eimie B Tpy-
Iax JApeBHerpeyecKHX MaTeMaTHKOB.

Ecau B3ATb NOC/ENOBATEJNBHOCTD 8y, Sp, ... ,S4..., THe S;=4,
Sp=Sh-1—2, TO (Kpurepuil Jlioka) M ,=27—1 npu npoctom p Oy-
JeT NPOCTLIM uHucgaoM -MepceHHa Toma H - TOJBKO TOTAa, KOTrJa
5p-1—0 (mod p). B Hacrtosimee Bpems uucjia MepceHHa HaxonsT,
npuMensisi ObICTPOACHCTBYIOHIHE 3JEKTPOHHO-BBIUNCIAHTE/IbHbBIE Ma-
IHHE, OOBIYHO HCHOJAb3YS NpU- 9TOM KpuTepuil Jlioka.
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TTo-BuguMomy, Gonbluast dacTh uyuces Buja 2P—1 cocTaBHbie;
HanpuMep, MPH MPOCTHIX 3HAYEHHSX p B npefenax 2300 << p << 3200
Bce yHcsaa BHAa 27— 1 okasanuch COCTaBHBIMH.

7. B Hactosilee BpeMsi M3BEeCTHO, uTO uKcaa BuAa 2:“-+ 1 cocras-
Hpie npu k=5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 18, 19, 21,
23, 25, 26, 27, 30, 32, 36, 38, 39, 42, 52, 55, 58, 63, 73, 77, 81,
117, 125, 144, 150, 207, 226, 228, 250, 267, 268, 284, 316, 452, 1945.

Hennrenu GonplipHCTBa M3 3THX uquces Pepma Opliu HalAEHBI
TOJILKO B CaMOe TOoCJieHee BPEMs C MOMOIIBIO 3JEKTPOHHBIX BHIUHC-
JINTeNIbHBIX MamuH. 1o cux nop He oOHapy:KeHO HH OJHOTO MpoO-
croro uhcaa Bua 221 mpu k=5.

8. IMepenie rtabmunsl nas Qaxropusamuu yucea OblIH ony6JaH-
koBaHm eme B XVII Beke. Oana u3 HuUX, cocraBieHHas Ilemyem
(1668), naer BO3MOXKHOCTHL NPOH3BOAUTL (DAKTOPH3ALHIO YHCEJ B
npegenax po 100 000.

Tabnuna, ony6aukoBanHasi Jlemmepom B 1909 r., paer mis
KaXJOro HATYpaJsHOTO YHCJA, JeXaliero B IpefesaXx NepBuX
10 MHJIIHOHOB, HaWMEHBWHMI npoctoil nenutenb. Ilodbckuit mare-
matuk f. Kyaux (1793—1863), paboraBwuuit B Ilpaxckom yHuBep-
cuTere, COCTaBMA TAGNHIB AJs (axkTOpH3aluy 4YHcesa B Npefenax
no 100000000, Ho 3TH TaGJiuLbl O CHX NOp He HBamneyaraHbl.

Nanana Tabauia MPOCTbIX uMCeJ, JeXKalUMX B Ipefenax NepBbiX
11 MUJITHOHOB HaTypasbHBIX uHces. Tabauna nepBEIX ILECTH MWJIJIH-
OHOB NPOCTHIX 4uCeJ, HauOoJbllee H3 KoTopwx pasHo 104 395 301,
sanucana B 1959 r. Ha MHKpOIJIEHKE.

r1TABA 3

HAUBOJIbIIWA OBIIUH JEJUTEJb.
HAMMEHDLIIEE OBIHEE KPATHOE

1. OBIMME JAEJINTEJIN H OBIIUE KPATHBIE LEJIBIX YUCEJ

Teopema 26. Kascdoe yenoe wucro a==0 umeem mossko KoHeuroe
MHOXCECmBo Oeaumenell.

HoxkasateasnctBo. Ilycts dla, torma a=dq. Ilockonbky
a=~0, T0o g=£0, u, caenopatenbHo (teopeMa IX), uemoe umcio
l[g1=1, |a]=]d]|-|q|=]d|.

CylecTByeT TOMBKO KOHEYHOE MHOMKECTBO LesdbiX d, TAaKHX, 4TO
ldl<|al.

Oupenenennst 12. 1) Obwum Oerumenem yeavix uucer ai, ... ,a,
Hasveaemesn aoboe yeaoe d, makoe, umo dla,, ... ,d|a,.

2) Hauboavuwum obugum Oeaumerem YeAOIX HUCEA Gy, ..., Q,
HO3bLIBAEMCA  MAKOT NOAOKUMEAbHOIL 06Ul Oeaumens ay, ... , a,,
Komopubiil Oeaumcsn Ha awboil Opyeotl obuuii Oesumens smux qucen.

HauGosnplunii ofmuii genutesb 4ucaa g, ..., a, 0003Hauaercs
(ay, ..., a,).
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Taxum obpasoM, (ay, ..., a,)=d o3HauaeT:
1) d>0 nenoe

2) dlay,...,dla, . (1)
3) ecmn 8la;,...,08]a, To 8|d
Teopema 27, 1) [aa aoboix yeasix ducer a,, . .. , a,, U3 KOMopulx

xoms Obt 00HO OMAUUNHO OM HYAA, cyujecmsyem Hauboavwut obwul
deaumens.

a [+
9) Ecau a,=+py ... p, ..., a,==4pi ... pd, 2de p, ...
«v. s Ps— PABAUUHbIE RPOCTMbIE HUCAQ, MO
min(@y, ..., vy min{tg, ..., Vs)
(@, ..., @)y=py GV pRinGe ¥ )
JlokasarteabcTBO. PaccMoTpuM CcHauasa cJayyaf, Korza
Bce @;5=0. OG6osnauuM uepes p,, ..., pP; MHOKECTBO IPOCTHIX
YHCeJs, KOTOpble SIBAAIOTCA JeNUTeJNsIMH XOTs Obl ONHOrO H3 4Mcesd
@, ..., 4, TOTAA Q;,...,d, MOXKHO 3aNucaTb B BHIE
o a Y
a,=-pP...p ..., a,=£p...pd, (3)
rre sce a; =0, ..., y;=0—nekorophle Heable uyucja. as storo

JOCTATOYHO 3anucaTh Kaxjaoe g;==-- | B KaHOHHYecKOH (opMe H
700aBHTb HENOCTAIolle MPOCThie MHOXHTENIH B HYJNEBOH CTeNeHH,

a ecqiM @;=-=1, To B3sITb a;= 4 py ... p;. Jlokaxkem, uto

in(@g, ..., v i veees
dszlﬂ( 1 Y1 . p;“m (o ¥s)
ABJASAETCST HauOOJbIIHM OOMMM JesiuTeseM YHCed a4, ..., d,.
Hefictaurensto: 1)d > 0. 2) ITockoapky a = min (o, ..., y1),- ..
., a,=min(a,, ...,Ys), TO coriacHo Teopeme 20d|a,, H co-
BepLIEHHO AHAJOTHYHO TojydaeM, 4t0 d|@,, ..., d|a,. 3) Ecan
8|ay,...,8]a,, To B pasnoxesmnu O Ha MPOCTbie MHOMUTENH He
MOTYT COAEpPKaTbCsi NMPOCTHE MHOMXKHUTEJH, OTHHYHBIE OT Dy, ... , Pgy
k
Tak 4t0 § umeer BuA S=p;' ... pke, rre
k<<, ...,k <<y, Tak uto k;<<min(oy,..., vy,

e o e s 4 s . . . e « .

koo, ..., R, <<Ys TaK uto ky<smin(c ..., Yy)

u coraacHo Toii ke TeopeMe 20 §|d. Ilockonsky ans d BeIMOMHEHH
Bce ycaosus (1), ompeneasiiomue HauGoablIMA OOmMUEA JAesuTeNb
JaHHBIX yuces, To d={(a,, ..., a,).

Ecau a,=40,...,a,7%0 u (ay,...,a,)=d, T0 u

(@,...,a, 0,...,0=d.

JleiictButensro: 1) d>0; 2) d|a, ..., d|a, u d]0,...,d][0;
3) ecau 8— jgenurtesp BCeX UHHCed 4, ..., 8, 0,..., 0, T0 §,
B YaCTHOCTH, AEJHUTeNb dy, ...,d, # O)d.

Takum ofpasoM, HauGojbmui oOWHA JeHTEIb CYHLECTBYET
11 TOTJA, KOrja yacTb 4HCeJ paBHa HYJIO.
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Teopema 27 paeT BHOJIHEe OMNpElEJ/EHHBIA AJATOPHUTM ANST HAXOXK-
Jeuusi HauboJbluero oOuero HejuTessi ¢ KOHEUHOrO MHOXKECTBA
LeABlX uuces g, ..., d,. ECHH CpefH 3THX UHCeJ eCcTh XOTd Obl
OflHO, paBHOe -+ 1, To oueBHAHO, 4TO d=1. Ecjun Bce OHE OTAHYHBI
or &+ 1, TO ocraBaseM TO/IBKO Te H3 HHX, KOTOpbie OTJHYHBI OT
HyJs1, 3aMHChIBaeM HX B KaHOHHYecKo# opMe, a 3aTeM JOMHCHIBAEM
HeJOCTAloNmiue [POCTBIE MHOMKHTEJIH € HOKAa3aTeqsMH, DaBHBIMA
HyJio, T. e. GepeM uX B BHAe (3); HauboabIINH OOWHI AeJHTE]b
HaxoguTcs Torga mo copmytie (2).

Ecay Bce @; paBHBl HyM0, TO MoGoe nenoe Yucao 8§ Oyfer ux
o0 HM ,ZIEJIHTEJICM H He CyiecTByeT Lienoro d, KOTOpOe JAeNHJIOCH
6ol Ha Bce 3Td §, T. €. B 3TOM cCJydae Hanﬁonbmero ofero pedd-
TeJI .He CYIECTBYeT.

[Mpumep. Halltu nauboapwuit oOWHUH JesdHTenb uHces
a=1000000001 u b= 1000000000000001, 3anucanHbiX B ABO-
HYHOH cHCTeMe CYHCJeHHS. _

[Tepexoms K AeCATHUHOH cucTeMe, MOJgyyaeM:

Q=294 1=(20—2341)(2841)=57.9=33.19,
b=20 4 1 = (20 —28 4 1) (25+1)=993-33=3%.11.331,
TaK uT0 d=232=9.

Teopema 28. Hauboavuiuii obujud Oeiumerv 4ucer a,, ..., a,
acezda Goasuie a06020 0py2020 06uUjee0 Oeaumens IMUX 4ucen.
HoxasarteanctBo. Ilyets d=(a,, ... ,a,). Bosbmem moGoi

apyrofi obmufi gesutenbp & atux uucea (8=4d). Cornacxo onpeje-
JeHuio Haubosbiero odmero gesureas ((1), ycuosme 3) 8)d, Tak
uro d= 6q, M NOCKOJbKY d >0, ldl—|6| gl tql=£0, . e.
lgl=1, d=18|=084d, 1ak ut0 d> 8

Teopema 29. Ecau (ay, ..., a,,)— , bld u 5>0, mo

(a_l a __d
b ) =5
MMpumeuwanue. Msb|dud|a crenyerd|a;, Tag 410 8ce quciaa %uenme.
d
HoxkasareapcTBo. 1) d>0, >0, Tag uro 7>0.
d |a; .
2) Uad|a; cnenyer (Teopema 8), HTO 4 %’ npu Bcex i=1,..., n.

3) Hycts 6'%’—' npuBcex i==1,...,n;torgadbla;(i=1,...,n)

0b—ofbmuit pesutens uHcex a;, a, 3Ha4yur, 66— fenuTesp UX Hau-
Goabliero obiero lIeJII/ITeJlﬂ d, 1. e. 6b{d a CcaenoBaresbHO, IO

Tolf e Teopeme 8, § lb Y yuosneTBopﬂeT yCJlOBHHM (1), onmpene-

JAS0MUM HanOoabwul o6 uik ;xe.rxmenb yHcea 'E"' ,_%’i.
Teopema 30. (a,, ..., 8,_1,8,) =83 ..., 8,_4), Q). °

Tarum oépasom raubosbull obuull desumens._ n wucea (n == 3)
MOJKHO Haldmu, HAUOR cHavara Hauborswud obujutt Gesumens n— |
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qucen U 83468 3amem Haubosvuwiull obwul deaumenp Om NOAYHEHHO20

maxum obpasom aucaa d' =(ay, ... ,a,_,) U nocredunezo uucia a,.
JokasareabctBo. Ilyerb py,...,p,—NpocThie uucaa,
Jeqsmiye XOTsi Obl OJHO H3 4HCed Ay, ..., d,.
Q. QO V \¢
(11:—‘—:':p11 cos Pss, ey an-lzpiL1 e pss’ anzp“ M psl"
rae sce o, =0,..., 4; =0, v, =0 uesnvie,
min (o, ..., Wyvy) =min(min (e, ..., i), V1),
min (e, ..., R Vo) =min(min (o, ..., 1), vy,

yTo corJacHo (2) B JOKA3BIBAET Hally Teopemy.
[TocnegosaTe/ibHO  NPHMEHSST TeopeMy, MoJiydaeM, 4TO ecad

(ar, @p)=dy, (dy, ay)=d,, ..., (duesgs @) =dy_y, TO d,_ Oyger
HAUGONBIUIAM OCUIUM [eJuTeseM UHCeN ay, dg, ..., . '
"Onpepenenne 13. Ilycmo ay, ..., a,—OMmaudHbie OM KYAR yeaoie

yucaa. Haumensuium o0Wum Kpamuoim 3Imux 4uces HA3bIBAIOM
HauMmeHbllee NOAONCUMENbROE HUCAO, KPAMHOE 6CeMm IMUM HUCAAM.
HauMmenblilee ofulee KpaTHOE HHCed dy, ..., &, O0GO3HAYAETCS

la,, ..., a,l
Takum obpasom, [ag, ... ,a,]==m o3Ha4aer, 4TO:
1) m>0 uenoe ;
2) a;jm,...,a,|m : .4
3) ectu M>0n a,|M,...,a,[M, To m<M
TlonoxKHTeIbHBIE KpaTHble JIOOBIX TaKHX yHCcead dy, ... , 4, 00pa-

3YI0T HEKOTOPOE [OJMHOMKECTBO HATYPA/IbHOIO psifa TaK, 4To (Teo-
pema, I) cpean Hux umeercsi HammeHblee. Takum oGpasoM, s
JI060r0 KOHEYHOr0 MHOMKECTBA (IeJIbiX UHCeJI, He COfepiKaiulero HyJed,
CyllecTBYeT HauMeHblee oOmiee KpaTHoe.

Teopema 31, Ecau ay =4 py ... pse, ..., a,===pi* ... pd*, 2e
ece a; =0, ..., v, =0—yeave uucra, mo
max (dy, «.- , Y1) MAX (g vaes Vg)
m=[a, ....a,]=p: ! Y Ps ¢ s, (®)
HokasaTtensctBo. 1) m>0 menoe.
2) o, << max (g, ..., Y1), - - » A=< max (o, ..., Yy, TaK UTO CO-

raacHo Teopeme 20 a; | m. AHAJIOTHUHO NOTYYAEM, UTO Ay | M, . . . ,a,, | M.
3) Nycte M >0 uenoe u a,|M, ..., a,|M.
T M=ph... pEN ;=0 npu scex i).

Us a;|M, ..., a,|M crenyer, uto o, <<ly, ..., V1 <</;, TaK uto
L =max (Otg, ... » V) ~ ' .
AnajioruHo noJyuaem:

gz max (0, ..., Vo) oo b= max (e ..l Vo)
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tTak uro m|M, H, ClAelOBaTeNbHO, NOCKOABKY m W M nonoxu-

TeNAbHB, m << M.
Jins m BHITOJIHEHB! BCe ycaoBus (4), W, 3HAUUT, m—HaKuMeHblIee

ofumee KpaTHOe Qg, ..., Q.
[1pumep. Hafitn HauMeHbiIee obliiee KpaTHoe unces a = 333 333,

b=420 u c=—312.
HaxonuMm KaHOHMUECKHE PasJloXeHHs a, b u c:
a=3.111111=3.111-1001 =32.7.11.13.37,
b=292.3.5.7, c=—2%.3.13.

Mo dopmyae (5) mosyuaem:
[a, b, ¢}]=2°%.32.5.7.11.13-37 = 40a = 13 333 320.

Teopema 32. Haumensiuee obujee KpamHoe 08YxX UL HECKOAbKUX
yucea ece2da ssasemcs Oeaumenem 06020 0pyeoeo 06wiez0 Kpamuo2o
smux uuces, m. e.ecaum=\a,, ...,a,),aq,|M,...,a,|M, 10 m| M.

HoxkasarteanbcTBo. m>0, Tak 4T0 M MOXHO TNPEICTABHTH
B Buge M=mg-+r, tne O<<r<<m. U3 a;|M u a;|m cnenyer,

uTO @, | r. AHAJOTHYHO MOJIy4aeM, 4TO Gy |7, ... , @, |7, T. €. r KpaTHO
BCeM 4ucJaM a,, ..., a,. IloCKOJbKY m-—HaHMeHblee H3 BceX
NOJOKHTEJbHBIX YHCEJ, KPATHHX Qy, by, ..., 4,, B r<m, TO r He
MOXeT ObIThb MOJOMKHUTENbHBM, T. €. r=0, M=mq, m|M.
Teopema 33. {a,, ..., a,_, a,]=[la;, ... ,0q,_4), a,], m. e. nau-

Menbtuee obujee kpamuoe n uuces (n==3) MmoxcHo Halmu, Hatids
cHadaAa HauMmenobluce obujee Kpamuoe n-—1 uucer u 8318 3amem
Haumenouiee obujee Kpamuoe O NOAY4EHHO20 maxum oBpasom uucaa
m' =lay, ...,aq,_ ) u nocaednezo uucaa a,.

JloxasaTenbCTBO COBEpPLIEHHO AHAJOTHYHO JOKA3aTeJbCTBY
TeopeMust 30. JlocTaroyHO B NMPOBEJEHHOM TaM PacCyXKIEHHMH BCIOLY
3aMeHHUTDb B3ATHE HauMeHblllell BeJIHUUHB — HauboJbluel, T. €. Be3je
BMecTo ,min“ Hamucath ,max*.

Teopema 34. ITycms a>0, >0 yeaote, (a, b)=d u [a, bl=m
moeda dm=ab, m. e. npousgeQenue Haubosbwezo 0bujeco Oeimers
U HauMenblue2o obeeo Kpamuoeo 08YX NOAONCUMELbHOLX HUCEA PABHO
ux Apoussederuro.

NoxasateabctBo. Ilyers a=p¥...pd, b=ph . . ph
(Bce 0;=0, B;=0 wneawme); Torga (Teopemnl 27 u 31);

nay, min(ay, By
d pml(xﬁn) -.ps (aﬁa’
me= pmax (a,,ﬁl) .. p;naxm,.ﬂs),

min (o, ;) + max (o, B;) =, + By,

e s s s s s s s & & e s s =

-min (OL_,., 63) ~+max (“s» ﬁs) = Oﬁs—l— ﬁs’
Tak 4ro dm=ab.
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IMMpumep.a=132=22.3-11,5=90=2.32.5, rornad = 2.3 =6,
m=2%.32.5.11=1980 u, gmefictButensHo, 6-1980=90-132.
" TeopeMa 34 nokasbiBaer, 4TO HaWMeHbillee OO0iiee KpaTHOE ABYX
MOJIOKUTENbHBIX YKced a U b MOXKHO HaliTu 10 QopMmyle

b

[a, b]=a —= @
W3 nokasatenncTsa Jerko BHAETh, YTO €CJH B3Th HE 7Ba, 4
Gospwe uymcen, T. €. B3sATh @; >0,...,a,>0, TRe n =3, 10 Npo-

HSBEJleHHE &, ... @, MOXeT oOKasaThcs OoJbllie, YeM NPOH3BeleHHE
dm naun6oJiblilero O6Mero JeJHTeNs H HAHMEHbIIETO OBIero KPaTHoro.

2. AJITOPUTM EBKJIHIA

Haxoxzenne HanGoapliero obmero genutenst 1o gopmyJe (2)
BO3MOXKHO, €CJIH INpeiBaPHTENIbHO HalJeHH! KAHOHHYECKHE pa3Jioxe-
HHSI paccMaTpuBaeMblX uuces. J{ns odyeHb GONBIIHX YHCEN HAaXOMX-
JleHHe TaKHX Da3JIOKeHHH COMpSKEHO ¢ GOJbLIMMH TPYAHOCTSIMH.
Jlnst naxoxjeHust HanGoJblero oOIiero Aenutesst ABYX 4HCes Cy-
LECTBYET eiie JPyrofi ajroput™, KOTOpHi Obll Jan EBKauaom.
Anroputm Eskaupa 6asupyercsi Ha TeopeMax 35—37, B KOTOPHIX,
HE OroBapUBasl 5TOro KaxAblil pas, M OYHeM BCe paccMaTpHBaeMble
BeJHYHHBl TIPeANoNaraTh IeJBIMH YHCJAMH.

Teopema 35. Ecau bla u 60, mo (a, b)=0>

HdokasateabcTBO. 1) 6>0; 2) bla u bfb 3) ecau dla u
8|b, 10, B wactHocTH, Ob. IlockoJbKY AJIst b BEIMOJIHEHHB! BCe YCJIO-
Bus (1), onpeneasiomue Haubonbminii obmuii JAequTenb a u b, To
(a, b)=

Teopema 36. Ecau a=bg+r, mo (a, b)=(b, r).

HoxkasarteabctBo. [lycts (a, b)=d; Torna: 1) d>0; 2) us
dla, db n r=a—bq cnenyer (reopema 11) dir; 3) ecom 6lb, §ir,
10 8la; §—ob6muit penuteny a u b, u, cnegoarenbHo, Old.

Takum o6pa3oM, BCe YCJIOBHs, omnpefensiompe d B KauecTse
HauboJsipIIero oOmero AeJsuTesst uucesl b W r, BHMOJHEHH: (@, b)=
=d=(b, r).

Teopema 37. [an aoboix yerotx a u b>0, 2de bfa npu He-
KOMOpPOM S CYWLECMBYIOM Yeable QYUCAR Gy, yy -+ o s Gs BTy, Fay voss sy
makue, 4mo b>r,; >r,>...>r,>0,

a=bg,+r,
b=ryg,+r,
ry=ryfy+try
e e e e . (6)

Fo_g=Tlg 1Gs-y1+ 7 ‘

re_1="rs ]

H (a,b)=r,

HJokasateasctBo. CornacHo Teopeme 1 gns a u 6>0,
rAe b{a, MOXKHO HAWTH g, H ry, TaKHe, Y10 @ =bgy+r, 1 0 <r, < b,

—
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Jast b u r; MOXKHO HafiTH 4HCHA g, M Iy, TaKue, 4TO b=r g, +r,,
rie 0<<r,<<r,. Ecau r,=0, Mb 3akaH4YuBaeM Hall NPOLECC, ecaH
x)e r,>0, To On% ry U ry HAXONUM §, H 1y, TAKHE, UTO ry = ryfy-} 13,
O<<r,<<r, uT. A

Boo6uie Mbt aasi 1,y U 7, (0<<r,<r,_,) HaXomuM @, M Iy,
TaKWe, UTO fp_y=1pGp+ 7 pr1, 01y <Fp M €CIH 1y =0, TO
ApoLece 3aKaHUHBAETCs, a eciu 7, ., 5=0, Dpouecc NPoROJIKaeTCs
TakuM e nyteM, ITosydaeM coOTHOleHUSI BHAA:

a=bgy-+r,
b=rg,+r,
ri==roy+14 } )

U I
rie b>r,>r,>...>0)

TTpouecc mocTpoeHust papeHCTB (7 ) He MOXKeT GbITh GECKOHEUHBIM,
TaK KaK TOTJAa CYIeCTBOBaJo Obl 0EeCKOHEUHOE MHOXKECTBO Pasfny-
HBIX HATypaJbHBIX YHCEN 7,, Jexkamux Mexiy 0 u b. Bmecte ¢ tem
N0 YCJOBHIO CaMOr'0 INOCTPOEHHS HNPOLECC 3aKaHYHBAETCH TOJNbKO,
ecjin HekoTopoe 7y, ;=0. TeM cambIM JOKa3aHo, YTO NPU HEKOTO-
poM s 6yaer r,,,=0, Tak uyro (7) 3aKaHYUBAETCS COOTHOLIEHHEM
ro_y=ry,, U MBl nonyyaeMm (6), npuueM b>r, >r,>...>r,>0.

S
Tlonesysice Teopemamu 36 u 35, mosayyaem:

((1, b):(b, rl)x(rh rz):"':(rs—l’ rs):rs.

Ilpu b<C0 MOXKHO BOCHOJNB30BATHCA OUEBMAHLIM COOTHOLIEHUEM
(a, b)=(a,—b), Tak uro TeopeMa 37 BMeCTe C JIOMOJHSIONEH ee
TeopeMoil 35 jpaerT aJrOpPUTM, IO3BOJSIONME HAXOAUTE HANGOJbLIHI
obmuil Zeautespb ABYX JOOBIX LCJALIX UHCEeJ, H3 KOTOPBIX XOTs Obl
OJHO OTJIMYHO OT HYJ.

[Tpumep. Halitu naubonbmimit obwuil genaurenb uucea 1173
un 323.

IlocnenoBaTeibHLIM JAeJleHHEM HaXOAUM:

1173 =323-3 204

323=204-1+4-119
204=119-1+85

119= 85.1-}34
86= 34-2+17
3= 17.2,

Tak yro (1173,323)=17. .
TTonw3ysice anroputMoM EBkjauja, MOXHO Ha#iTH HauOoJbUIMN
obluii Aequtenb JIO0OTO KOHEUHOTO MHOMXKECTBA LEJBIX IOJMOXKU-
TeJIbHBIX YHCeN &y, 8y, ...,Q,. JAg 2TOro, HOML3YyACh AJTOPUTMOM,
NOCJICAOBATEAbHO. HAaXOMuM: dy = (ay, @), dy=(dy, a3), ..., d,_;=
=(d,_.q,a,) 1 cormacuo reopeMe 30 d,_;={ay, q,...,q,). Bcay-
yae e, KOTJA YacTh @; PaBHA HYJIO WJH OTPHLATENbHA, IOJb3Y-
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OTCSt TeM, 4TO (dy, Oy, ..., a) =(|ay], |as], ..., ]|a,]) (Teopema 5),
npuyeM, Kak OblIO yiKe OTMeUeHO, NPH BbIUHCJEHHH HaHGO0JbINErs
00IIero AeNuTesisl, YMC/a, paBHble HYJIO, MOXHO BooOumie He NPHHH-
MaTh BO BHHMaHme, Asroputv EBKjnia Jaet BO3MOXKHOCTb HAXOQUTH
HauMeHblllee ofliee KpaTHOoe JoG0ro KOHeUYHOr0 MHOXeCTBA [oJIo-
XKHUTENbHBIX YHCeN 0y, d,, ..., d,. s 3TOro, mo/p3ysch TeopeMaMu
34 u 33, nmocheRroBaTENbHO HAXOLHUM:

a0
dy = (a5, @), My = t;dlz: [ay, a5), dy=(my, ay),
ma
m, = —dl;‘s: [my, az]=a,, a5, a3, ..., d,_y = (M, s, ay),
My_s
mn-—l = —du—ﬁ: [mn—-2’ an] = [al’ aZY e an]’
n-1
Ecau uyacTth y4yHced a; orpuuaresibHa, TO, noJab3yscCb TeM, 4YTO
lag, ..., a,]={lay],....|a,|], BolUHCJIeHHS NPOBOAAT IJIs HUHCEN
la |, ....la,].

[Tpumep. Hafitu Haumenbiuee obuee kpaThHoe uucen 1403,

1058 u 3266.
Anroputm EBkauna pas amcen 1403 um 1058 mmeer BHA

1403 = 10581 345, 1058 =345.3 423, 345=23-15,
TaK 4T1o
dy = (1403, 1058) — 23, m, — [1403, 1058] = 1403-'02° = 64 538.
~ Ilpumensizs  asroput™ EBkanja, Haxogum Ttenepp d,=
= (64 538,3266)==46 u,  HakoHenm,  m,=[1403,1058,3266] =

— [64538,3266] — 64 538 - 2200 = 4 582 198,

3. B3AMMHO MPOCTbIE YHCJA

Onpepenenue 14. Yucaa a,, ...,a, HA36I6GI0MCA B3AUMHO NPO-
cmoimu, ecau (a,, ...,a,)=1, m. e. ecau nauborvuiuii obuzuti Je-
aument amux uucenr paset 1.

Onpegenenue 15. Yucaa a,, . . ., d, HA366AIOMCA NONAPHO 6BAUMHO

npocmeimy, ecau (a;,a;)=1 npu ecex i=*=j(l<i<n, l<< i< n),

[Mpumepsn. 1) 15, 21, 77—B3auMHO MPOCTHIE HYUCJ]A, OAHAKO
3TH YUCJa He ABJAIOTCS NOMNAapHO B3aHMHO MPOCTHIMH.

2) 34, 53, 99, 115—mnonapHo B3aUMHO NPOCTbIE YHCJA, CJIENO-
BaTeJIbHO, TeM 6oJjiee B3aUMHO IPOCTHIE,

Teopema 38. [sa uucsa a u b, omauunsie om O u =+ 1, s3aumno
npocmel moeda U MoALKO mozda, K020a ux KaHOHUYecKue pasaosice-
Hus He codepacam 00UHAKOBLLX NPOCMbLY MHOKMCUMenel.

HoxasateanctBo. 1) [lycrs (@, b)=1. Ecau Ob Mg He-
KOTOPOro MPOCTOro uueia p Goio pla u plb, 10 p aABAIOCH Obl
obluM JesuTeqeM @ M b, a nockoabky (@, b)=1, 10 GBlIO OB
l=p=2. '
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9) Ecsiu xaHOHMUeCKHE PasjOXKeHHS a M b He cojepxkar o0UMX
HpoCTHIX MHOXKHTeNeH, TO @ U b MOXHO sanucaTb B BHJE:

a"'Pl Lo pst, b= p . ps ’
rie B Kaxiol nape o, 5, 6y,ueM HMeTb OfIHO YHCJO0, PaBHOE HYJIO,

T. e. mpu Beex i=1, 2,...,s uMeeM y;=min(a; p;)=0 u (reo-
pema 27) (a, b)=1.
Teopema 39. Ecau p—npocmoe 4ucao, mo pYa moeda u moabKo

moeda, koeda (a, p)—l

IloxasaTe.nbm*Bo Ipu a = = 1 310 oueBunHo. Ilpu a4 1
pYa osHayaer, UTO KAHOHHYECKOE pPasJOKeHHe a HE COAEPKHT
MPOCTOTO MHOMUTeNsI p; COTJIACHO NMpefpifylleil Teopeme 3T0 OyAer
TOrja ¥ TOJABKO Torja, xorja (a, p)=1.

a a

Teopema 40. Ecau (ay, ...,a,)=d, mo uucia -dl , ...,—d’-‘ e3a-
UMHO npocmble.

INokasaTenbcTBO. TeopemMa sBJASercA YaCTHBIM CJy4aeM
TeopeMbl 29 npu b=d.

Teopema 41. Ecau clab u (a, c)=1, mo clb.
NokasatenbcTBo. B cayuae c¢=4+1 cb mas moboro b

Ilpu c¢5=1 paccMOTpHM KaHOHKYECKOE Pa3JioKeHHe c=- pi...pd
[lo ycioBHIO NpH HEKOTOPOM LEJIOM ¢

ab=p}*... p¥q, 8
(a, c)=1, TaKk 4YTO MHOXHTEJH p¥, ..., p¥ He BXOAAT B KAHOHH-

yecKoe pasjioxeHnue a (teopema 38), a TOTAA, NOCKOJBKY KaHOHH-
YecKHe Pas3JIOXeHHs JIeBOA H NMPABOH YaCTH PaBeHCTBA (8) AOJIMHBI
coBnajnath (teopema 18):

plt...p¥lb, . e. clb

Mpumevanne. nonbsyxcxa aTofi TeopeMoli, Jerko X0KasaTh, YTO W3 pa-
BEHCTBA JBYX HECOKPATHMHIX Apo0eil c/iefyel pPaBeHCTBO HX YHCJHTeNell ¥ 3Ha-

meHaTenedi, T. e. ecau (g, b)=1, (¢, d)=1, g—:%, b=1, d=1, 10 a=c,
b=d.
Teopema 42. Ecau(a,, b)=1,...,(a,,b)=1,mo (a, ... a, b)=1,

m. e. npoussedenue wucen, Kaxcdoe U3 KOMOPbHLX 63AUMNO NPOCMO
C OOHUM U mem e HUCIOM, MAKKHE 83AUMHO NPOCMIO € SMUM HUCIOM.
JlokasaTenbCTBO. PaccMOTpHM TPH BO3MOXHBIX CJydas:

1) b=0. Us ycsosusa (a;, 0)=1 noayuaem, uTo npu BCex i
a;=-4+1u roraa (a,...a, b)=1.
2) b=41. B 3TOM cnyqae (@ ...a,+1)=1 npu .moéblx

LEBIX Qpy ..y Gy

3) b=£0, b;& 4+ 1. PaccMorpuM B 3TOM Clydae KaHOHHYECKOe
pasnoxenue b= p}* ... p¥. Ilockombky (a,,b)=1,...,(a,, b)=1,
muoxkutenu p¥, ..., p¥ cormacHo TeopeMe 38 He BXOAAT HH B OLHO

U3 KAaHOHHYECKHX paanox&enﬂﬁ qucea dy, ..., 0, a CJACAOBATENbHO
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(npumedanue Ha crp. 30), He BXOAAT U B KAHOHHUECKOE PA3JIOKeHHe
HX TPOHM3BEJEHHS 4, ... d,, TAK YTO IO TOH XKe Teopeme 38 uMeem
(@...a,b=1

Teopema 43. 1) Ecau (a, b)=1, mo npu awobox yeivix Heompu-
YamesbHbIX N U M UMeeM:

(a*,b™)=1.

2) Ecau npu kKakux-aubo 08YX UYeablx RNONONUMEAbHLIX 3HAYe-
nuax n u m (@, 0" =1, mo (a, b)y=1.

HoxasateanctBo. 1) HUa (a,b)=1 cornacHo mnpexpiaymei
Teopeme Npu @, =...=a,=a(n>0) nonysaem (a*,b)=1, a or-
cioja TakuM xe obpasom npu m >0 moaydaewm, uto u (a*, b")=1.
Ecam xorss Gbl omHO M3 uucea n,m paBHO 0, To yTBepXKJeHuE
OYEBHIHO.

2) Ecan (2", b™)=1, n>0, m>0 u (a, b)=d, 10 u3 dla, db
nocJefoBaTesibho nonyuaem: dla”, djp”, d|(a”, b™), d|1, d=1.

- Dra TeopeMa, B YACTHOCTH, IOK43BIBaeT, 4to ecau (a, p”)s&1,
rie p—upoctoe uucio, To (a, p)=%=1, a ciaenoBaTesbHO (Teo-
pema 39), pla.

Teopema 44. Ecau p,, p,—npocmeie 4UCAQ U Dy 5= Py, MO APU
moboix yeavix n=0, m=0 (p1, p5)=1.

IlokasartenbctBo. i ABYX pasHBIX NPOCTBIX UHCEN Py H
p, uMeeM (teopema 38) (p,, p,)=1 H, DpHMEnss MNpPeALIAYULYIO
TeopeMmy, mogyuaem (pi, py)=1.

“Teopema 45. Ecau yesoe noioxumensroe 4ucio d— deaumens
npousgedetus Osyx 63aUMHO npocmoix ducer a u b, mo d moscem
6bimb nPedcmasaeHo u npumom eOUHCmeeHHoIM 0Opasom 8 ude npo-
useedenus 0syx noroxcumenvuoix yucen 8, u 8y, maxux, umo 8,la, 8,/b.

HoxasateanctBo. [Tycts pi'... ps*—KaHOHHUECKOE pPasJIO-
skeHHe d. IlockonbKy a W b—B3anMHO mNPOCTHIE YHCJA, DPOCTOH
JIeJIUTENb p;, BXOASMHHA B KaHOHHYECKOe pasjoxeHHe d, He MOXKeT
GLITh OLHOBPEMEHHO JejHTeNeM a H b, T. e. aubo p;fa, nubo p;tb.

Paccmotpum cHavasa caydafi, xorga p;{a. Hs p;fa caenyer
(a, p)=1, (a, pi*y=1 (teopempt 39 u 43), u TOrIa, NOCKOJLKY
plild, dlab, wumeem pllab, pPlb (teopemnt 6 u 41).

Touro Tak Xe B cayuae p;Xb momyuaem pila.

TakuM 06pa3oM, KaxkAblii MHOXHTeNb d BHAA i’ sABJseTCs AHOO
Ienutenem a, aubo nesuteneMm b, T. e. d=pP... p¥ = §,8,, rne
&,la, &,)b.

Ipencrasaenne d B Buge 0,6,, rme &,la, &0, (a, b)=1,
eAMHCTBEHHO, TakK Kak uHaye Obuwio Obl JBAa Pas3JMYHBIX
KaHOHHUECKHX DA3/IOKeHHs JJIsi YHCIIA d (cM. npHMeuaHHe K omnpe-
nenenuio 11 Ha crp. 30).

Teopema 46. I1poussederue 0syx 83aUMHO NPOCMLLX NONOIKCUMEND-
HOLX qucen pasHo Keadpamy yeaoz2o 4ucaa moeda u moavko mozda,
. Koe0a KaxgOutli U3 comHoNcUmeell ecmb Keadpam uyeaozo wucaa.
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HoxasateabctBo. 1) Ecnu a=s2, b=12 10 ab=(sf)?."
2) Mycre ab=n?, (a, b)=1. Ecan xaHoHHYecKoe Pa3JIOXKEHHE A

JMeeT BHI n=p}'... ps’, TO KAHOHHYECKHM pas/oxkeHHeM ab 6yaeT

ab=n?=p3". .. pi*%. Iockonbky (a, b) =1, Kaxauii Aenutens ab

Buia pi® apnserca nuGo JenuTenieMm a, Jub0 geaHTe]eM b H, TAKHM
0o6pasoM, a u b—TaKKe HOJHBIE KBajpaTH.

Teopema 47. Ecau ay, ..., a,~— NORAPHO 83AUMHO RPOCHIbIE HUCAA,
mo [a,, ...,a,}=0,...a,, m.e HaumeHouice obujee Kpamuoe no-
RAPHO B3AUMHG NPOCIMbLX HAMYPAAbHOLX HUCEA PABHO UX NpOU38e-
denuro.

HokasateanbcTBo. [Ipu n=2 yreepxueHue TeOpeMb BEpHO,
Tak Kak u3 (a;, a,) =1 caexyer (Teopema 34):

a4
lay, @)= @f—;;) = 0y.

[IpennoJioxkuM, YTO YTBEPKAEHHE BePHO AJIA JIOOLIX 7 MONAPHO
B3aUMHO INPOCTHIX uucea (n==2). BosbMem mobue n--1 nomapHo
B3aMMHO OPOCTBIX UHCHAA Gy, ..., G, Qyiqs dyyq, OYAYUH B3aHMHO
HPOCTHIM CO BCEMH UHCJIAMH dy, . .. , @,, B3aHMHO HPOCTO C HX HPO-
u3BefleHHeM (Teopema 42), M TOTJA COFJIACHO CARJAHHOMY TpeAnc-
JIOXKEHHIO W TOMY, 4YTO NpPH n==2 yTBepXJIEHHE TeOpeMbl BepHO,
foJy4yaem:

(@, .. @ Gy =[lar, .. 2], @ a]=[ay ... 4y, 0,,,]=

=0 ...0,0,,.,.

CornacHo NpHHUMNY NOJHON MaTeMaTHYeCKOl HMHAYKIIMH YTBep-
JKJieHHe TeopeMbl BepHO npu JioboM n = 2.

Teopema 48. Ecau ay, ..., a,—NONAPHO 63QUMHO RPOCHIbIE HLCAQ
u aqb, ..., a,b, mo a,...a,lb.

HokasatenncTso. IToycnosuio b—obmee KpaTHoe ay,. . . , 4.
Haumenbluee oO6mee KpaTHOe INONAPHO B3aUMHO IPOCTHIX UHCEN
a;,...,4,, paBHoe (Treopema 47) a,a,...a,, COTJACHO Teopeme 32
JOJIKHO OBITh JefinTeseM Jio60ro ofliero KpaTHOro STHX uuced,
T. €., B YaCTHOCTH, JejuTteseM b.

FJTABA 4
OYHKIHUA [x]
1. PA3JIO)KEHHUE n! HA MPOCTHIE MHOXMTEJIN

Onpeneanenvie 16. Ilesoidl uwacmeio Oelicmsumenvrozo ducia o Ha-
3visaemcs HauboNbulee yeloe HUCAO, He npesocxoliujee o, ., e. ye-
a0e qucao n, maxoe, 4umo n<sa<<n--1. Lenas yacrs uncaa «

obosnauaercsa fo]. Crenopatespro, _ ‘ .
[o] <a<[a]+1. (1)
48



Onpepenenne 17. [[pobroid uacmoto OelicmeumerbHozo 4ucia o
Hasvieaemea pasHocmes o—|al.

Hpobnass wacTy umcna o ofo3Hauaerca {a}. Cnenoaarenbﬂo
fo}=a—[a] n 0 {a} << 1.

Hpumepn. [5,8]=5 [3]=3 [r]=3 [—7,39]=—8;

[—2]=—23; {4} =0; {m}=0,1415..
_BL_S
77"
Teopema 49. [Tycme o— Oeticmeumensroe nos0XCUMEAbHOE HLUCAO,
d—1enoe noaoscumenvroe. Hucao NOAOHCUMEAbHBIX UlCer, He Npeso-

CXCOAUUX O W Oeasujuxca HA d, pasHo [%]

HokasartenbcTBo. PaccMOTPHM MOJNOMHTENbHBIE UHCJA,
KpaTHbe d W HeNnpeBOCXOASAILKE o ; NycTb HauGosblillee U3 HHX Gyuer
paBHO sd, Tak uTo (s-+1)d yxKe Gospime, ueM «; UYHCJIO TaKuX
yrces

d, 2d, 3d, ...,sd
paBHoO 8, re sd << o << (s+ 1) d, cneoBaTenpHO, § << %<s—l— I, T

3]

Teopema 50, [aa aobozo Oeticmeumesvroeo a>>0 u yeroeo

d>0
al] _[eo
d | {4}
HoxasarteabctTBo. Mexny [a] ¥ o uer umeimx uucen, u
NO3TOMY YHCJO uMces, KpaTHhiX d, B cermente 1, [a], paBmoe co-
. a a
TJIacHO TpeRbAyIell TeopeMe [L‘—i—]] , PaBHO Tak»ie BeJIHYHHE [EJ ,
BHIpAXKAIOMEH YHCIO YHCeJ, KpaTHbiX d B cermeHTe 1, o. :
Teopema b1, [an aoboco delicmeumervrozo 4ucia o pasHocms
a
[a]—2 [~] Moocermn pasuamoca moavko 0 uaw 1.

2
HoxasareabcTBo. Haa .mo6oro o umeeM a—1<[a]<a,

TaK 4YTO
[a]——2[ }<oc 2(——1) _9,
lg—2[§]>a—1—25=—1,

a
T. €. uejoe yucio [a]—2 [7] MOMET  PaBHATBCH ~ TOJBKO.- O
nau 1.
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Teopema 52, Hycmb p—npocmoe uucro, n=1 yeaoe. [lrsa no-
Kasameas o Hausvicuiell cmeneru p, ae/zfzu;eu nl, umeem:
n n n
o= 5]+ [5]+ 5]+ @)
m. e. npu o, pagom cymme (2), p“lal, no p**ifnl.

MMpumeganue. Pag (2) npeacraBaser co6oit KOHeuHH DSJ, TaK Kaxk,
€Ci B 3HAMeHaTene NOsBAsSeTCH CTeneHb p°, GObliast YHCAUTENS n, Claraembe
B (2) ofpamaroTcs B HYJH.

HJoxazarteasctBOo. IIpu n<Ip Bce cnaraembie B psge (2)
paBHBl HYJIO, M BMecCTe C TeM JeHCTBHTENbHO B 3TOM CJIyyae HOKa-
3aTeslb HaHBBICIIEH CTeNeHH p, mensuiell nl, paBeH HYJ, TaK 4YTO
ISt TAKHX p U N YTBEPKJEHHE TEOPEMBI BEPHO.

BosbMeMm Teneph MpPOH3BOJBHOE MPOCTOE YHCJIO P H IIPUMEHHM
MeTol MHAYKUHH 1o n. Ilpu n=1 Teopema BepHa, TaK Kak B 3TOM
cnyuae n="1<p. Ilpexnonoxum, 4To yTBepKIEHHE TEOPEMbI BEPHO
NpH BCEX A, TaKHX, 4YTO

l<<n<<N, rne N nenoe (N=2).
Ecan N <Cp, TO yTBepKIeHue TeopeMmbl BepHO AJst N, Kak 3To

GBlJI0 OTMEUEHO BHIIIIE.
Ecnu N = p, o cpenn Muoxurteneit 1,2, ..., N npousBenenus N!

upcqo Jensmuxcs Ha p OyaeT paBHO (TeopeMa 49) [%] . Tlpowus-

BeleHUe BCeX OCTaJbHbIX MHOXHTeJed uucaa 1.2 ... N ofGos3nauum
yepes M.
Torpna

N!=p~2p.....[ ]pM p[ ] [ ]!M rae pfM. (3)

Uz Nz=p crenyer 1< [7—7—] <N.
Tak uTO COMVIACHO NPEANOJIOKEHHIO IO0KasaTelJb HaHBbLICIIeH cCre-
. [N
NeHH p, JeJsiieH [7] !, paBeH:

Bl (B - ageas

(teopema 50). M3 topmynnt (3) moayuaeM, uro HamGoJbIMH NoKa-
. N N N
3aTesb CTeneHH p, pensimed N1, paBeH [;]-{-[p—g]—{— [F’-] + ...
Takum oOpasom, yTBepKIeHHe TeOpeMbl BepHO Anisi N W B 3TOM
cayvae. CorsiacHo ofiHOH M3 (OPM IPHHUIHNA IOJHOH MaTeMaTuye-
cKoif uHAYKUuH (TeopeMa IV) TeopeMa npu npOU3BOJLHOM IIPOCTOM P
BepHa I Jo60ro HaTypajbHOTO A.
Iip umep. Haiitu nanGosbmee o, Takoe, uro 3°1000!
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ITo ¢opmyne (2), uMeem:
_ [1000) | [10007 | [10007 . [1000) , 1000} , 110001 _ o0
T:; qgo 334]"81 IE)OE())L] HO :[342;1{]1000[! .81 ] [243] [729]

Teopema 52 paeT BO3MOXHOCTb HAaXOZUTb KaHOHHYECKOE Pa3no-
KeHHe nl, a HMeHHO, NIOCKOJBbKY KaxKioe IPOCTOE p BXOAMT B Ka-
HOHHYECKOe pasjioxeHHe nl ¢ noKasaTejeM, PaBHBHIM

5]+ [5]+m
o I;Ip[7]+[”_’]+"'. “

Ona oynkuun T (x)= Zlnn Ha OCHOBaHHM paBeHcTBa (4) 4
[ =X

x] X ‘
paBeHCTBA [—d—] = [H—] , CIpapeJJHBOro Aas Jroboro nednoro d >0,
noJyyaeM:

T(x)=ln[x]!=Zlnp([%]+[;}’%]—{-...). 5)

B dopmyne (5) MOXHO OrpaHHUUTLCS 11POCTLIMH UHCAAMHE P << X§
NpH OCTalbHBIX p CjllaraeMble DAaBHLI HYJIO.

2. TOYKH C UEJOYUCIEHHDIMH KOOPAHUHATAMH

BosbMeM Ha NJoCKOCTH pelleTKy, 06pasoBaHHYIO BCEMH TOYKaMH
(x, y) ¢ UeJOYHCHEHHBIMH KOODAuHATaMH X, y. PyHKuus [o] urpaer
GoAbIIYIO POJIb NPH NOJCUETE Ta-

KHX TOYeK, JeXalmHuX BHYTPHU Yy
HEKOTOPOH 3aMKHYTOH KpHBOH.

Teopema 53. [lycme [ (x)—
HEOMPULAMENbHAA U Henpepols-
Haa npu a<<x<<b dynkyus,
Qucro mouex ¢ yerouucIeHHoIMU
KoopOunamamu, Aexwcquiumu 8
KpusoruHelnod mpaneyuu a <<
<x<cb, O<y<<f(x) (uckaro-
was, makum 006pasom, mouKy,
nrexcaujue Ha ompeske ocu Xx),

pasro
<§ [f (&)]. (6)
ascR<Cb

Ookasartennctso. Ilpn mobom uenom k(a<<k<<b) anusa
orpeska M’M (puc. 2) pasna [ (k). Uncio TOYeK ¢ LeJIBIMH KOOP-
INHATaMH, JIeXHKAIMHUX Ha 3TOM OTPesKe (HCKJ/ouast TOYKY Ha OCH X),
PaBHO YMCJY UENbIX 3HaYeHUl ¥, Takux, uto 0 <<y << f (k), 1. €. paBHO
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[f (k)]. lTockoabKy Bce TOUKM C LesaBIMH Koopauxaramu B A’AMBB’
pacnosiaraloTcsi Ha TaKHX OTpesKax, rie a<<ks=<bh, ro ofiee uucio
THX TOYEK paBHO cymme (6).

Ecnu KpHBaH AB 3ajana ypaBHeHHEM C napameTpOM T. €.
flxy=F(N, x), npu H3MCHGHHHM 3Toro mapamerpa N njomajns
KpuBonnHeﬁHoﬁ Tpaneuun A’ ABB’ HeorpaHHUYeHHO BO3PACTaeT, TO,
eCTECTBEHHO, BO3HHUKAET BONMPOC 06 OLEHKe MOPSAKA POCTa HHCNa
TOYEK C LEJCUHC/ICHHBIMH KOODHHHATAMY, JeKamuX B 3Toft 0671aCTH.
WHTYHTHBHO 7CHO, YTo eClH KpuBasi AB He sBjsiercs CAMIIKOM
H30THYTOH, TO YHCJIO TaKHX ToueK OJH3KO K OJIOWAax# (QUrypsi;
OAHAKO BOMPOC O TOM, KaK CHJBHO MOXET OTJHYaThCA PaccMarpi-
BAaEMOE YHCJIO TOUEK C UeJOUHCJIEHHBIMHE KOOPAHHATAMHE OT IUIOWAKH,
OGBIYHO BEI3BIBAET CEPbe3Hbie TPYXHOCTH.

Oco6utit nHTEpPEC /S TEOPUH YHCE NPEACTABJAAIOT CAYYau, KOTAA

n
KpuBasa AB ectp jayra runep8oJsl Y= HIH OKDPYKHOCTH y=
=} r*—x% Tlpu paccCMOTPEHHH WYHC/A TOYEK C IEJIOUHCAEHHBIMH
o o n
KOOpAHHATaMY B 0OJlacTH, OrpaHHYeHHOH runepGoJof Y= Ham

NoHAJ00HUTCA Ccaefylomiasi Teopema.
Teopema 54,

3 p=lxtcto(g), (M)
1< R<x
ede C—HeKomopas NOCMOSAHHAR.

HokasaTteabcTBo. 3aMeHsIS MOABIHTET PAJLHYIO PYHKIHUIO €€
HaHOOMBIINM H HAHMEHLUIUM 3HAYEHUSMH, HOJydaeM:

TaK. 4TO

1 1
M3 cxogumocty pﬂnaz (72———;;4—;[) COTJIACHO M3BECTHOMY TpH-

3HaKy CpaBHeHHH pfAIoB chaefyeT CXOAMMOCTh pAfa @, +ay-+...,
k-t

e akz-;c— 5 @ . O6osnauasi cymmy storo psjga uepes C, ro-
Jyqaem: *
2 3 4
S R R P
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Ecan B cymme (8) B3sTh uieHH HauuHas ¢ (N 4-1)-ro, 10

® ®»

k+1
o< 3 (-T4= § (it

k=N +1 k k=N+1
TakK 4To
2 3 N1
e~ (=) (31 =T Hro ),
1 2 N
1+-;-+...+%=§%+C+0(N)=mzv+c+o( )
1

Taxkum o6pasom, coorHomenue (7) [A0OKazaHo s LeJdblX 3Ha-
YeHHUi X.
Ilyers [x]=x—06, rpe 0=<<0<C1; TOrZa

In[x]:]n(x——@):lnx—}—ln<1——3>=lnx—|—0(—};>.

%zlsém%zm[xwm- <M>=lnx+C+O <—i~> .

Uucano C HasblBalT NOCTOsIHHON Ditiepa. M3 (7) caenpyer, uro
€= lim (1+ +. +_—1n1v) 9)
N>

Briuucaenusi aatoor, uro C=0,577215. ..
Teopema 55. Yucaro S(N) modex ¢ YeAOHUCIEHHOIMU NOAONCU-
mesbHoIMU  KOOpOUHAmAMU 8 o0bracmu, 02PAHUYEHHOU eunepboaod

Y= %’- U KOOPOUHAMHOIMU NOAYOCAMU, PASHO
S(N)=NInN+@2C—1)N+0(V'N), (10
ede C—nocmosnnas Jidiepa.

MMpumeuanue, Jlaf Takux TOYeK C ULEJOUACJIEHHBHIMH KOODJAHHATAMU
umeeM l<Cx<C N, TaKk uro S(N) (puc. 3) cornacHo TeopeMe 53 Moxer GHITH

3alMCaHo B BHJE:
N
swm=3 [4]-

k=1

Jana nonyuenus onenxu (10) rago npeasapuTesbHo npexacrasuts S (V) xpy-
roii dopmynoi.

N
JoxkaszarteabcTBo. BospmeMm Ha rumepGose (puc. 3) y=

rouku D (V'N, V'N), A(l, N), B(N,1) u ux mpoekuuu Ha ocu
xoopmunar: D' (Y'N,0), D"(0, V'N), 4’(1,0), B’ (0, 1). (Byxsu
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Yy C OJHHM MTPHXOM O3HAUYAIOT
WL . IPOCKUMH  COOTBETCTBYIOMMX
TOYCK HA OCh X, 4. C JABYMHA

IWITPHXaMH—Ha OCh Y.)
BBuny cummerpuu rumep-
,,,,,,,,, 60JIbl  OTHOCHTEJILHO GHCCEK-
e e e e e e Tpuch 0D KoOp IMHATHOTO YFJa
e e e e e e e e YHCJIO TOUEK C LEJOYHCJIEeHHBI-
R R MH KOOpJHMHATaMH (HCKAI0Yast
R TOYKH Ha OCSIX) B KPHBOJH-

T

VROV DU PRI
g

. Hefinbx Tpaneuusx A'ADD’
: u B"BDD” opuHaKOBO M CO-
: raacHo teopeme 53 paBHO

. X [F]

1<k<VN

2
3

\
=

[
b3

Puc. 3 Yucao Touek C  1eJNOUH-
CJCHHBIMU KOOpAHHATaMH B

KBajpdre OD'DD", uckmouast TOUKM Ha OCfX, PABHO

2 [VNI=lVNT

1<k<VN

Taxum ofpasoM, mns S(N) noayuaem Qopmyay:
N
sm=2 X [§]-Var. (11)
1<ksVN
Or0paceiBas CKOOKH BO BCEX CJIaraeMbiX CyMMLl [PaBOH 4YacTH
pasenctBa (11), 1. e. 3amenHus [l] YHCNAMH —7—, MBI H3MeHseM

k
Kaxjoe cjaraeMoe MeHblle, YeM Ha 1, a BCIO CyMMY-—Ha BeJHUHHY,

MeHbIIYIO, UeM 2]/7\7. C npyroit CTOpoHH, [V]V]=VN—9, rie

0<6<1, 1ax uto [VNP=(VN—0)*=N+0(VN).
Ws pasencta (11), moan3ysick Teopemoit 54, momyuaem

S(Ny=2N Y kL—N+0(VW)=2N<1nVN+c+o (Tflﬁ»“

k<VN
—N+O(W/N)=NinN+(@2C—1)N+0(VN).

Bonpoc o Tounol onenke uucaa S(N) Moxer OLITb MOCTaBJEH
B BHje CJeRylomell npobieMsl: B (opMmyJe

S(N)=NInN+(2C—1)N+0 @ (12)
NONYUHTD AJA 8 BO3MOXKHO MEHbIIICE 3HAUeHHE.
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Teopema 55, foKa3zaHHast Y
B 1849 r. dupuxie, aaer 1is 8 sna-

1
yeHue 6==7. 3unauutenpHo OGoJee

TOYHBI pesyabraT OblT TOJYYeH
B 1903 r. pyccKHM MaTeMaTHKOM
I ®. BoponnM, CymiecTBeHHO
YCOBEPHIEHCTBOBAB MeTOJ MOACYETa
yycaa TOYEK C I[IeJIBIMH KOOpJuHa-
Tam#, Bopomoit noayuun gas 8

B (12) sHaueHue 9 =%—}—e, rjpe g —

CKOJIb YIOJHO MaJsasl NOJOXKHUTeIb-
Hag BequuMHa. VICTHHHOe HauMeHb-
mwee 3Hauenune 6 B dopmyae (12)
1o cHx nop HeuspecTHo. Co Bpe- Puc. 4.

MeHH nosBJeRusi paGotel Boponoro

ObLIO MOJYYEHO MHOTO pe3yJibTa-

TOB, INOCTENEHHO yMeHbIUaBIUMX &; OAHAKO 9TH YTOYHEHHS OKa-
3aJHCh He CJIHUIKOM 3HauuTeJbHbIMM. Hampumep, B 1959 r. nast 8

13
6b10 MOMyueHO 3HaveHHe ;5+e. Bmecte © TeM H3BECTHO, 4T0

1 1 13
62—4—. TaK 4TO T<6<E+e.

PaccMOTpUM elle 3ajady MOACUETA YHCAA TOUEK C UeJbIMH KOOP-
JIMHATAMH, JeXamuX B Kpyre C LEHTPOM B Hadaje KOOpAMHAT,
pamuyc KOTOPOro r HEOrPaHHYEHHO YBeJHUMBAETCH.

Teopema 56. Yucao A(r) mouex ¢ yervimu Koopduramamus

8 Kpyee x*-+y?=r? svipascaemcs popmyrol
A()y=nar*+0/(r). (13)

IloxasaTedbcTBO, PaccMOTpUM TOYKH C HEJbIMH KOOpPAH<
HaTaMH, Jexamue B cektope O0=<<x<r, Oéyél/r2~—x2, T. €,
(puc. 4) B MON, Bkaouass TOYKU, JIeXKaUlHE HA OTPE3KaX oM,
ON u ayre MN. O603Hauum 9HCJIO 3THX ToueK uepes B (r).

Jlas Kaxgofl Takolf TOUKH BO3bMEeM KBaJpaT CO CTOPOHOM, pas-
HOff 1, JeBas HUMKHSS BeplIMHZ KOTOPOrO COBNAAAeT C JaHHOM
Toukoii. Bce sTH KBajpaThl 3aKJOYeHB B CEKTOpe M’ON’, orpanu-
YEHHOM OKpYXHOCTBIO:

K= (r+2)

JleiicTBHTEIbHO, JieBasi HIKHSS BeplMHA KBajpara no yCJOBHIO
yIajeHa OT HayaJa KOODAMHAT HA paccTosHue, He Gobluee, ueM I,
2 mepefBHAEHHWe B Npejesax KBaipaTa co CTOPOHON, paBHOM 1,
MOMET H3MeHHTb paccTosHHe OT INeHTpa He OoJblue, deM eme Ha
/Be €JUHHIbL.
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C Apyroit CTOPOHS!, YACTb MVIOCKOCTH, 3aHATasl 9THMH KBajgpaTamu,
3akJodaer B cebe cektop MON, orpaHuHYeHHBIl OKPYIKHOCTBIO:

22 yt=rt.

[lelicTBUTENIbHO, €C/IH TOYKA (X,, Y,) JEKHUT B ITOM CEKTOpE, TO
OHa yJaJieHa OT Hada/a KOOPAMHAT Ha PAacCTOs HHe, He OOJMbILee, YeM 7.
[MockoabRy [xy] << X4, [Yo] <<y, TOuKA ([X4], [y,]) Takxe ynaneHa
OT Hayasla KOODAMHAT HAa PaccTOsiHue, He Gosiblie, YeM 7, T. €. OHA
ABJISAETCSl JIEBOH HHKHEH BepUIMHOH OJHOTO H3 paccMaTpHBaeMbIX
HaMH KBaJpaToB.

M3z [x]=sx,<<[xg]4 1, [l <y,<<lyol+ 1 saxnwouaem, uro
TOUKA (X5, Y,) NPUHALIEKUT 3TOMY KBajpary.

Hucsno B (r) Touek ¢ LeJOUHCTIEHHBIMH KOODAMHATAMH B CEKTOpe
MON paBHO cymMe mJjomajell BceX 3THX KBajpaTtoB, T. €. Npex-
crasJsieT coOoil BeJIHUHHY, 3aKJIOYCHHYIO MeXAY MJIOAAbo CEeKTOpa
MON u npomansio cekropa M 'ON":

1 1 ’
T B << gn(r+2)%

Mbl moiydaeM oTCIOAa, 49TO
éB(r)-—%m2 —«n(r—|—2 —-m’2=nr+n
B(ry= —4— ar?--0(r).

4B(r) paBHO UHCJY TOUCK C LUCJOUMCACHHBLIMM KOODAMHATaMH
B Kpyre x*-4y?<<r?, ecam cuHTATh KaXKAYIO TAKYIO TOYKY, J€xa-
Myio BHe OCedl KOOpDAMHAT, OZMH pas, TOUKH, JeXamue Ha 0CaAx
KOOpAMHAT,— ABa pasa, a Touky (0, 0)—ueTnipe pasa.

Orcrona cnepyer, 4to

A(r)=4B(r)—4[r1—3=nar?+0(r).

Ouenxa (13) O6pwia us3BectHa eme [ayccy. Ilpumenss wmeron
Boponoro, nonbckuit martemarux Cepnunckuit B 1906 r. jokasad,

4yTo (hopMyJia
A(ry=ar4-0(r)

2 1
BEpHA NpH V= 5. Bouto pokasaHo TakkKe, UTO vy, T.e

1 2

2
YCHUAMH V, MGI{bH_II/IMI/I ueMm Bl "OAHAKO TOUHAas HaHMCHbUIas BEJIH-

B Hacrosiiee BpeMsi U3BeCTHH OLeHKH A (r) co 3Ha-

4ugHa v B STOPX Gopmysie 20 CuX MOp HEH3BECTHA.
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Hcemopuneckue xommenmapun k 4-it zaase

1. Teopema 52 Bnepsbie BCTpeyaeTcst BO BropoM Hajanuu 1808 r.
xuurn Jlexangpa ,Teopus uucen“. OCHOBHblE pe3yJbTaThl HCCJIe-
nosannii T1. JI. UebsblileBa no TeopHH NpOCTHIX 4uces DasupYIOTCS
Ha .3TOH Teopeme, TouHee Ha ¢opmyJe (D), KOTOPYi0 OOBIYHO HA3BI-
BaioT ToxXaectrsoM UelwinieBa.

2. Teopema 55 6biia onmybOaukosana [Jupuxze B 1849 r. Hewmen-
kuii matematuk [1. Jlexen-[upuxae (1805—1859), ceMpss koroporo
npoucxoausia us PpaHuuu, GOJBIIYI0 YaCTb XKHU3HH Nposed B Dep-
mune. Jlexen-[lupuxje-—oguH M3  KpYHHeHIIMX  MaTeMaTHKOB
XIX Beka, okaszapuinii GOJbIIOEe BJAHSIHME HAa Pa3BHTHe MaTeMaTi-
YeCKOro aHaJ/u3a M TeOpHH uuces. B ananuze ocobeHHO OGoJgbluoe
3HAYEHHE HMEIOT ero paboTH IO TEOPHH TPUTOHOMETPHUECKHUX PSIOB
n auddepeHIHaNbHEIM YPaBHEHHAM MaTeMaTHUCCKOH Pu3KKH. B Teo-
pUH umCe] OH J0Kasaj OCHOBHYIO TeOpeMy O MpPOCTHIX YHCJax
B apudmernueckoil nporpeccuu. IlpumeHeHHble UM IPH 5TOM pPsiibl
nonyuunu HaspaHue psigoB Hupuxne (cM. 33-r0 v 36-10 raaBei).
Hupuxne nosyuun ¢yHaaMeHTaJbHBIA Pe3yJMbTAT O YHCJE eAHHHIL
3a{aHHOT'O TO0Jsl ajqre6paHyecKHX YHCEN H ONpeReJHs YyHcJao GHHap-
HbIX KBaJpaTHUYHBIX (GOPM € 3aJaHHBIM NUCKPHMHHAHTOM.

3. ®opmyna (11) Buepsste BcTpeuaercs B paborax Llapast Ipmura.

4. Teopruit Pepoceesuy Boponoit (1868 —1908) -—3ameuatennpHsit
pyccKuil MaTeMaTHK, paGOTEl KOTOPOro MOYTH UENHKOM MOCBSIIEHbI
teopun uucesa. I'. ®©. BopoHoii ocTaBH/ CpaBHHTEJNbHO HebOJbIIOE
ypcao paGoT, OJHAKO OHH MPEACTABJSIOT CYINECTBEHHBIH BKJaj
B Teopuio uucesn. Ero pabotsl, NOCBSIECHHbIE TEOPHH KBaJpaTHYHBIX
GopM, AT CYIUEeCTBeHHOe Pa3BUTHe TAK Ha3biBaeMOro MeToja He-
npepbIBHBIX HapaMeTpoB. BOpPOHOH NMOCTPOMJ aNTOPUTMBI JJISL BbI-
YHCJICHUS] OCHOBHBIX €IHHHI KYOHYECKOTO HOJS. v

Memyap T'. @. Boponoro 1903 r. ,O6 ozHofi 3anaue H3 TeOpUH
4CHMNTOTHYECKUX (PYHKHHHE", B KOTOPOM OH TMOJYYUJ OUCHKY

Z [%], NOCJIY2XHJT OTHPaBHbIM IIYHKTOM l/lCCJICI[OBaHHﬁ dCUMITO-
k=1
THYECKOTO [OBeJeHHsS PA3NUYHBIX YUCIOBBIX QyHKIHEA. B yactHocTH,
sTa paBora okKasana OosibulOe BJAHSHHE Ha (OpMHpOBaHKE METONOB,
pas3BUTHIX B HEPBLIX TEOPETHKO-YHCJOBBIX paboTax HaIIero BhIAK-
merocst coppemennuxka M. M. Bumorpanosa.

OueHnka 310 (YHKUHE HMeeT Upe3BblUaiiHO 00JiblIoe 3HAYEHHe
B TEOPUH YMCes H paccMaTPHUBaeTCs KaK OfHA M3 HEHTPaJbHBIX ee
saga4 (cMm. 34-10 raasy). Hauunas ¢ [upuxae, Boponoro u BmioTsh
JO Haulero BPEMeHH MCCJELOBaHMIO STOH (QYyHKUMH, 0003HaYCHHOH
y Hac uepe3 S(N), nocBsimeno ouenb GoJiblIoe YHCJIO pabor. '

Pa6otsl' Bopoxoro  no ananutuueckoli TEOpHUH YHCeN KacaloTcs
TaKxe oOMMX BOMPOCOB O METONAX CYMMHPOBaHHUS QyHKuuH; ONHH
M3 3THX METOJOB NOJNY4YHJ B MaTeMaThke uMma Bopoworo. .
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TTABA 5
KOHEYHDbIE HENMHBIE APOBU

1. NMPEJCTABJIEHHE PALUHOHAJIbHBIX YHCEJ
HENHBIMU APOBSAMH

PaunoHa/ibHBEIE YHC/Aa MOXHO 3ajaBaTh B pasHoii ¢opme, Hamp-
Mep, OJHO H TO Je UHCJO MOXKHO 3alHCaTh B BHJIE OTHOIICHHA

a o
ABYX HeJIBIX YHCEN b HJIH B BHAE CHUCTeMaTHYECKOH J.IpOﬁPI no He-

KOTOPOMY OCHOBAHHIO g, IPHYEM 3Ta CHCTeMaTHyeckas APoOb MOMKeT
6bLITh KOHEYHOH HIM OeCKOHEuHOH, B 3aBHCHMOCTH OT Bbi6Opa OCHO-
BaHHs CHCTeMB! CUHCJeHHA. 3arnuch B BHJE CHCTEMAaTHUeCKOH ApolH
HMeeT PAJ CYyILEeCTBEHHbIX NPEHMYIIeCTB OCOOEHHO NpH npHOTHKEH-
HbIX BBIUHCJEHHSX, OJHAKO CYIIECTBEHHble HeyJoGCTBA BO3HHKAIOT
H3-3a TOro, 4To (opMa 3a0HCH 3aBUCHT HE TOJBKO OT paccMarpH-
BaeMblX BEeJMYMH, HO W OT OCHOBAHHMs CHCTEMbl CUHCJIEHHS.

B sToit rniaBe Mbl paccMoTpHM Apyryilo (opMy 3aImucH paunHo-
HaJbHHIX YHCceJ, a MMEHHO NpeJCTaBJeHHE HX B BHJe TaK Ha3hbBae-
MBIX HENpephIBHEIX HJH LEMHHX Apobell. BoablinM npenMyLiecTBOM
anpaparta UeNHBIX Jpobeil SIBAfETCS TO, YTO BbipaXKEHHE Jwboro
palHOHAJIBHOrO YHCJA B BHJE LenHOi Apo6H He 3aBHCHT OT KaKHX-
An60 APYTHX BeNHUHH, KPOMe CaMoro 3Toro uuciaa. pyrue pocro-
HHCTBA, a4 TAaKXe M HEJNOCTATKH 3TOro anmapara N0 CpaBHEHHIO
C anmapaToM AecSITHYHbIX H APYTHX CHCTeMaTHYeCKUX ApoGeit GynyT
paccMOTPEeHBl HO3XKe.

Onpenenenne 18. Koneunot Henpepoisnoti Opobolo  HA3616aeMCs
HUCA0, 3anucarHoe 8 sude

b
ay+—2
a,+ by
1
a,+
b&
tg
2de ag, Gy, ..., 4, by, by, ..., by—ueavle wucaa.

Mbl 6yzeM, KOHEUYHO, NpeAnoJaratb, 4YTO BCe 3HAMeHaTeJH,
BCTpevalouliecs B 3TOH APOOH, OTJHYHB OT HyJs. OueBHIHO, YTO
BeJMUYHHA TaKoH HenpepbiBHOH XpoGu Moxer OBITh 3anKCaHa B BUAE
P
g e P u Q—uenpe 4ncia.

Ecau by=b,=...=b;=1, a;=1 npu Beex i=1,2, ...,s—1
¥ a,> 1, TO TaKyl0 HenpephBHYIO APOGH HA3HIBAIOT o6BKHOBEH-
HOJl HenpepbiBHONH APOGbI0 MJM LemHO# APoObIO.
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Onpenenenne 19. Koneunot yennoli Opoboio HQ3ui8aemcs 4ucio,

sanucarnoe 8 euoe

1

as-x‘i‘;‘
s

(1

TIe @y, Oy, ..., Q,—leJsle uMcna, a; =1, ..., g, =1, a,>1.

ITpumeuvanne. [Ipn s=0 a; = @, MOXKeT OHITH JIOOHIM HEJBIM YHCIOM.

Bysem nns yzoGcTBa 3amMchIBaTh LeNHYO Apo6b (1) B BHIe

ao—kﬂal—{——l/ag—{- ...—{——”as_l—l—-’/as.

Ynena a,, @4, ..., @, OyleM Ha3HBaTh 3JIEMEHTAMH ILENHOW

ZIpobu.

"Teopema 57. Jlioboe payuonaivHoe 4UCAO PAGHO HEKOMOpPOU Ko-

Heurnol yenuod dpobu.

Hdoxasarteancrteo. Jlioboe panuoHANbHOE YHCIO MOKHO

P
MPEeACTaBHTH B BHIC
putM EBxkauja pns takux uyucen P B Q naer Uenb PaBeHCTR:

P=Qa,+r,
Q=ra,+r,

Ts—2= rs-las—1+rs
r

s=1=Fsls /

e Q>ry>r,>...>r,>0.
PaBencTBa (2) MOXHO 3anHcaTbh B CJAEAYIOUIEM BHJE:

p ] Q _ 1
Foe iy ATy
1 £
rn 1 Ts—2 __ R S £
72“—(12‘{__,_2 y seey rs—l—as-l-}— ’_'s_—;>, rs =ds
rs s

I, rae P u Q uesne, npuuem Q =1. Aunro-

2
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OTKYJAa DoJyyaem:

P
& =Gt

1
+*_———T’

a —_—
s—1+ a

Hin B COKan.LeHHOﬁ 3aIucCH:

—g—:ao+ﬂa1+ﬂa2+ SN —}——”as_ﬁrﬂas.
Jas uvenoro yuena, T. e. B caysae Q =1, B paBenctBax (2) 6yner
TOJABKO OfHO 1nepBoe papeHCTBO P=1.P40, u nensas npobe
o6opBetcst Ha q,=P.

EcrecTBeHHO MNOCTaBHTL BONMPOC, SBJAAETCS JH TAaKOe pasjioxe-
HEe B LenHylo Apo6b eIHHCTBEHHBIM, T. €. MOXET JH CYIUECTBO-

p
BaTh KOHeUYHasd UenHas le06b, pasHas —Q—, C JeMeHTaMu, OTJHY-

HBIMH OT HeNOJHbIX UYacTHHIX @;, HOJYUYEHHLIX B ~ aAropurMe
Eskanga (2). Me! JokaxkeM, YTO KaXKIO€ PalUOHAJbHOE UYHCJO
MOMXKeT. ObiTh €IHHCTBEHHHIM 00pasoM OpeJCTABJIEHO B BHAE TAKOH
nennoli gpo6u. 3TOT (AKT CYMIECTBEHHO 3aBHCHT OT TOrO, H4ro
B onpejesyieHHe KOHEYHO! LenHOH JAPOOH BKJIOUEHO YCJOBHE, YTO
nocaexHuii ajgement a,>1(s==0). Ecam 6bn M, paccmarpusas
BHIpaxKeHne BHAA (1), pomyckanu JAast MOCJENHEro 3JeMeHTa 3Haye-
Hue, paBHOE 1, TO eAMHCTBEHHOCTb INpeJCTABJEHHS YXe He HMesa
Obl Mecra, HanpHMep: ‘

oV Vg —g My Vg Yy

Teopema 58. Cyujecmsyem o0Ha u moabKO 00HA KOHE4HOS Uen-
Hasn Opobb, pasHas OQHHOMY DPAYUOHAALHOMY HUCAY.
HJoxasarteanctso. Ilpeamonokum, uTO CYmECTBYIOT JBe

P
pasjuyHble KOHeYHBle IlenHble ApO6H, paBHbE o e

4
—6=ao+ﬂa1+ﬂa2—}—...—}—yas=
=a;+ﬂa;+ﬂa;+... +»ya;, Tae t=s. 3)
Ecau 61 6nlio aoza;, a1=a‘1, . axza;, TO, NOCKOJbKY

9TH JBe€ IENHbIe 11p0614 npeanoaralTcd pasjidyHbiMy, I >s.

OrnumeM u3 ofeux uacteil pasedctBa (3) g,=4a,, NPHPaBHIEM
SHaMeHarteJ il NOJYYalomuXca nocse 31oro Apobedt (UKCAHTRNH Y HEUX

OJHHAKOBHIE), OTHHMEM TOCHE 3TOTro U3 ofenx vacTell @, =a;, U T. 4.,
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TaK YTO B KOHUE KOHIOB MOJYYHM as=a;+ﬂa;+l+ ...+ya.;,qm
NpU d,==as U TOJOKHTENbHBIX ds41, ..., Gt HE MOKET HMETb

MECTo.
Takum obpasoM, Hafizercss Takoe kR (0<<k<Cs), uro

Bg=0qq, Gy =01, +.., Qp_1=0p_y ¥ A} F=a.

[MocTymas, KaKk W Bblle, T. €. OTHHUMast B (3) a,=a,, HpHpaB-
HUBas MOCJE 3TOr0 3HAMEHATeJH H T. A., O TOro Kak B (3) Hcues-
HYT Qp=Qy, Q@ =01, ..., Gs_y=0,_, u obosHauas a,+Ya,, ,+

+ ... *{——‘/auv yepe3 R, MOJYYHM:
R=a,+Ya+ ... +Ya,=a, +Ya, +...+Y, @
Ecan s=k,‘ o a,=R=[R].
Ecan s=Fk-41, T0, NOCKOJBKY CONJIAaCHO ONPEIEJCHHI0 LENnHOH
Apobu a,. ., =a,>1, OyleM uMeTb e <1 ua,=I[R]

1

Ecau s>k-+1, 10 ak+1+...+l’as>l H B 3TOM CJay4ae
Takke a,=[R]. :

Mbl BHAMM, YTO BO BCeX cay4asix a,==[R]; COBepIEHHO aHajo-
ruguo u3 Qopmyan (4) monyuyaeM, 4to arp=[R|, T. e. a,=a,
B TO BpeMs Kak k Obuio pbiGpano Tak, 4To 4, 7= d,. [Ipemmonoxe-
HHe, YTO CYIIECTBYIOT JBE pasJHunble KOHEYHble HenHble APosH,

P .
paBHblC -5~ , MPHBENO HAC K MPOTHBOPEUHIO, T. €. Jai6oe panuo-

HaJIbHOE UHCJIO TOJbKO €IMHCTBEHHBIM 00pa3oM MOMKeT OHITb pasisio-
KEHO B KOHEUYHYIO LENHYio APOOb.

Teopembl 57 u 58 yCTaHABIMBAIOT B3aUMHO OLHO3HAUHBIE COOT-
BETCTBHSI MeXJY PANHOHAJBHBIMH YHCJAMHM U KOHEUHBIMH LEMHbIMH
IpoBsIMu.

2. NOAXOASMKE APOBHU

st pando#i nernHo#t apobu
a0+~‘-/a1 -}~—”a2+ R +1/as
6yjeM paccMaTpuBaTh TAK Ha3biBaeMple NOpxoAsuiue ApoOH:
Ay=a,, A,=a,+Ya, A,=a,4+Ya,+Ya,,...
cory Ay=ay+Ya, + Yo, + ... 4 Ya,.

Onpenenenne 20, n-ii nodxodauet; dpoboro (0 << n<<s) K Koweu-
Hol yenwot Opobu (B) 6ydem Hazvisame Gesuvuny

(%)

A,,:ao—i-ﬂal-{—l/az-i-...—{—ﬂan. 6)
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PaccMoTpuM Tenepb ABe MOC/eAOBATENbHOCTH 4HCEJ:
Py, Py, .., Pou Qqp Qqy -..y Q
onpejie/leHHbiE PEKYPPEHTHEIMH COOTHOIICHHSAMH:

Pn=Pn—1an+Pn—2’
2<<n<s (7)
Qn = Qn—lan+ Qn—Z
M HauaJbHBIMH YCJIOBHAMH:
Py=ay Qy=1, Py=aa,+1, Q;=a, (8)
HenocpeacTBeHHO BHAHO, YTO COOTHoweHHsi (7) BMecTe ¢ ycJo-
BusiMit (8) mpH JAHHBLIX Qg @), ..., Og OAHO3HAYHO ONpeNeasloT
BEJIHUMHBI:
Py, Py, .., Pon Qg Qy ..., Qs
Teopema 59. Ecau ay, ay, ..., a;—anremenmo. yenwot dpobu (5),
mo nocaedosameavnocmo uucer P, u Q,(n=0,1, ..., s), onpe-

denennan gopmyramu (7) u (8), obaradaem mem ceolicmeom, 4mo

p . "
npu cex MUX N OMHOUWEHUE Q—" pasHo n-ii nodxodawed dpobu (6).
n

JlokasaTeabcTBo. [IpuMeHUM MeTOX NONHOH MaTeMarnue-
cxoii mHaykuuu no n{0<n<s). dasa n=0, n=1 n n=2 neno-
CpeJICTBEHHO HpOBepsieM, YTO
Py P, __ay+1 Y Py _Pyay+ Py 1] 1/
=gy, A= =4a a 2= 2 b g, 4 Ha
Q ” Q o o 7a1, Q QUa+Q 0 +=a1 2
COBNAJAIOT C HYJEBOH, MepBOH M BTOpOfl MojxoAasuled ApoGblo.

[Tpeanonox M, 4TO yTBEPXKAEHHE TeOPeMbl BEPHO s n(2<<n<s),
T. €. YTO noaxopsimas xpobn (6) paBHa:

P P, _1a,+P,_
A —in__n=1"n n-2 . 9
" Qn Qn-lan+Qr1-2 ( )

BosbMem (n-1)-10 nopxoasmyto apoGb A,,; B 3anuilem ee
B BHJE:

1
A=+

' 1
+—-
a,+

Ap+1
HenocpencTBeHHO BHMAHO, YTO ecAu B n-# moxxopsmedi apobu
. o 1
A, BelHYMHY @, 3aMeHHTh BEJHYUHON a"+71,7+—1 , TO HoyunM A, .

P,_1y Puo_or Qu_y, Q,., BHPAKAOTCSH DPEKYPPEHTHBIMH COOTHOILE-
nusamy (7) u (8) uepes a, a;, ..., @, U He 3aBHCAT OT Q1.

3amensst B (9) g, Ha a,,+‘-l—,;—;, nonyuaem A,,.,, T. €.
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P (an+’_—>+Pn—2 n—lan+P —2+an+i
Qn-l (an‘l" >+Qn—2 Qn—lan+ Qn‘—‘z"l‘

An+1=

in

n+an+1 =Pnan+1+ Pn 1_ Pn+1
Q _l_Qn...l Qnan+l+Qn—l Qn+1

" Qp+1
CorJiacHO MPHHUMNY TOJHOH MaTeMAaTHYeCKO# HHAYKUHH COOT-

P
HOIIEHHe A,,::al' BepHo npu Beex n=0, 1, ..., s

Onpeneneﬂnenm. Jucrumensmu U 3HAMEHAMEAAMU 1O00X007-
wux dpobeil k£ KoHeunodl yenHoll Opobu (D) HA36IBQAOMC 6eAUHLHGL
P,u Q,(n=0,1, ..., s), onpedesennsie peKyppeHInHbiMU YCAO-
susamu (7) u (8).

DTH HasBaHHA onpaBjaHbl TeM, UTO OTHOWeHHe P, K Q, corfiacHo
Teopeme 59 paBHO n-#i noxxomsmed mpodu. Mer OyneM mostomy

B JaJbHefilleM 7-10 NOZXOASILYI0 Ipobhb (6) ofosHauaTh uepes —Q—" .
n

TlocnenoBaresnpHOe BHIUHCJeHHe YHCAHTenell P, M 3HaMeHatened Q,
NoAXoAsimux xpobeit no dopmynam (7) ynobHo pacnogaratb Mo
cxeme '

ay ay a . ag
P, ay gy 41
Qn 1 a

Kaxpast crenyioumast nycras KJeTka 3amnojHsAeTcs pesyJsTaToM ome-
panuii Haj YHCJAAMH ABYX MNpPeRBAYIMHX NO TOPH3OHTANH KJETOK M
COOTBETCTBYIOIUUM d,,;, CTOSIMIHM Haj 23rofl MycTOH KJaeTKOH [cM.
dopmyan (7)].

ITpumep. Haiitn noaxopsmue ApoSH K UenHo# Apobu

o+Yo 4y Vg Uy L Yy Ay Y3

P, 2 5 7 26 33 59 | 269 | 866

Q. I 2 3 11 14 25 114 | 367
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Py

INonxoasimue apodu 3
n

(0 <<n<7) paBHBI COOTBETCTBEHHO
26 33 59 269 866

2 5 3 5 866
1 11’ 147 25 114’ 367°

7
Y

TMocneauas nopxoxsmas Ipods, OUEeBUAHO, paBHA BeJHuUMHE BCel
KOBeuHO! uenHo# Apobu.

PaccMorpuM psif cBOHCTB NOAXOAAIUX apoGel, MX uHCJHTeNel
H 3HaMeHaTeJei.

Teopema 60. [ipu n=1, 2, ..., 5 86LN0AHACNCA PABEHCHIBO

PnQn—l_—Pn—]Qn:(—l)”_l' (10)

HokasateanbcrBo. llposeneM unpyknuwo mo n. [pn n=1
paserctso (10) cnpaseanuso. [IelCTBUTENBHO,

Pi=au,+1, Qy=1, Py=a,, Q,=a;, Tag uro P;Q,—P,Q,=1.
"Tlyers (10) BepHO npu Hexotopom n (1l <<n<<cs—1); toraa

Pn+1Qn—_PnQn+1=(Pnan+1+Pn—1) Qn—Pn(Qnan+1+Qn-—l)=
= —(PnQn—l"—Pn—IQn): —(—— 1)"—1: (_l)nr

T. e. paBeHcrso (10) BepHo m npm n-1. CoraacHo npunnuny
NONHOH MaTeMaTHYeCKOH MHAYKIHH paBeHCTBO (10) Bepro npu Bcex
n(l=sn<ys).

Teopema 61. Yucaumesv u 3uamenamess wo6oil nodxodawed
Opobu—e3aumHo npocmvle wUcd.

Hokasarteavcrso. Ilpy n=0 Py=a, Q,=1, Tak uro
(Py, Q))=1.

[Tyere n>0. O6oznaunM yepes d Hanbonbluuit OOIMHUN HeJHTEND
P, uQ, e (P, Q,)=d HspasenctBaP,Q,_;—P,_1Q,=(—1)""1
(reopema 60), nockonpxy diP,, d|Q,, nonyuaeMm di{(—1)"-1, rae
d>0 u, caefosareabto, d=1.

P
Ecnn paunonasibHOE YHCJO - PA3JIOXKHThL B LIENHYIO Apobb, TO

Q
nocJeHss NOAXOoAfAmas Apobb gﬁ npejcTaBiseT cob6ofi HecoKpa-
s
THMYIO ApoOb, paBHYIO —g— Tagum o6pasoM, pasjioXeHMe B LETHYIO
Ipobb NO3BOJIfieT OCYIIECTBJSATH COKpalieHue jpobeii.
2227

ITpumep. Cokparure Apobb 3911 *

Ilpenctapngast 21y Apo6b B BHAEe KOHeUHON HenHOH ApolH,
HaXOJuM:
2227

O Yg oy tg Mgy ] 4 Yy
=0 Vg Vo g Mg V14 V1 Ve,
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Haxonum nogxonsinye npodu:

P, 0 1 2 9 11 20 131

Q. 1 4 9 40 49 89 583

2227 131 131 o ~
5917 = a3’ [Re ggg— YXe HecokparuMas ApoOb.
Teopema 62, [lpu l<<n<<s
 Pu Py (DT
l) Qn Qn—l_ QnQn—l ! (11)
P, Py_a|_ 1
O ot et ko (12)

Hokasareanbcrso. P,Q,_,—P,_,Q,=(—1""!, orxyna
noxydaem (11) u (12).

Teopema 63. 3wamenamesn nodxodawux Opobeli K yenHotl
Opobu (5), Hauunasa ¢ nepsoeo, 0OPASYIOM MOHOMORKO 603PUCMAIOUYIO
nocaefosamensHocms, Mm. e.

’1:Q0<Q1<Q2<--v<Qs-

JNokasaTeancTBo. Q,=1, Q;=a,=1=Q, Tax ut0 Q,
1 @, nojoxurenpHel. COOTHOUIEHHE ‘

anQn—lan+Qn—2 (2én<S) (13)
NOKa3HBaeT, UTO ¥ Bce cleiylolnue sHameHatesd Q,, Qg .- Q,
noJioxuTeabHbl. Ilpu 1= 2, mocKoibKy Toraa a,==1, us (13) mo-

Jydaem:
Qn> Qn—l -1 +0 = Qn-l'

Mpumeuanne. Ecau nennas apoCb NOJOKHTE]bHA, TO, KAk 8T0 Hemoc-
pencTBenno caenyer uz dopmya (7) u (8), uncauTeNi ee MOAXOAAMNX npobeit
Takxe 06pa3yloT MOHOTOHHO BO3PacCTaloILyIo TOC/eA0BATENEHOCTD.

Teopema 64. [Ipu n=2 _
PnQn—z"'—Pn—‘.}Qn:("—l)nan' ) (14)
JNokasaTenbcTBO. 3aMeHssi B JeBoit uwactu (14) P, u Q.
no dopmynaM (7) u ucnojpsys Teopemy 60, mosyuaem:
PnQn~2~Pn-2Qn:(Pn-1an+ Pu—2) Qn-z_Pn-z (Qn-lan+ Qn—z) =
=4a, (Pn—lQn—2——Pn—2Qn—l) = (—_ l)ﬂ—zan: (_l)n Ay
Teopema 65. Yemnovie nodxodauwjue dpobu 06pasylom eospacma-

towyro, a  Hedemmuble nodxodauue 0pobu — yGoLsaroLyyo nocaedosa-
meAbHOCM,
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HoxasarteabcTtso, M3 (14) nonvuaem:

Pn__ Ppoa_ (=D,
Qr Qs Qula-s’

P, P
TAK UYTO [PH 1 YeTHOM HMeeM Q~">Qf'—‘2 a NPH A HEYETHOM
n n-2
F_)f: < ___P n-2
Qﬂ N2 P P
JiBe nopxonsimHe ApodH Q-"—:l u Q—” Vv KOTOpBIX HOMEp OTJH-
n—1 n

yaetcs Ha eAHHHUIY, GVAEM Ha3blBaThb COCEAHHMH.

Teopema 68. M3 Osyx coceduitx nodxodaujux Opobeid wemHas
Cpobb 6ceeda Merbuie HeuemHol.

Hokasarteabctso. CornacHo Teopeme 62 nmmeem:

}ir_l.__‘_Pn-—l _(,__1)!1—1
Qn Qn-l - Qr:Qn-l ’

P P P P
Tipu n veTHoM % 2=l @ npu N HEYETHOM Zr~ S =l 1ag UTC
Qn Qn-l n Qn-—l

« P P
U3 EBYX COceiHHX fapofelt %=1 u —” veTHas BCeria MeHbille He-

" Qn-l Qn
YETHO. :

Teopema 67. Jwbas uemnas nodxodawas 0pobo merouie awboll
Hedemrotl Opobu.

IHoxkasaTedbcTBo. Ecan 6 XOTh OfHA ueTHas jApole Obiia
Goabplle WAM PaBHA HEUeTHOH, TO COrjacHo TeopeMe 65 mocjefHss
yeTHass ApoObL ToKe Obiia Obl Gosibliie TOCAEAHEH HEYETHOH, UTO
npoTHBOPEeUHT Teopeme 66.

Teopema 68. Paccmoanus (modyau pasHocmeti) mescdy coced-
Humy  nodxodauumu OpobAMU  YMEHLUIAIOMCS € YeeAuHeruem Uux

Homepa.
HNokasatenbctso. CorjacHo Teopemam 62 u 63 umeem:
Poes_ Pyl 1 L __ P, Pu_y
Qn+1 in erHQn Qn-lQn Qn Qn—l :

MMpumeuanune. Teopema 68 ABAAETCH TaKwke HEMOCPELCTBEHHHIM Clief-
crauem Teopem 65 u 67.

A1tu TeopeMBbl MOKAa3bplBaloT, HTO NOAXOASANILHE ﬂp06H C YeTHHIMH
U HeYeTHbIMM HOMEpaMHu #ABJAAITCS JIEBBIMH H npapsiMd KOHLaMH
BJIOKEHHbIX APYr B Apyra UHTEpBanos, T. €.

P, _Py _ P, P, P, P,
Pocbe o <t
3, <09,~0,~ 2,50
P, o o
ﬂqueM nocnefHAd HendHas fngéb *Q—O coBliagaetr ¢ BSJINUHHOU BCEHU
S

HenHOU ApOGH.
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TTABA 6
HPPALHKOHAJILHBIE YUCAA

1. KPHTEPMU WPPAUMOHAJILHOCTH

MuoxecTBO HeHCTBUTENMbHBIX YHCEA 3aKJ/ioyaer B cefe, B wacT-
HOCTH, BCE palliiOHaJibHbie YHCJa; BCE OCTAJbHbIE AEHCTBUTEJbHLIE
uHC/Ja HaghBAIOT HPpPAlMOHANbHBIMA,

Onpenenenune 22, [edcmeumencroe 4ucio o HA3bIBREMCS LppPa-
HUOHQAbHOIM, €CAL OHO OMAUMHO O 60eX DAYUCHANbHULLX Gucen,

a
M. e. €Ccall o= - NPU 6CeX UEAbLX a U b.

CyI]leCTBOBaHI/Ie HppalHOHANAbHBIX UHCEeJ OblJI0 JIoKasaHo enie

rpedeckumMi Martemarudkamu. MppauuosaasHoCcTs Hucia V2 6sna
¥3BectHa eme B V Beke 10 Halllelt spbl MaTeMaTHKaM HH(AropoB-
CKOHl IIKOJAb), a8 AOKa3aTeJbCTBO 3TOIO YacTo npumnuceiBaercst [Tuda-
ropy, XOTSl TOYHO HEH3BECTHO, OBIJIO JIM OHO MOCTPOEHO UM CaMUM
MM KeM-J1100 3 ero yueHukos. ITocKoMbKy MHOMKECTBO BCeX paruo-
HaJbHBIX YHCEJ CYETHO, OCHOBHYIO MAaccy JAeHCTBUTENbLHBIX UHCEJ
COCTABJAIOT HPpAalHOHANbBHBIE YHCJA.

B arofi rjaBe MBI paceMOTpuUM NPOCTEHlIKe METOAb!, MO3BOJSAIO-
IIMe  YCTaHABJAMBATH JPPALlMOHANLHOCTh HEKOTOPHIX KJACCOB YHCE,
a TaK¥Ke JOKaKeM HPPalHOHAJBLHOCTh HECKOJbKUX BEJMYHH, YacTo
BCTpeyaomuxcs B Martematuke. Ha mepBuifl Barasy kamercs He-
ONpPABAAHHBIM TO, YTO 3aJaua [JOKAa3aTe]beTBA HPpPAlUOHAJILHOCTH
KaKoro-1u60 NefCTBUTENBHOIO YHCAA ¢ OTHOCHTCH K TEODHH YHCeJN,
OJHAKO BKJ/UOUEHHE TaKoH HpobJeMaTHKH B TEOPHIO YHCEJ CTaHC-
BUTCS €pasy SICHBIM, €CJH [OCTaBHTb 3TOT BONPOC B CJAEAYIOULEH
dopme: KOKazaTh, UTO HE CYIIECTBYET HEJHIX YuCeN ¢ d b, Takux,
4yto bo = aq.

JazauM cHavuasna ogEy TeopeMy, YCTaHABJIHBAIOHULYIO HpPALHOHAL-
HOCTh JOBOJIBHO UIMPOKCrO KJjacca JAeHCTBHTeIbHBIX YHUCeJi, BCTpe-
YAIOUKXCA OCOOEHHO YacTO B IIKOJBHBIX Kypcax anredpul u
rCOMETPHH.

Teopema 69. Hycme [(x)=x"+4¢,x"" 1+ ...} ¢, — nuoeoier
¢ yeromu Kospuyuenmamu, OellcmeUMEAbHCe HUCAO O.— KOPEHD
f(x). Toeda o aubo yeroe, aubo UPPAYUOHOABHOE HUCAO.

HdoxasaTtenbcTBo. 0—nesoe YUCIO, TAK YTO ME PaCCMOTPHM
ToNbKO caydall o=~0. llpexnmosoxuMm, 9T0 o He sBHAfETCH Hppa-

a
UMCHAMBHEIM YHCJIOM, T. €. YTO Q— PAUOHANbHOE YUCHO0, =,
a
rle a u b nease, b>=1, (a, b)=1. Tloacrapass G = B ypapHe-
e f(x)=0 u ymuoxas ofe yacru ero Ha b”, moayuaeMm:
—o"=cad" b4 .., Fc,_ab" " b7
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W3 5Toro COOTHOWIEHMS HEMOCPEACTEeHHO BHAHO, uTo bja”.
[Mockoabky (@, b)=1, To (tcopema 43) (a”, b)=1 u bja" momer
OpiTb TONBKO NPH b= 1, T. €. @ = a—1uejoe YHUCJO.

[Mpumep. Ecan HaTypasibHOE UYMCJAC @ OTJIHYHO OT BCEX f-X
cTenieHedl Le/bX uices, T0 3/ @ — HPPauHOHAJIBHOE HHCIO.

HeficTeuTensHo, {Va ecTb KopeHb ypaBHeHusl x"—a=0. Ecan

UHCJI0 v a He 4gBJMCTCA UeJbiM, TO COrJlaCHO TeopeMme 69 ono

uppannonaspioe. Hanpuvep, 1/ 2 — uppannonanbHoe 9uciio, TaK Kax
nocJeoBaTeIbHOCTh KBAaAPATOB Ie IbiX unces umeer Bug0, 1,4, 9, ...
H HU ONMH K3 3TUX KBaApaToB He pameH 2. Yucio f/?l uppanuo-
HaJllbHOE, Tak KaK I10C/eJ0BATebHOCTh HOJOXKHUTeJbHBIX KYyOOB Iiie-
JbIX "ueesn umeeT BUA 1, 8, 27, ... M HU ONUH M3 HHX He paseH 21.

VppauuoHa/ibHOCTD HEKOTOPHIX JAEHCTBHUTENBHBIX HUHCEJN MOXKHO
YCTAHOBHTDH C IIOMOMIBIO KPHTEpHeB, CHOPMYJIHPOBAHHEIX B CJELYIO-
IUX ABYX TeopeMax.

Teopema 70. Ecau o — payuorassrHoe 4ucae, mo cyujecmgyem

¢ >0 maxoe, umo 0aa amobol payuorareHol O0podu %#a Oyner

ClipaBeAJIUBO HepaBeHCTBO:

= (1)

;
Hoxazateabctno. [Ilyers a:Tc, rie [>=1. Bosbmem
l o .
C=. Jst moboft pauroHanbHoll Jpobu %7’:—’;— 6yner kb—al =0,
a cyefiopatesbio (Teopema 1X), uenoe uncno |kb—al|==1, u Toraa’

k

|k __a| |kb—al] _ 1 ¢
=73

b = b -

-t
b

Teopema 71. Ecau 0aa 106020 NOACIHUMENbHORO HUCAQ € CYule-
a
cmsyem Xoms Ol 00HA NAPA YeAblx 4ucer @, b, MaKux, 4mo o-==a u

-t
b

<7, (2)
mo o— UppayuoHasbHOe HUCAO.

HJokasatenbctBo. Ecau 66l @ O6bUIO panuOHAJBHBIM, TO 1O
TeopeMe 70 namoch Ont ¢ >0 Taxoe, 4To Ans Jo6oit Apobu %s&a
BHUIOJHANOCH Obl HepapeHCTBO (1), a 3TO MPOTHBOPEYHT TOMY, 4YTO
COIJIACHO HaliMM YCJOBHAM IJIS 3TOTO ¢ CYHIECTBYET —;#a TaKoe,

YTO HMeeT MeCTO HepapeHcTBo (2). [Ipeignosoxenue, uto o— pa-
[HOHAJAbHOE YUCJIO, NPUBRIO HAc K NPOTHBOPEYNIO, 3HAYHT, O Uppa-
HHOHAJLHO.
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IT pu mep.. JlogasaTs HppauuoHaJBHOCTD UMCHAA O

1 1 1 —1)%
OC=1—2—1‘+2—4-——§++( ) !

gar T

BossMmeM 1pousBoabHOe ¢ >0 u BpIfepeM 11 HACTOJIHKO GOJBUINM,
1
yT100Bl GBLIO 22"+‘>—C-. Tonoxum,

a B b—uenwe uucaa. Ilpu takux a u b
a 1 1 1
o5 |=| gt | <

TAK 49TO O UPPALUOHAJLHO.
Teopema 72. Ecau npu nexomopom g>>1 pasioocenue o é cu-
cmemamuueckyo 0pobb ¢ OCHOBAHUEM CUCIEMbL CHUCACHUS, POSHBIM g,
codepoicum CKOAb YeoOHO OAUHHbIE KOHEUHbE LENOuKU, COCMOsUe U3
00HOIL U moll oce yu@pot, Mo o — UpPPAYUOHAABHOE HUCAO.
HHave roBopsi, eciu B passiomeHUuH

a=c0+%+f,—z+... (0=c;<g)

045 1106020 Ry HALOYMCR €y y =Chppo= ... = Ch ., (M >n,), npuden
€= Chpq U Chyp =5 Chpniy, MO O UPDALUOHANGHO.
Jdoxaszarteabctso. Eciau 6n o 6bJIO palHOHANBLHBEIM, TO
passioXeHHe o B CHCTEMAaTHUECKY:0 JpoOb ¢ OCHOBAaHUEM g ObLIO Gbi
nepuonnueckuM (teopeMa XXIII). Takoe pasnoxenne e Moxer
nMeTh OfHOU NudpL B nepuoje, Tak Kak A GeCUHCJIEHHOTO MHO-
KECTBA N Cp,p F5Chyppyq- LIPEHNOJNOKEHHE K€, UTO IEPHOJ COCTOUT
13 HEeCKOJBKHUX UU(Dp, TAKKe MPOTHBOPEUHT HAIIHUM YCIOBHAM, Tak
KaK B 3TOM cJiyuae He MOIJH Obl CYINECTBOBATH LENOUKH M3 OXHOM
uMGpps anuHOR GoJblle, ueM YHCAO HU(p B MepHoje.
IIpumep. Uueno «, 3anucbiBaeMoe B JECSTHYHOH CHCTeMe
cuucjenus B suse oo=0, 121122 ... 11 ... 122 ...2 ..., uppanuo-
—

(—
n egMuMl A LBOEK

HaJILHO.

2. HWPPALUUOHAJIbHOCTb € u Tt
Teopema 73. Jucio e uppayuoHaisbHo.

a
oKasaTeJdbCTBO. H CAIIOJIC2KHM, HTO €==—, TIe a U (z)_____
b
II.‘ITypaJIbeIe qucHaa. I/ISBQCTHO, qgT0
1 1 i
s D DL L.
€ I=—qitgi—gs+- -
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U3 e_—z-;l crenyer, uto ale”!—Iejd0e YHCIO, TAK 4YTO UEJiBIM
OyJeT U YHCAO
(=1)%

Azalle"l—(l—%-l-él—!——...-{- = >=

—a (=t )

Mu monyuaem orcioja

0 A<a —m=—7<<1,

(+1)' a-!-l
T. e, mewxzy 0 u 1 mexur uegoe ducyo. Ilpeanonocxkenue, uro e
pauHOHaJILHO, TPHUBEJNO HAC K NPOTHBOPEUHIO, 3HAYUT, € Hppanuo-

HaJbHO.
Teopema 74. Yucao n uppayuoHaLbHO.
HoxazaTenbcTho. [IpeinoloXuM, YTO I PallHOHANBHO,

a
T. e =, TIe @ U b—HaTypasbHble UACIA. IIpu ysenuuenun n
1 /a2 \" o
BeJIMUHHA m(y) ——>O; no3TOMY MOXKHO HauTH n TakKoe, 4YTO BbI-

IIOJIHACTCA HEepPaBeHCTBO

n
n‘( ) <z 2 3
PacemorpuM Iad Takoro n (pyHKLHIO
bﬂ n n
[ (x) =75 4" (s —X)". 4)

3amenssa m qcpe3— u pasnmaras (n—x)"= 5 (a—bx)” no cre-
neHsM bx, MOXHO npencmnmh f(x) B BHIE:

f(x)= (Cox Fop XL ™), ©®)

tag uto f(0)=F" (0)= ... =f®"1(0)==0. Ecan pasencrso (5) npo-
nubdepenuuposaTs § pas, rie s=n, T0 nonyun'

1
f(\") (0) = ;L_l CS—nSI = Cs-n( n)! nI (S—ﬁ)!

Bunomnansublil Koapdumnent ms———n)—, ~— [eJioe UHCJI0, TaK YTo
[ (0), f&+D(0), , fem (O)—-uenme qHcaa.
U3 pasencrsa (4) BYAHO, uTo [{¥)=[(n—x), TaKk uro, Aud-

GepeHnUpy s, TNOJyYaeM A BCeX R
FO ()= (— DO (), [P (1) = (=1 (0),

H, crefosarenbio, f(n)={" (a)=...=[""V(x)=0, a [ (),
, [@? (1) —nenble yHCaa.
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I/IHTerpnpyﬂ f(x)sin x no wacraM, noaydyaem;

Sf (x)sinxdx=F(0)-+f n)+§f’ (¥)cos xdx=

z/I(O)—l—f(ﬂ)——Sf”(x) sin x dx

S [ (x) sinxdx=f" (0) + [ (w)— S FOV (x) sin x dx

0

(©)

S fEn (x) sin x dx = [ (0) - f@ (x)

TaK Kak cjefyiolias Npou3BoAHas f21+2) (x) TOXKJIECTBEHHO paBHa
HYJLO.
U3 pamencrra (6) nomyuaem:
1

§F (o) sin xde = (F (0)+ [ (w))—(F" (0) + ' (w)) +- -
+ (____ l)n (f(?n) (0) u}_ f(2n) (3—[)) — A , (7;

rie A—uenoe uucio. [lockoabky B unrepsase (0; ) nogmaTerpasb-
Hasi yHKOHA [(x) Sin x moJoXUTeabHA, HHTETpPaa B Jesoi yactu (7)
Gosbre Byas u A =1, C gpyro#l cropoHsl, U3 paBeHcTBa (4) BUJHO,
uro npu O=<x << nMeeM:

fo= = (5)

I IOCKOJIBKY sinx<< 1, To npu HauleMm Bbibope n (M. (3)) umeeM:

A:S'f x)sin xdx <<— (‘f) <71,
0

1
T. e. > A= L. Ilpeanonoxkenye, 410 7 pPaUHOHAJLHO, HPHBENO
Hac K NPOTHBOPEULIO, CJEJOBATENBHO, Ji— HPPALHOHAJIBLHOE HHCJO.

Hcmopuueckne xommenmapuu k 6-ii 2aa8e

1. Teopema 69 npunazaexut ayccy.

2. UppamnuonanbHocTh yrcaa 5 Opljia foKazana Bneperie B 1761 r.
(hpaHnysckum MarematnkoM Jlambeprtom. JJoxasartesbcTBo JlamGepra
OCHOBAHO Ha DPHUMEHEHHH HenpephiBHpIX npobefi. JlokasareabcTso,
npuBejeHHOe B 3TOH Kumre, Obiio jano HupenoMm B 1947 r:
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3. Apudmetueckas BPEDPCAA MHOFEX EBeJHYMH JIO CHX HOp He-
w3BecTHa. COBpEMCHEBIM MaTCMATHKAM NOKA He YJaJioCh YCTAHOBHTD,
ABJSHIOTCS JIM PAlUOHAMbHBIME LM HPPAUUOHATIHHBIME HEKOTOPbIE
YacTo BeTpeyawouyecs NoctosdHubie. Tax, HalpHMep, HEH3BECTHO,
SIBJASIeTCS JIM DAUHOHAJIBEBIM HJAH HpPpalHOHAJbHBIM 3HNepopa I1O-
croangas C (cM. Teopemy 54).

IrTABA 7
.CPABHEHMUI

Bo Beeii 570l riaBe Mbl OyieM paccMaTpuBaTh TOJBKO Iefible
yucaa W 0603HAYATh MX JATHHCKUMH OYKBaMH.

BospMeM NpousBoJbHOe (PHKCHPOBAHHOE HATYPAJbHOE YHCJO M
i OyleM paccMaTpHBaTb OCTaTKM TIPDH JEJEHHH Ha m PasjJHuHbIX
uenblx yucen. [Ipu paccMOTpeHUHM CBOHCTB 3THX OCTaTKOB M NpO-
BEICHUH ONepaluil Hal HHMH YZOGHO BBECTH MCHSITHE TaK Ha3blipae-
MOI'0 CpaBHEHHUS IO MOLY/IO.

Onpepenenvie 23, I[eavte wucia a u b HG306I6AIOMCA CPABHUMBIMY
no modyato m, ecau paswocms a-—b Oeaumces wa m, m. e. ecau
mla—b.

Taxkum o6pasom, cpaBHeHHe HNpexicTaBiaseT co00H COOTHOLIEHHE
MEXKAY . TpEMSl YHcJaaMH a, b M m, NpHYeM m, Hrpawliee PpoJb
CBOETO POJd 3TaJOHA CpaBHEHMsI, Mbl HasblBaeM MojxyJeM. [as kpat-
KocTH Mbl G6yAeM 3TO COOTHOIIEHHe MeXAY @, b W m 3anucChBaTh
CJIeRYIO UM 06pasoM:

a= b (mod m),

a u b OyjeM HasblBaTb COOTBETCTBEHHO JICBOH M IpaBoil yacTIMH
cpaBHeHHst. YUucno m, crosinee mOj 3HAKOM MOLYJsi, 6YyjieM BCeria
CUUTATh IOJOXKUTEJbHBIM, T. €. 3anuch modm 6yleT o3HayaTh, UYTO
mz1.

Ecnu pasHocts a—b He JesuTCst HA M1, TO Mbl GyeM 3a0HCHIBATh
370 Tak: a # b (mod m).

CorgacHo onpefieienuo a==0 (mod m) o3Hauaer, 4TO @ AENUTCH
Ha m.

[Mpumepn. 101 =17 (mod 21); —5==28 (mod 11).

Teopema 75. a cpasnumo ¢ b mozda u moaske mozda, Koeda
a u b umewm oduraxoeve ocmamky npu OeleHuu HQ m.

Hoxasateabctso. 1) Ilyers a=b(modm), 1. e. mla—>b.
Tlpencrasum @ uw b B BUle a=mq,+r, b=mg,+r,, Trie
O=<r;<<m, O<<r,<<m. W3 aTux npeicrasjeHufi a u b nojyuaem
a—b=m(q,—qs)+ri—ry; HO mla—b, Tak uTo no Teopeme 10
Oyaem umets miry—ry. IloCKOABKY —m < ry—r,<Im, a cpein
uuces, abcoMoTHAS BeJMUHHA KOTOPBIX MeHbIlUe, 4eM #1, TONbKOo 0
ZeqMTCd Ra M, TO NojydaeM r\—r,=0, r,=r,.
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2) IIycts ocratkM OT JeseHWst o W b Ha m paBHH, T. €.
a=mq,+r n b=mg,+4r; toria a—b=m(g,—q,), mla—>b,
== b (mod m).

Corsacuo 3Tofi TeopeMe CpaBHUMOCTb @ W b 1O MOAyMs it
SKBWBANEHTHA YTBEPKACHUIO: ,4 H b MMRIOT ONHHAKOBLIe OCTATKH
npu feneHuu Ha m“, TlosToMy B KXauecTse onpejelieHNA CPaBHEHH
MOXKHO OBIJIO B3SIThb CJEAYIOIiee.

Onpenenenne 23'. [eave uicaa a u b Hasuisaiomes cpasrumsiyng
no MOOyAt0 m, ecri OCHQMKU OM OeACHUA MUX YUCEL HQ M PABHLL.

CorsiacHO TOJbKO UTO CJEJIaHHOMY 3aMEeUaHHI0 onpejeseHus 23
u 23’ sKBHUBAJIEHTHHL. ¥ CTaHaBJUBas CBOMCTBA CpaBHeHKH, MBI OyieM
THM MOJAb30BATHCSH JUJISl YOPOUEHHT HEKOTOPHIX JAOKAa3aTesbCTs.
TeopeMsr 76-—91 AawT OCHOBHble CBOHCTBa CpaBHeMHH, KOTOPHIMH
Mbl Oy[eM [0JAb30BaThbCAd BO BCeM JHajbHelilieM.

Teopema 76. Pegaekcusrocmb 0MHOWEHUA CPABHUMOCIRLL

a==a (mod m).

JoKas3aTelbCTBO. @ U 0 UMEIOT OJUHAKOBbLIE OCTATKU MPH
JIeNeHUN Ha nl.
Teopema 77. Cummempuynocmo OMKOULEHUS CPASHUMOCTUL: €CAll

a==b(mod m), mo b=a(mod m).

JloxasatTenbcTBO. Ecau a u b HMeOT OAHHAKOBBIC OCTATKH
npu JeJIEHHH Ha #, TO OCTaTKH OT JeJenuss b W a Ha m TaKkke
PaBHHL.

Teopema 78. T pau3umusnocmo OMHOUICHUS CPABHUMOCHIL: €CAU

a==b(modm), b=c(modm), mo a==c(modm).

JlokasaTteabcTBo. EciH ocraTkKu OT JeJeHHs Ha m OJLHHa-
KOBH Yy umcen a u b, a TakKe Yy b U €, TO @ U ¢ TOKE HMEWT
OJMHAKOBBIE OCTATKH NPH JeJIeHWH Ha M. ‘

W3 teopem 77 u 78 Jerko noJyyuTb, UTO ABA UMCia, CPaBHUMbIE
C OJHHM H TeM XKe TPETbHM, CPaBHHMblI MeXAy cofoil HO TOMY Xe
MO Y JIO.

3anuch BHA2

oy =a,=...=a,(modm)
fygeT osHayaTh, 4YTO JroOble JABe M3  BEJIHYUH: Oy, Oy, ..., Og

CPaBHHMBI MeXAy COOOH IO MOAYJIO /.
3anuck BUJA

A= ... =0,= 0y, = ... =a,(mod m)
OyHeT 03HaYaTb, YTO BCE Gy, ..., ; CPABHHUMB MEXRY cobo# 1o
MOLYJIIO M, TIPHYEM d, H @Qj,, COBNANAIOT.

Teopema 79. Ecau a==b(modm) u k- npouseosbHoe yeaoe

HUCAO, Mo
ka == kb (mod m).

73



JloxazaTeabcTBO. Ecau : =b(modm), 71O mla—b,
mlk (a—b), mlka—kb, ka== kb (modm).
Teopema 80. Ecau ka==kb(modm) u (k, m)=1, mo
a== b (mod m).

Hoxrasarteabcreo. Ecan ka==kb(modm), 10 mjka— kb,
mjk(a—b), HO Torza corjacHo Tteopeme 41 ycaosue (k, m)=1
aaer mla—>b, 1. e. a==b(modm).

Ecau ka = kb (mod m) u (k, m) % 1, 1o MoxKeT 6bITh a == b (mod m),
a Moxer OwbiTb a % b(mod m), HampuMmep, 3-14==3.2(mod6) mu
14=2(mod6), 3-10=3-2 (mod 6), no 10 = 2 (mod 6).

Teopema 81. Ecau a=b (modm) u k— npoussorenoe Hamy-
paavroe uucro,” mo ka== kb (mod km). '

HoxasartenvctrBo. Ecan a=b(modm), T0 mla—b
kmlka—kb, hka= kb (mod km). :

Teopema 82. Ecau ka=kb (mod km), 20e k u m— npoussoibroie
ramypaavrole wucaa, mo a==>b (mod m).

HDoxasarteabcTBo. Ecan ka==kb(modkm), To kmjka—*kb,
km|k (a——b), k—mnarypanphoe, T. €. k=£0, u T0orza

mla—b, a=0b(mod m).

Teopema 83. Ecau a=b(mod m), c=d(modm), mo a-+c=

=b+d(modm) 1 a—c= b—d(mod m).

Joxkasateasbctso. Ecau a»—:b(modm) 1 c=d(mod m),
10 mja—~—b n mlc—d. [Ipumensst Teopemy 10, noayvaem

ml(a—b) 4= (c—d), ml(a£¢)— (b £ d), a 4 c=b 4 d(mod m).

Teopema 83’ (o6oGwesue Teopemnl 83). Ecau a,=b, (mod m),
a,=b,(mod m), ..., a,=b,(modm), mo a,+a,+...+ta,=
=b,+ by + ... b(mod m,).

JokasaTteabcTBO MOXKET OBITH HPOBEJEHO aHAJOTHUHO peAblfyie-
My, nOpuueM BMecTo TeopeMbl 10 MOXHO NpHMEHHTHL Teopemy 1l.

INepexon ot cayuas ABYX cpasHeHnil (teopembl 83) kK mobomy
4YUCAY 1 cpaBHeHHH (Teopembl 83') MO»Ker OHITh, KOHEUHO, TaKXKe
OCYIHECTBJIEH I1pHMeHeHHeM IpPHHLKNA MaTeMaTHYeCKO# HHIYKLHH.

Teopema 84, Ecau a=b (mod m), ¢=d (mod m), 10

ac=bd (mod m).

HoxasatenbctBo. Ecau a=b(mod m), c=d(modm), 10
coraacHo TeopeMe 79 ac= bc(mod m) u bc== bd (mod m); Tecpema 78
(TPAH3UTHBHOCTbL CpaBHeHMH) AaeT TorAa ac= bd (med m). ‘

Teopema 84’ (oGoGuenue Teopemsr 84).

Ecauw ay=0b,(modm), ..., a,=0>,(mod m), 10
a,...a,=0b,...b,(modm).

HJoxasareabctBo. Ilocseroratensro npuMeHsst Teopemy 79,

nosygaeM:
0. . . 0,=b0,.0,. . .a,=b.by0,. . .a,=...=bb,b,...0,(modm)
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JloxkazateancrBo MOXKeT ObITh TakkKe NPOBEACHO [P HUMEHEHNCM
MNPHHLUTA MaTeMaTHUeCKoH HHAVKUUH.
Teopema 85. Ecau a==b{mod m), mo npu awbom yeron

n=0 a"=b"(mod m).

HoxazateancTso. [Ipu n=0 yTBepxKeHue BepHO COLNACHO
TeopemMe 76, a npuy n==1 CHO BepHO corJacHo Teopeme 84', no-
Jaras tam

G=...=a,=0 U b =.,,=b,=0b.
[lepexon or cpasHenu#
==b (mod m), c==d{modm)
K CpaBHEHHSIM
atc=0b+d(mod m), ac==bd(modm), a"==0"(mod m)
GyAeM HasbiBaTb COOTBETCTBEHHO CJOMKEHHEM, BBIYHTAHHEM, yMHO-
KeHueM, BO3BeJeHHeM B CTeleHb CPaBHEHHUI.

HOCKOJIbI\V u3 cpaBHenus ¢==d(modm) caenyer d==c(mod m),
TO w3 cpasHeHult a=h(modm) u c==d(modm) crenyer Taxkxe,
4T0 ad=0b 4+ c(modm) u ad==bc(mod m). _

Teopema 86. Ecau a=b (modm) u f(x)=cy+cyx+ ...+, x"—
NPOUBBONLHOLE MHO20UALH C YeAblMU KO3ppuyuenmanu, mo

f(a) == [ (b) (mod m).
Hoxkasatenbctrso. Ecaua==0b (modm), To cornacHo reope-
mam 85 u 79 umeem:
a’*=b%(modm), ca’=cb°(modm) npu s=0,1,...,n,

HO TOorja no Teopeme 83’ mosyuaeM:
Coteat ... Fedf=cyteb+ ... +c,b” (modm),

f (@)= f (b) (mod m).
Teopemy 86 momHO 0000WMTL M AaTh B caejyiouleil (opme.

Teopema 86', Ecau a,=b,(modm), ..., a,=b,(modm) u
Fogs oo s X)) — MHO20kACH € yeablMu KoIPDuyuenmami, mo

flag, ..., a)=F(by, ..., b)) (modm).

Joxa3aTedbCTBO COBEPIISHHO AHAJOTHUHO J0OKA3ATEALCTBY
teopeMnl 86.

Teopema 87, Jloboe caneaemoe nesorl usu npasoli Hacmu cpasue-
HUSL MOJICHO NePeHectny, C NPOMUBONOA0NCHOIM BHAKOM 8 Opyeyro dacmb.

JdokasaTtenbcTso. BBUAY CHMMETPHYHOCTH OTHOLIGHHS

cpaBHeHHS (TeopeMa 77} AOCTATOUHO pPAaccMOTpeTh Cayua#, Koria

JaHO CpaBHEHHe
a-+b=c(mod m).



Cknagpipast 370 CDaBHCHHE CO CpaBHEHNEM

—b==—1>b (mod m),
noayuaem:
a=c— b(mod m).

[IpocThiM cilefcTBHEM 2TOH TeopeMbl SBJASETCS TO, 41O B Jes0H
¥ NpaBoil 4acTAX CPaBHEHHMS MOXKHO R06aBAATh HJIH OTOpachizar
OHHO W TO e CJIaraeMoe.

Teopema 88. B cpasnenuu moxcro ombpacosame uin 00basAsmes
caneaemeie, OeAawjuecs Ho moOyas.

Jokasarteanctso. Ecanm a-+c==b(modm) u mic, T. e.
—c=0(modm), TO, cKIagsBas 3TH CpaBHeNHs, mOJydYaeM
a=b(modm). Anagoruuno us a=b(modm) u mlc nonyuyaem
a +c=b(mod m).

[ToCKOJIbKY NIEBYIO H NPaBYIO YACTH CPABHEHHS MOMKHO MEHATh
MecTaMH, YTBepXKIeHHEe BePHO M AJIS cJaraeMbiX NpaBoH YacTH.

Teopema 89. Ecau a==b(modm) u djm, to0

=b (mod d).

HNoxasarteabcTBo. Ecan a==b(modm), To mja—>b. U3 dm,
mla—b B culy TPAH3HTHBHOCTH OTHOLIEHHS IEJHMOCTH (TeopeMma 6)
nonyuaeM dja—b, a==b(modd).

Teopema 90. Ecau a==b(mod m), mo muoxecmso obujux Oerume-
Aedl @ u m cosnadaem ¢ MHodcecmsom obuux Geaumenerdl b u m.
B uacmuocmu, (a, m)= (b, m).

HNoxasaregbcTBo. Eenmuw a=b(modm), 10 mja—>b,
a—b=mq, b=a—mq, moboii obmui peaurenp 6 uyucen ¢ u M
siBaseTcd oOUUM JeduTtesieM uHces b u m, H, HaoGopor, ecau §|b
n §|m, 1o da.

Uockoaeky mapa @, m v napa b, m UMeIOT OJHH U Te XKe oliiue
zenutenun, To u (@, m)=(b, m).

Teopema 91. Ecau a=b(modm,), a=b(modm,), ... ,
a==b(mod m,), mo a==b(mod m), ede m=[m,, m,, ..., m].

Hokasarteabctro. Ecina=b(mod m,),a=b (mod m,), ...
oo, a==b(mod my), T0 mjla—b, myla—>b, ..., mja—>b u cornacso
CBOHCTBAM HaHMeHbLIEro OOHmero KpaTHoro (reopema 32) mija—b.

CpaBHeHMst B TaKOM BHJE, KaK HX 3JeCb paccMarpuBaeM, Obuiu
BPeJieHbl Bepsble 'ayccoM B ero 3HameHuTol KHure ,Disquisitiones
arithmeticae“ (,HccnenoBanus no apudmeruxe®).

Hemopuuecxue wommenmapun K 7-it 2aase

Kapn ®punpux Tayce popuscst 8 1777 r. B BpayHuiBeiire. Boiib-
Y0 4acTh CBOEeH KM3HH OH HpOoxuJ B ['erTuHrene, rie oH B 1795 —
1798 rr. Obln crygmentoM, a ¢ 1807 r. mo komma xusuu (laycc
ymep B 1855 T.)—mnpodeccopoM TerTHHreHCKOTO YHHBepCHTETa.
C 15 mer Taycc Hauvan paborath B oGmacTi Teopuu unces. Cuayana
OH CaMOCTOSITENIbHO NOJYUWJI BaKHeHIUHe pPe3yJabTaThl B 3T0H 06-
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JIacTHl, M3BECTHHIE yiKe €ro TNpefuleCTBEHHHKaM, a 3aTeM OTKPh
PSL HOBHIX (QAKTOB HCKJIOUHTENBHOH BasKHOCTH.

laycc nmawan nucatw ,Disquisitiones arithmeticae® 8 1796 r., n
3HauUTesNbHAS YacThb 3TOr0 COYHHEHUsi UM OblJIa HANHUCAHA B CTYHCH-
uyeckHe rojn. [lemaranach 3ta KHHra KpafiHe MeJJIEHHO ¥ MOSIBUIAC
tonsko B 1801 r. B nepeom orzene kuuru I'aycc BBOAHT moHSITHE
CpaBHeHMA. DT0 NOHATHE PAKTHUECKH B HESIBHOM BHIE yNoTpebasanoch
MHOTUMY MaTeMaTHkKamu Ao [Iaycca, oxmako Tosibko [ayce Touuo
ONpENeNIUN €70 U CHCTEMATHYECKH PasBHJ COOTBETCTBYIOMLYIO TEOPHIOC.
Hanprefinme ¢dyHAaMeHTabHbBIE Pe3yaAbTaThl laycca, H3JMORKEHHbe
B 3TOH KHHre, U3 KOTOPbIX OCOBEHHO HAZio BBLAEJNHUTH KBaAPATHYECK Ui
3aKOH B3aUMHOCTH, fBMJHCH CCHOBOH BCEr0O MOCHERVICIIETO pas-
BUTHA TeopHu uduces. bonbmag sacts ,Disquisitiones arithmeticae“
nocesnleHa passutofl ayccoM apudmernueckoil TeOpHH KBaLpati-
YecKHX GopM.

B craexyiomue rofpl, 3aHUMascCh pPasJUUYHBIMH BONPOCAMH MaTe-
MaTHKM H €€ HPHJIOKeHMAMH, ['aycc He Tepas HHTepeca K TeOpHH
qHcesl M Hamlucasa JBe OdYeHb BaxKHHE paboTbl B 3TOH o6macTH
MaTeMaTHKH.. B nesom Hayunoe macjeame I'aycca oueHb BEJHKO.
[Tonroe cobpanme counnennit I'aycca 6bwio usgano eme 8 XI1X pexe
[erTuHreHCKUM HayYHBIM OOIIECTBOM.

rTABA 8
KJIACCHI
1. PACHIPEJEJIEHHE YHUCEJI B KJIACCAX N0 3AZAHHOMY MOAV/JIIO

Onpenenenne 24, Kaaccom no O0anuomy modyaio m Ha3vleaemcs
MHOMCECINBO 6Cex yeaovlx ducer, CPABHUMbIX € HEKOMOPOLIM OaHHBIM
UCAOIM HUCIOM .

bvaem ofosrauate Tako#ll KJjacc 3HakoM a. TaxkuM obpasom, a
0003HauyaeT MHOXKECTBO BCEX TeX X, KOTOpble YIOBJETBOPSIOT YCJO-
suio x == @ (mod m). Hanpumep, nomonymo 10 umeem 73 € 13,—17 € 3,
8¢ —2. B cuny cpoiicTBA TpPaH3UTHBHOCTH CpaBHEHWH BCe YHC/AA
KJlacca CpaBHUMBI MEKAY coOOMH, T. €. HMEIOT OJAMHAKOBbLIE OCTATKH
npu JesleHHH Ha MOAYJb. '

Teopema 92. Kaacc uucer, cpasnumvix ¢ @ no modyaw m, cosna-
daent €O 3HAYEHUAMU AUHEUHOU QUHKYUU a-Fmt npu yeislx 3HQ-
ueHuAx apaymenma t.

HokasareanbcTBo. Jlaakaxaoro x € a uMeem x = a (mod m),
m|x——a, xX—a-=mt, rae {—ueace, T. €. x=a-+mi, rie { —oaHO
u3 uncea: 0, =1, +2,... TakuMm 06pa3oM, 3HAUEHUS X HAXOZATCH
cpepu sHaueHuil Junelnol QyHkuuu a- mt. [Tockoabky npu moGom
{ umeem g -t mf==a(mod m), To 3HaUEHHA 5TOH (DYHKIHH MDA UeEJBIX
JHAUEHHUSX f COBMAJAIOT CO MHOMKECTBOM YHCEJI, CPABHUMBIX C @ 10
MOAYJIO m, T. €. ¢ YHCJAAMH Kjacca a.
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Sra TeopeMa, B YaCTHOCTH, IOKa3biBaeT, 4TO KaXX b KJaacc
CONEPKUT 6eCKOHEUHOEe MHOMXKECTBO HHCeJ.

IIpumep. Mo monymo 8 knacc 11 cocrout u3 umcen:
... —21, —13,—5, 3, 11, 19, 27, ...

Teopema 93. a=">b mozda u morsko mozda, ko2da a==>b(mod m).

HoxasareabctBo. Ecau a=b(mod m), To ais aoboro x €a
Oyner x==qa (mod m); NOJb3ysCh TPAH3UTHBHOCTHIO OTHOLIEHUS CPAB-
HeHud, nojyuaeM x=b(modm), x€b. B cuny cuMmmerpuu a u b
(teopema 77) anast moboro x € b Takke 6yjeM uUMerh x &a. Kaaccn
a u b, TakuMm o6pasoM, COBIAAAIOT.

O6parnoe yTBepjenue oueBupno. Ecaw a=25, To 3710, B yacT-
1OCTH, O3Ha4aer, 4To a4 €b, T. e. a=:=b(mod m).

Beejenne KJaccoB HO3BOJIsSIET, TAKHM 00pa3oM, 3aMeHSIThb Cpas-
HeHHe DABEHCTBOM COOTBETCTBYIOIIMX KJAcCOB H, HAaoGOpOT, paBeH-
CTBO KJacCOB— COOTBETCTBYIOLIHM CpaBHEHHeM. JTa TeopeMma BMecTe
€ TeM NOKasbiBaeT pAaBHONPABHOCTbL BCEX YHces KJjacca. 3aMeHss
B HEKOTOPOM KJacce @ 4HucJO @ JioOBM YHCJIOM b, NpuHajJexaluM
TOMY Xe KJaccy, T. €. CPaBHHUMBIM € @ [I0 pacCMaTpHBaeMOMY MOAYJIO,
Mbl I[I0JIyUaeM TOT Xe KJacc.

Teopema 94. Ecau Osa kaacca umerom xoms 0ol 00un obujutl
BAEMEHM, MO OKW cosnadaiom.

Hdoxasarteancrtso. Ilycre c€au c€brorga, c=a(modm),
c=b(mod m), Tak 4yrto (reopema 78) a==b(mod m) u DO DpelbILy-
mei teopeme a=~=.

Teopema 94 noxassiBaer, uro ABa KJjacca 10 MOAZYJ0 m aubo
He HMeIoT OOMUX 3JieMeHTOB, JUGO NOJHOCTHIO COBNAJAIOT.

Teopema 95. Ecau Kkakoe-mo 4ucio Kiacca no modyawo m umeem
npu OereHuu HA M OCMAMOK, PABHLLIL T, MO 6Ce HUCAR KAQCCA UMEIOM
6ud r--mt, e0e apeymenm t npuHUMAem Ai00ble Ueable BHOYEHUA.

HdoxkasareabctBo. Ilycrb a-—4HCIO HEKOTOPOTO KJjacca
no moayawo m U a=mq-+r, rage O<cr<m. Torga (teopema 92)
BECe YHCJA 5TOTO KJjacca HMEIOT BHA:

a-fmt=r+m{t-+q)=r--mt’,

roe t'=t-4+q W ¢, Tak Ke Kak H {, HPHHHMAET JIOObe Leabe
3HAYEHUS. ,

Teopema 96. Yucio kaaccoe no Molyao m KOHedHO U DABHO M.

HdokasateabcTBO. Bolme 6bi10 OTMEUEHO, UTO BCE YHCJA
KJjacca UMeIOT NP JeJeHMH Ha MOAYJb OLHH K TOT Xe OCTaTOK.
Iockoneky, HA060OpPOT, KAXKIOMY OCTaTKy r COOTBETCTBYET OIpeje-
JICHHBI KJlacC YMCeJl r, CPaBHHMBIX C 7, TO KJACCHI [0 MOAYJIO 11
MOryT OHITh B3aMMHO OJHO3HAYHO COHOCTAaBJAEHH OCTaTKaM r.
OcratkaMy npH JejieHUN Ha m apasiorcs wuena 0, 1,2, ..., m—1,
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T. €. 9HCAO PASTAYHEIX OCTATKOB, A SHAYHT, H WHCIO PASTHIHHIX
KJacCOB PaBHO Al
IIpumep. Ilo mopyno 6 mMeercs Bcero 6 Ki1accoB, a HUMEHHO:

0{...—12, —6, 0, 6, 12, 18,...}
T{...—11, —5,1,7, 13,19,...}
2{...—10, —4, 2, 8, 14, 20,...}
3{...—9, —3,3,9, 15, 21,...}
{...—8, —2 4,10, 16, 22,...}
5(...—7, —1,5, 11, 17, 23, ...}

Onpenenenne 25. Bomemom KAacca HA35180emca A0boe w3 qucel,
NPURAOACHAUUX IMOMY KAaccy.

Cpean HeoTpHUATEJIbHBIX (MOJOXKHTEJLHBIX) BBIYETOB KJacca,
00pa3yIolUX YacTh MHOMXKECTBA HEOTPUIATENbHBIX YHCEJH COTJAACHO
TeopeMe [, COIepKHTCS HaMMeHbiiee YHCJIO, KOTOpoe Mbl Oyjem
Ha3blBaTh HAUMEHbBLIUM HEOTPHIIATENbHBIM (T0JIOK HTEIbHBIM) BEIIETOM
Knacca. B xnacce (teopema 1) uMeercst HaumeHbINHH 10 aBCOMOTHON
BeJMUHHEe BBIUET KJiacca.

Teopema 97. Haumensiuil neompuyamensroill svidem xiacca &
no Modyaws m pasen OCMAMKY Om OedeHUs Q HA M.

Hoxaszarteascrso. O6031aunM yepes r OCTATOK OT ACJCHHA &
Ham,T. e. nonomﬂMa—mq—l—r rae 0 <<r<<m. Torpa a=r (mod m},
a=r. Jlio6oe x €a umeeT BUA x=7r -+ mi (Teopema 95). ITpu nensix
OTPULATENBHBIX { OyleM HMeTh r—+mi<ir—m <0, T. e. noJoxu-
TesbHBIE YHUCJA KJacca TMOJYYaloTCsl NPH HEeOTPUHATEHbHBIX 3Haye-
HESIX {, a HAaMMeHbIlee Cpejiii HUX, noJyvalonieecs npH f =0, paBHO 7.

Teopema 98. Oboznauum uepea r ocmamox om denenus a Ha m;

moz0a HauMerslul no aGCoOMOMHOL seﬁu%une 8bltem KAGCCA G Pager:

r, emu0<r<'~n—'2)+r emur—— 3)r—m, ec/zuﬁ<r<m
HJoxasatennctno. Ecau a= mq+r (O<r<m) U an
To X=r-4mf, rie t mower pasusithes 0, 41, =2, ... . Hau-

MeHblIee HEeOTPHIATeibHOE 3HAUEHHE X PABHO r, a HauUMeHbIlee MO
abCoMIOTHON BeJIMUNHe OTpPHIATENIbHOE 3HAUeHWE X paBHO r— Al
Ecau npu 9TOM'

) 0sr< 2 ,
BCJIMYUHE BbBIYET paBeH r.
m
2 r= 5 (370 MOKeT GBiTb TOABKO TIPH UETHOM /), 10 r=|r —m|.

10 r<C|r—m|. Hanvenswn#i no abconoTHOH

HumeloTes JBa HauMeHbMIEX 10 a0COMIOTHOI BeJIHYHMHE BhYRTA 7
Hr—m=—rF.

m o o

3) 5 <<r<{m, TO | r—m|<r. Haumesapiiuii no abconorHo#
BeJIMYUHE BLIYET PaBeH r—-fi,
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Caegyomag Teopema GyJieT WMeTh CYILCCTBEHHOE S3HaueHHe LJif
NanbHeliuiero,

Teopema $9. Yucaa kaacca a no modyamo m cOpasyom k Kaaccos
no Molyao km, @ UMEHMO KAQcCoi:

a,a-t+m,a+2m, ..., a+E—1)m. H
Hpyeumu carosomu, 3HaveHus x, YO0BAEMBOPIOULUE CPASHEHUIO
x=a(mod m), cognaaamm €O 3HAUeHUAMU X, yaoe/zemeopﬂrou;umu
CCHOMY U3 CcACOYOULULX CPABRERUL: ‘
x=a(mod km), x=a-+m(modkm), x=a-+2m(modkim), ...
., x=a-+ (k—1)m (mod km).
HoxasateabcTBo. Bo3bMmeM HEKOTOPLIH KJacc 4 [0 MO-
ayao m. Yuesaa storo kKjaacca umewoT Bug a--mté, roe t=0, 41,
+2, ..., T. e.

., a—2m, a—m, a, a-+m, a+2m, ... (2)
Joraxem, uto Haxopsdmuecs Cpefd HHUX yucja
a, at+m, a-F2m, ..., a+(k—1)m (3)

IONAapHO HECPABHHMBI 1O MOAYJIO km, T. €. NPUHAAJEKAT pasjiHd-
HLIM KJaccaM no 3TtomMy wmoaymio, JleficTBHTenbHo, abcomoTHad
BeJHYHHA Pa3HOCTH MEXAY ABYMsI M3 wuces (3) OyAeT NMOJOXKHTeJb-
HOH M BMecTe C TeM He GoJsiblile, 4eM pasHOCTh MeXAY CaMbIM
GonpmuM u3 HUX a-+(k—1)m u caMbiM MaJeHbKUM @, T. €. He
Soapie, uem (k—1)m. Takass pasHOCTb He MOXKeT AEJUTBbCA Ha km,
a CJeLOBATCJBIO, CPEJH 3THX UHCCJ NEeT CPaBHHMBIX 1O MOAVJIO ki,

Taxum oOpasom, kJacchl

a, a+m,a+2m, ..., a--(k—1)m

HO MOAYJ/IO kM pasiHuHbl, NPHUEM OUEBUAHO, UTO BCE UHCAA KaxkK-
JIOr0 TaKOro KJacca LeJHKOM BXOASIT B MHOXECTBO (2).

Hoxaxem Temepp, 4To n060e 4HCAO H3 (2) CPABHHUMO C OZHUM
U3 uucea (3).

HeficrButenbro, joboe uucyao us (2) nMeer Bug a-- Nm. Hpe;—
crapuM N B Bulie N=£kg+r(0<<r<<k—1). Torzna

a+Nm=a+rm-+kmg=a-+rm(modkm),

rae a-+rm—opHo u3 uucen MHoxectBa (3). Taxum o6pasom, Bce
yhcda KJacca @ 0o MOMYJIO m IpHHALJeXaT K PasJjHuHbIM 110 MOLY-

Jo km xaaccam (1), He cojepRalluM KaKuX-au60 YHCes, OTIHYHBIX O
yucesn BuAa (2), u TeopeMa TeM CaMbiM JOKasaHa IOJHOCTBIO.
2. KOJIbLO KJIACCOB

BBelleM B MHOXKECTBE KJACcCOB II0 MOAY N0 m ABE Onepauus,
KOTOpbie 6y11€M Ha3plBaTb CJ/IOKEHHEM M YMHOXKCHHUEM KJacCoB.
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Onpenenenne 26. Cymmoli KAaccos a w b Hasvieaemes Kaacc a - b,
m. e. Kaacc uucen, codepacawud wucro a—+b.

Onpepenenne 27. [ poussedenuem Kraccos @ u b naswsaemea kiace

ab, m. e. Kaacc ducen, cr)aep:)fcatqud qucao ab.
[TockosibKy Kaskabifl KJace COACPKHT OeCKOHeuHoe MilOXeCTBO

UMCeJ, TO NPH CHOKCHHH M YMHOXEHWH KJIACCOB @ u b uucna a
¥ b MOXKHO 3aMeHATh JJIOOGHIMH unciaMu @' ® b, HpUHANLJIEKALLUMH
9THM ®Ke KJjaccaM. BosHukaer Bompoc, MEHSIOTCS J11 IpH 3TOM olpe-
JleJieHHble HaMHM CYMMa M NpOU3BeAEHHEe KJAacCoB. '

Jlerko J0Kkas3aTh, YTO ONpejeseHHAs] HaMU CyMMa KJaccoB eJHH-
CTBEHHA W HEe 3aBUCHT OT BHIOOpa OTAeJbHEIX NMPEACTaBUTEJEH KJjac-
COB, HCIIOJIb3YEMBIX MPU COCTABJIEHHH CYMMEL.

Heficteutensuo, ecnuna’ €a, b’ € b, To¢'=a(mod m), b’==b(mod m)
u, HpI/IMEHHH cBoifctBa cpaBHeHu#l (TeopeMe! 83 u 84), moayuaem:

a'+b'=a-+b(mod m), a’b’ = ab (mod m),
T. e. (Teopema 93)
a’-+b'=a-b, a'b'=ab.

Msl BEMM, TakuM o0pasoM, YTO CYMMa H JIpOH3BEJIeHiHe KJac-
COB He MEHSIOTCH OT 3aMeHbl a W b uncnamu a’ ub. Cymma Knac-
CoBaub COZIEPKAT CYMMY awboro uncaa a’ €a u b’ €b, a npous-

BeJleHHE KJAacCOB @ M b CONEPXKHUT NPOM3BEACHHC JIOOBIX TaKHX
gncen a’ u b'.
Jns cyMMBl KJlaccoB BepHO M 00paTHOe, a HMEHHO Jjo0oe UuCsiO

c€a-+b MoxHO NPEACTABHTL B BHJC (=0 "Lb, rpe a’€a, b’ Eb

HeficTBUTOIbHO, cEa+b—a—{—b03HaqaeT yroc==a -+ b (mod m),
c—a=b(modm), c—a€b, T. e. ¢ MOKHO NDEACTABUTL B BHIE
c=a+(c—a), rie a€a, c—ag€b.

Hanpumep, B KoJblle KJAacCOB MO MOLYJIO 6 (cMm. crp. 79)
xnacc 2 _npejcTasisier cofoli CyMMY KJaccoB 3 n 5 Jlo60e yuc/ao
Kaacca 3, CJOKEHHOe ¢ JIOOHM YHCAOM KJjacca b, aeT HEKOTOpoe
YHCJIO KJacca 2, M KaMJoe YHCJO KJacca 2 ABJseTcs CYMMOil HEKO-

TOPBIX JABYX YHCEJ M3 KJACCOB 3ub,
Ilas npowusBseReHuii monoxeHHe MeHsercs. BooGine rosopsd, He

BCAKOE YMCJO M3 KJjacca a-b MOXHO NpejCTaBUTh B BHJE IpPOH3BE-
JIeHHSI IBYX 4YHCeJ M3 KJaccoB g, b. Hanpuwmep, npu m=7 Hpous-

pefienue 5-3=1, HO | HeNb3A NPENCTaBHTb B BHjE IPOH3BEJECHUS
ABYX 4HCeJ, JAIOUWKX NpH AeJieHHH Ha 7 octaTkd 3 u 5. CooTHolIeHHE

3.5=1 o3Hayaer 3Jech TOJLKO TO, 4TO JI0GOE YHCJO M3 KJaacca 3,
yMHOXKeHHOe Ha Jiofoe YuCJIO U3 KJacca 5, HaeT HEKoTopoe YHCHO

n3 Kjaacca 1.
Cpepu xjaaccoB ocofoe MECTO 3aHHMaeT HYJIEBOH KJacc, COCTOs-
JIMH U3 4MCeJl, OCTAaTOK OT JeJleHHS KOTOPhiX Ha MOAYJb pasen
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HYJ0, T. €. M3 YHCeJ, A&JSIKXCSH Ha MOAYJib. Mp1 mMeem nia joboro
KJaacca a:
at+-0=a-+0=aq, a-0=a.0=0.

Teopema 100. Muooscecmso xaaccos no OaHwomy modyawo nped-
cmagasem coboii addumusryro epynny.

Hoxasatenbctso. [IpOBepuM s MHOMKECTBA KJAaccoB IO
HEKOTOPOMY MORYJIIO i CHPABEMJIHBOCTE YCJOBHH, ONpexessiouux
afJAHTUBHYIO TPyIny.

YcnoBHe | (3aMKHYTOCTb OHEpallMH CJOMKEHHS).

HeficTBUTEIBHO, [O ONpefesieHHI0 CYMMa K/1accoB a u b mo mo-
AYJIO m TpeACTaBaseT coO0oi eIUHCTBeHHbIH, BIOJHE ONpefeaeHHbIH
KJI4cC 0 5TOMY Ke MOAYJIO.

Ycnosue 2 (coueraresbHbIH 3aKOH JJIsS c.nomemm)

JeiictButensuo,

at+(b+o=a+(b+c)y=a+(b+c)=(a-+b)+c=
=(a+b)+c=(a+0b)+c.

Yenosue 3 (cymecTsoBanue HyJIeBOro sjementa). Pons uye-
BOTO 3JIeMeHTa BbintosiHsieT Kaacc 0.

HefictButennbuo, Buie GbJIO 10KasaHo, 4To a+0=a.

Ycmosue 4 (CymecTBoBaHME IS KamJIOTO 3JEMEHTa MPOTH-
BOMONOXKHOro emy). Mast knacca @ NPOTHRONOJIONKHEIM —KJACCOM
ABJARTCH KJgacC —a, T. €. KJacC, coAepXKalluil 4ucio —da.

Hefcrsutenpho,

a+(—a)y=a+(—a)=0.
Ycanosue 5 (ICPEMECTHTEBHBIH 3aKOH RAS CJONKEHHSN).
JeficTBUTENBLHO,

a-+b=a+b=b+ta=0b+4a.

MoxHo OTMeTHTB, YTO MPH NPOBEPKE BLITOJHHMOCTH YCJIOBUH
1—5 anst KJaaccoB CYmeCTBEHHO HCHOJIb30BaJjach CIIPaBEAJHBOCTD
9THX Ke YCJAOBHH AJS MHOXKECTBA IEJBIX YHCEJ.

YCTaHOBHB, UTO MHOMXKECTBO KJIACCOB €CTh aAJMTUBHAS Tpymmna,
bl MOXKEM CUMTATH JOKAa3aHHBIMH JJiST KJAaCcCOB BCE Te CBOMHCTBa,
KOTOpbie BepHBI AJS BCeX ajJUTHBHBIX TPYMN, HanpuMep: 1) cyme-
CTBYET €JHHCTBEHHBIH HYNeBOH 3jeMeHT (knacc) 0; 2) nis xaxkuaoro
KJacca @ CymlecTByeT €AHHCTBEHHBLIH IPOTHBONOJOKHBIH 3JIEMeHT
(kyace) —a; 3) onepaunsi BLIYHTAHUS BCErAd BBIOJIHHMA M elHH-
cTBeHHa, NpHYeM a—b=a-+(—b).

Teopema 101. AMnroocecmseo kaaccos no OdanHomy mooyao nped-
cmagagem cobOl KOMMYMAMUEHOE KOAbYO.

IHoxasatensctso. [IpoBepuM BHNOJHUMOCTD YCJIOBHI, orpe-

JeNAIHEX KOMMYTATHBHOE KOJIbLHO, NOAL3YACH TEeM, YTO CaMO MHO-
HKeCTBO UELJBIX YHCEH MNpeACTaBJAACT coboit KOMMYTaTHBHOE KOJbIO.
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Vcanosue 1 (MHOXecTBO mnpeicTaBisieT cO0GH aliuTHBRYIC

rpynny).
Cwm. Teopemy 100.
Yecnopue 2 (3aMKHYTOCTb ONEPALUHM YMHOXKEHHS ),

IleficTBUTE/IbHO, [O ONpeJeseHU0 Npou3BeseHHe KJaccoB d H b
npexcrassieT co6oil eJMHCTBEHHBIA BHOJHE ONpeleselHblit Kaace ab.

Ycaosue 3 (coueraTeNbHBIN 3aKOH Ads yMmHOxenus). eiict-
BHTEJIBHO,

a(b-c)=a(bc)=a(bc) = (ab)c=(abyc=(a-b) c.
YenoBue 4 (nepeMecTHTENBbHBI 3aKOH AJA YMHOMKEHHA).
JeiicTBUTENIBHO,
a-b=ab=>ba="b-qa.
Yenosue 5 (pacupenemutenvHmft sakor), HefictaurennHo,
(@+b)yc=(a+bjc=(a+b)c=ac+bc=ac+bc=ac+be.

[TocKoAbKY AJs MHOXKECTBAa KJIacCOB IIpOBepeHa BHIIOJHHMOCTH
BCEX YCJOBHH, ONpefensioliNX KOMMYTATHBHOE KOJbLO, Teopema
JAoKasaHa. YCTaHOBHB, YTO MHOXKECTBO KJacCOB-— KOMMYTaTHBHOE
KOJIbIIO, MbI MOMXEM CUMTATB AOKa3aHHBIMU [Jis BCEX KJaccoB BCe Te
CBOICTBA, KOTOpble BepHH AJs BCeX KOMMYTATHBHBIX KOJel, HalpH-
Mep mnpaBujia JAeHCTBHE CO 3HaxaM#, COPaBeJJIMBOCTB COUETATENb-

HOI'O 3aKOHA NPH CJAOXKEHHU H YMHOXKEHHH HCCKOJbKHX KJIaCCOBU T. A.
Koabuo KJjaccos npeacraBJsier coboit KOJIblLO C eJuHAueH. Poanb

eIMHUUYHOrO sJeMedTa BoimosiHseT kaace 1. efierBurennHo, Anas
meboro Kaacea a: '
la=a-1=al=q.

OO6biunpiM AJ1s BCEX KOJIEI 06pasoM BBOAATCH ONPEAC]EHHs Mpo-
usBefieHus na u crenenu (a)", a MMEHHO:

Onpenenenne 28. [Tycms yeaoe wucao n>>0, A~ KAGCC RO HeKO-
mopomy modyao m. Ilpouseederuem na 6ydem Ha3vieams KAACC,
pasuoll cymme a-+a--...--a, ede a NOBMOPEHO CAALUEMLIM N PA3.
i1 pousepaeuue—na onpebeaum pa@eﬂcmeozw«-—na.«n(——a) a . nod
npouseedenuem 0-a 6ydem noHumamov Hyaesol Kiacc 0.

Onpeneaenne 29. ITycmo n>>0 yeroe, a—KIACC NO HEKOMOPOMY
modyao_m. Cmenenoio (@)" 6ydem nasvsame Kaacc, pasnuidl npousse-
denuo a-a...a, 20e a nosmopero mHoxcumesem n pas, Cmenerd (a)°
6ydem cuumame pasuoi Kaaccy 1.

Teopema 102. 1) [aa awoboeo yerozo ¢ u aoboeo Kaacca a no
Mnodyao m  ca=ca.

2) Mlaa _mioboeo yeaoeo nz=0 u awboeo Kiacca @ no modyno
m umeen (a)" =a".
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HoxasarteabcTBo. JIerko Bugerh, YTO KJacchl cd U CQ HMEIOT
obuit smeMent ca, a kaaccel (@) W a"—obmuit saement a®, Tak
4YTO COIJIACHO ONpeje/edulo Kijaccos (onpejenenue 24) umeem:

ca=ca u (a)* =a"
Onpepenenne 30. [Tycmo [(x) = cox"+c,x" "1+ .. . ¢, — mroeo-
YAEH C YEADIMU KOAPPUUUEHMAML:, d— HEKOMOPSIL KAGCC O MO0y

m; SHAYEHUEM B5MO020 MHO204AEHA MO MOOYAaio m npu X =a O6yoem
HA3DIBAITL BULPAJICEH e

fFlay=c, @" +c; (@)~ 14...+c, L.

Teopema 103. [Tycmo [ (x)—muozouren ¢ yeavimu xospehuuen-
mamu, Has moboeo &iacca a no paccMampueaemomy Modyaro m

[{a) =F(a)

JokasaTeabcTBO. yere f(x)=cpx"4-c x4 ...}
+c¢,_1x+ ¢, Torma, mompayscn Teopemoii 102, nomyuaem:

fla)=cy(a)*+c (@)~ "4-.. . 4 ¢, sa+c, - 1=cd*+c,a" T+ ...+
-+c,- l—coa"+cla”‘1+...+cn=F@.

JJs1 Kojel KJaccoB €CTeCTBEHHO IIOCTAaBHTb BOMPOC: MOTYT JH
TaKHe KOJblla MMeThb JeauTesd Hyjas? OkasblBaeTcsl, YTO KOJBUO
KJaccoB MOXKeT ObiThb KOJBLOM C JEJUTENSMH HYJsSE, a MOXeT OniTh
U K0JblloM Ge3 fesuteseli HYJsI, IPUYEM JIETKO YCTAHOBHTD, B KaKUX
cayuasix OYJIeT To HJu ApYroe.

Teopema 104. Koasyo kaaccos no cocmasnomy modyso nped-
cmasasem coboti KOAbYO ¢ OeAUMeAs MU HYAS.

HoxkaszatenbcrBo. Ilyers Monyian m-—cocTaBHOe YHCIO,
T. e. m=a-b, rae 1 <<a<<m, 1 <<b<<m. U3 ycaosus 1 <<a<<m
nonyuaeM a 3 0 (mod my, a0 u asanoruuso b == 0. BMecTe ¢ Tem
a-b=ab=m=0, 1. e. @ u b— JeauTesu HyAA.

[Ipumep. Ha crpannue 79 sanucanbl KJAaccel no Momyuo 6.

B srom cayuae 2.3=0, 2 u 3—neautenn Hyss. [TocKombKy

uveeM 3-4=0, To 4—Takxe JeHTe b HYJIA.

Teopema 105. Koavyo raaccos no npocmomy mo0yaw npedcmag-
asem coboli Koavyo 6e3 Oeaumeneli HYas.

HoxaszarteanbcTBo. IlycTh MOAyJib m=p—IpPOCToe YHCJO,
a=£0, b=0. Torga a % 0(modm), b= 0(modm), 1. e. pYa, ptb,
U Torja corjacHo Teopeme 19 pftab, abz 0(modp), a-b=ab=~0.

Takum o6pasoM, Ipou3BelleHHe KJACCOB, HEPABHBIX HYJEBOMY,
BCerja OTJMUYHO OT HYJeBOro KJjacca, T. €. KOJbLO KJAaccoB B 3TOM
cayuae—KoJbIO 6e3 Jenntencit syns. st NONHOTHI MOXKHO OTMe-
TUTb, YTO NPH M=1 KoJBLO KJAacCOB He HMeeT JAesuTejel HyJs.
B 2ToM cayuae KOJIBIO KJAcCOB COCTOMT M3 OJHOI'O HYJIEBOro KJjacca.
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Kaxk 6bmo oTMeueHO B TeopeMe 93, coOTHOUIEHHe paBCHCTBA s
KAACCOB MOXKeT OWbTb 3aNuCaHO B BUJE CPaBHeHHS HJIs 4uces (Bbl-
4eToB) 3THX KJjaccoB. ITostomy teopemnt 104 u 105 moxuo sanucartb
eme B IPYroM BHJE.

Teopema 104'. [lo cocmasHomy MOOYAG M CYWECTMBYIOM YUCAQ
aub, makue, ymo a % 0 (mod m), b = 0 (mod m) u npumom, 00HaKO,

ab = (mod m).

Teopema 105’. [To npocmomy modyao p us a3z 0(modp) u
b == 0 (mod p) credyem, umo a-b == (mod p).

Taxum o6pasom, npousseleHHe IABYX YHCEJ CPaBHUMO € HYJeEM
110 TIPOCTOMY MOAYJIO TOJBLKO TOTAa, KOrja Ho Kpafinefi Mepe onun
H3 COMHOMXKHTeNeH CpaBHEM C HYJEM IO 3TOMY MOAVIIO.

MeTon MaTeMaTHYeCKOH HEJYKUHH [O3BOJISIET DacopoCTpanyTh
flociie[lHee MOJIOXKCHHE HA NPOM3BOJBHOE UHCJO MHOXHTened. ([1po-
U3BeJEHHEe § YHCEJ NpPEeACTABJAAETCH B BHAE MNPOHM3BEAeHHS s— |
IepBLIX YHMCEJ H elle OJHOrO nocjaefHero.) Taxum ob6pasoM, HMeeT
MecTO chefymomasi obiias TeopeMa.

Teopema 105". IIpoussederue HecKOAbKUX 4lcen CPABHUMO € HYLeM
no npocmomy Moay/uo moabko moeda, Koeda no kpatineii mepe 00U
U3 COMMHONCUMeNel CPABHUM C HYAeM MO 3MOMY Moay/uo

OTMmeueHHasi 3/leChb pasiulla B CBOWCTBaX CPaBHEHMI MO cOCTaB-
HOMY 4 MPOCTOMY MOIYJIO fBJSeTCS OCHOBHOH JJin BCeH TeOpHH
CcpaBHEHWH U onpefessieT TO, YTO MHOTHE TeOpeMbl 3TOiH TEOPHH,
cnpaBefJIuBLIE IJIs1 NMPOCTBIX MOAYJeH, OyAyT HEBEpPHHIMM MPH mepe-
X0Je K COCTaBHBIM MOZAYJSM.

FTJTABA 9
NOJIHASL U NPUBEAEHHAS CHCTEMbI BbIMIETOB
1. IOJIHASL CHCTEMA BbBIYETOB

Onpegeneune 31. [loanoid cucmemoti Guiemos no HeKOMOPOMY
MOOYAI0 HABLIBAEMCS CUCMEMA HUCeA, 83AMbLX NO 00HOMY U3 KAHO020
KAQcca no 3momy mooyarw.

Mpumep. Yucna 12, —23, 2, 63, —2, 5 o6pasyioT noAHYIO
CHCTEMY BBIYETOB 10 MOZYJMO 6. ’

[TockospKy B NMOJMHOH cHCTEMe BHIUETOB YHCJO BBIYETOB AOKHO
PaBHATLCS UYHCJAY KJACCOB, MOJHASl CHCTEMA BBLIYETOB MO MOLYJIO 1
cocrout u3 m uuces. OObIYHO B KaueCcTBe NpPEeACTABHTEJEH KJACCOB
6epyT HaUMeHblINe HeOTpHIaTeJbHbe, HaNMEHbIINE HOJI0KHTeNbHbIE
WM HauMeHbIIHe 10 abCOMIOTHON BeJHYHHE BBHUETHI; TAKHE MOJHEBE
CHCTEMbI BBLIYETOB HA3HBAIOT COOTBETCTBEHHO: IICJHOf CHCTEMOH
HAHMEHBIIMX HEOTPHIATEIbHLIX BEMYETOB, MOJNHOH CHCTeMOH HAHMEHB-
WHX TOJONKUTENbHHX BHYETOB, MOJHOH CHCTEMOH HaUMEHLUINX MO
a0coMOTHONR BeJINYKHE BbIYETOB.
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Corgtaceo Teopeme 97 monHOR cucTeMoll HaMMEHLITHX HEOTPH-
flaTeJbHBIX BLIUETOB N0 MOAYJIO M1 sipasieTcsi cucTeMa uucen: 0, 1,

., m—1, a noJHOH cHCTeMOHl HAHMEeHbIIHX NOJONKHTEJAbHBIX Bhi-
4eTOB— CcucTeMa ugcea: 1, 2, ..., m.

Corstacuo TeopeMe 98 npu HeYeTHOM M HAHMEHbLUIMMH Mo abceo-

N = T 5 71— 1
JIOTHOR BesnuuHe BoiuetTaMu KJjaccos 0, 1, 2, ..., —5— ABIAIOTCS

me—1

spcaa: 0, 1, 2, veo 5, 4 A KJ12CCOB ooy M—2, M—1—

i

tn—1 . ) o
HHCHA ——5—, .., —2, —1; mo3TOMy NpH HEUETHOM M YIOMHOMH

CHCTeMOH HauMeHbIIHUX [0 abCOJIIOTHOH BeJHUHHE BBIUETOB ABJASCTCH
CHCTEMa 4yuceJa:
m-—1

m—1
—Fz’—‘;=--’_’2; '_—11 0: 17 2; ey 9 .

m
HpH YeTHOM m AJid KAacca ( 5 > HaUMeHbIINH 110 aBCOMIOTHON Be-
JUYUHE BbHIYET PABEH - - 2 § €CMTHA IJIsL 3TOTO KJjacca, Kax 310 06BIIHO

NPHHATO, B3ATh BbiUET 2 , TO Mbl MHOJYYHM CJAEAYIOULYIO CHCTEMY

HauMeHbHINX N[0 abCoMIOTHOH BeNKHYHHE BLIYETOB UETHOrO MORYJAA 1.
m

v —2, —1,0, 1,2, ..., 5.
Mpumepn. 1) 0, 1, 2, 3—nonHasn cucTeMa HaUMEHbIIUX He-

OTPHLATEJIbHAIX - BHIUETOB M0 MOLYJI0 4;
2) 1, 2, 3, 4, 5—nonnan cucTeMa HAMMEHBINUX MOJONKHTENbHBIX

BBIYETOB MO MOAYJIO 3;

3y —4, —3, —2, —1, 0, 1, 2, 3, 4—noanHass CHCTeMa Hau-
MEHBIIUX [0 aécomoTHoyI BeJIMUMile BHIYETOB 10 Moaymaw 9;
4) —-2, —1, 0, 1, 2, 3—nojHas cHCTeMa HAUMEHbLINHX 1o al-

COJIIOTHOH BeJHYHHE BBIYETOB 110 MOAYJIO 6.

[onuyw cucreMy BEIYETOB MO MOAYMO m Mbl OyIeM 3anHCHiBATh
B BUAE Xy, Xy, ..., X,, IPHUEM, HIOCKOJAbKY B IOJHOH CcHCTeMe
BBIYETOB M3 KaXJOro KJjacca MOXeT ObITh TOJAbKO OMUH IipefcTa-
BHTENb, BCE X; NONAPHO HECPABHUMBI MEXAY COOOH, T. €. MPHU { 5= f
x;% x; (mod m). Cnpasepnuso u oOpaTHoe yTEepkieHue, a
UMEHHO HMMeeT MecTO C/Iefylouiasi TeopeMa. ,

Teopema 106, Jlwboe m uucer: x,, Xy, ..., X,, NONAPHO He-
CPABHUMBLY MeNcOYy coBoLl no Modyatw m, npPedcmasgisom cobol noaHyw0
cucmemy 6oIHemos,

[lokazaTe/bCTBO - [0JIY4AeTCH HENMOCPEJICTBEHHbIM [PHMCHEHHEM
SJIpHHUMNA SMUKOR® (Teopema V). ByleM paccMaTpHBaThb KJAccsl
KaK ,SIMUKR®, a uucaa x,, X,, ..., X, Kak ,(peiMerH” Jexaulue B
COOTBETCTBYIOILUX , AmuKkax”. Torja:

1) Kamxpoe M3 3THX UHCeS NIPUHAANEXKUT HEKOTCPOMY KJjaccy,
T. €. KakAbll ,IpeAMeT" JeXHT B OAHOM U3 , SHIUKOB,
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2} Tockonpky mawobble XBa M3 3THX UUCeN X; H X; HeCDEZBHUME
MeXy coboit, HH B OAHOM ,AIHKe" He JexuT 0osee OZHOTC ,Ipel-
MmeTta“.

3) Yucno umcen m paBHO HHCAY KNaccos, T. €. HACJO ,Npel-
MeTOB* paBHO uHcay ,Amukop‘. CorjacHo ,IPHHLMNY SUIHKOB®
B KaXJAOM ,s0iMKe" JeXMT OAHMH M TOJbKO OIMH ,JIpeiMer”, T. e.
KaxJOMYy KJacCy HPHHAJJIEKHT OFHO H TOJAbKO OAHO M3 9THUX Yucel.

-Yucaa x,, Xy, ..., ¥, 00pasyloT DOJIHYIO CUCTEMY BBHIYETOB.

Teopema 107. Ecau (@, m)=1, b—-npoussoivnoe yeice u X
npobezaem NOARYO clucmemy 6viemos no modymo m, mo ax--b
maKice NPUHUMAem 3HO4eRUs, 00pasyrolie NOARYIO CUCTEMY 6bl1emo8
no amomy modyao. )

HdokasarteabcTBo. IlycTh x NpHHHMAeT 3HAYeHHsA Xy, X,

.., X,, 00pasyiolile NOJHYIO CHCTEMY BHIYETOB 0[O MOAYJMNO .
CocraBum umcia ax,--b, ax,~+b, ..., ax,+b. JloOwe aBa u3
3THX uMcesn ax;+b ¥ ax;-+b(i=j) HeCDaBHUMB NO MOAYJIO M.
HeiicTBUTeIBHO, €CiH Obl GBLIO ax;+b=ax;+b {mod m), To orciofa
caeioBanio 6bl ax; = ax; (mod m), ¥ NOCKOJBKY (4, m) =1, TO cOrIacHO
teopeme 80 x;==x;(mod m). Ilpu i 5~ j 370 NPOTHBOPEUHT TOMY, HTO
Xy, Xg, ..., X, €CTb mOJHAs cHcTeMa Buueros. Cucrema uuces
ax,+b, ax,+b, ..., ax, +b, cojepxauias f NONApHO HECPaBHU-
MBIX [O MOAYJIO m 4YucelN, corjacHo teopeMe 106 npencraBnser
€000l TIOJIHYIO CHCTEMY BBIUCTOB HO 3TOMY MOAYJIO.

IraTeopeMa AB/IAETCS YACTHBIM CJyuaeM caepyrowmedi 6oee cOmei
TEOpeMbl.

Teopema 107’. Ecau (a, m)=d, b—npou3sgoieroe yeioe, x npo-
m a
Gezaem noAKYIO cucmemy 6biemos no modyaw — , T0 —d—x—f—b maxoice

npuRUMaen 3HaueHus, 00pPA3YIOWLUE NOARYID CLCMEMY €bidemos no
m

MOOY At0 T
JlokaszaTeabcTBO. JTa TeopeMa MoJy1aeTcs U3 NpelbayInes,
a m
eclM NIPUHATH BO BHUMaHue, 4To u3 (@, m) =d caepyer <-d— )= 1.

Teopema 108. Ecau (a, b)=1, x npobeeaem noauyo cucmemy
gbitemog 1o Mmooyao b, y npobeeaem NOAHYW Ccucmemy eviuenoe no
modyato @, c— moboe HUcA0, mo ax-+by--c¢ npuHusaem 3Haterus,
obpasyiouyue ROAKYIO Cucmemy 6vitemos no mooyao ab.

JdoxasateabcTso., IIyerb X NPUHEMACT SHAUCHUS Xy, X3, -« oy
Xx,, 06pasyiomue MOJHYK CHCTEMY BHUETOB N0 MOAYMO b, y mpu-
HUMAET 3HAYEHHST Yy, Ya, ..., Y, OODA3YIOLIME MOJHYIO CHCTEMY

BBIUETOB MO MoAayJaio a. CocTaBUM uHucjaa BHJA axi—}—byj+c, rae
l<<i=tb, 1 <<j<Ca, cOOTBEICTBYIOHHE ECEBOSMOMHEIM PassiuiHbIM
xommyekcaM ((X;, y;))-

Uncao Takux Komijekcos (Teopema VI) pasno a-b. Iloxaxem,
YTO BCE MOJIYYAIOLLKECS IIPU STOM YMCJa BHAA ax;+ by; + ¢ nonapHO
HeCpPaBHUMBI MeXIy cofeii 1o momymio ab. [leficTertensho, ecau
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ax; —{~byj—|—c—axk+byl+c(mod ab), To corjacHo CBOMCTBaM Cpas-
neHu (teopemer 87 u 89) ax;--by; = ax,+ by, {modb). Orbpach-
past (teopema 88) caaraemble, JIeJIfmifecss Ha MOAYJb, NOJIyyYaem
ax;==ax,(mod b) u, nockoasKy (a, b) =1, noayuaem x; ==x, (mod b);
Xy Xgy oy Xy Hasl CHCTeMa BBIUETOB MO MOAYJI b # X ==
=x,(mod b) MoxeT CBITb TONBKO NPH X;=x, AHAJOIHYHO HMeeM
Y=Y

Tagum oOGpasoMm, cocraBuB ab Buipaxenuit Buja ax-+by--c,
COOTEETCTBYIOIMX DASJIUYHBIM IapaM, X=X;, Y==Y;, Mbl HOJNY4YHM
CHCTEMY ob IONapHO HeCpaBHUMBIX IO MORYMO ab yucel, T.e. corjaac-
Ho TeopeMme 106 noJHYIO cUCTEMY BEIYETOB HO STOMY MOZIYJIO.

Ora TeopeMa MoxerT ObiTb 00GOHIEHa Ha IIPOM3BOJABHOE UYHCHO
[OMapHO B3aMMHO NPOCTBIX MOAYJAeH B cleaymwomeld dopme.

Teopema 108'. ITycmo A=qa,-a,- ... -a, ede 6ce a; NONAPHO G3AUMHO

A .
npocmul, A, =— (i=1, 2, ..., §), c—npoussossHoe yeioe, x; nPo-
i a; i

Gzeqiom COOMBEMCMBERHO NOAHLIE CUCIREMbL BLIHENIO8 NO MOOYAAM Q.
Toeda Ax,~+ Apxs + ... 4 Ax,--c npunusaem sHasenus, 06pa3yfo-
wue NOARYID CUcmemy Bbiemos 1o modyao A,

Jl0Ka3aTeNbCTBO NPOBOJUTCS COBEPIICHHO aHAJOIHYHO JOKasa-

TesecTBY Teopemsl 108. CoctaBuMm a,-@,-...-a, yucesa Buja A,x,+
G+ Apxy+ ... Agx,+c, COOTBETCTBYIOUIHX BCEBO3MOMKHBLIM Pa3jny-
HBIM KOMIIekcaM ((X;, X,, ..., X)), TIe KaxJoe Xx; MPUHUMAET

CCOTBeTCTBEHHO @; HeCDAaBHHMBIX IO MOAYJIO ga; 3HaueHuil. [pa
TAKMX uucJaa BHAa Alx'1 + ... —}—Asx;—H i Alx'H— ce +A3x§+c,
cooTBeTCTB YIomuX pasandnpM kommickeam ((xg, ..., x))u{(xy, ...,
x's')), HecpasuuMbl 110 Moayaw A. chcreurenbHo, ecau 65 Gblio

AR Axs o= A0 L4 Agxs ¢ (mod A),
10 (TeopeMbl 87 u 89) Oniio Obl TakkKe:

Alx; +..o 4+ Asx;z/—llx:—}— - —|—Asx's' (mod a,).

Tak xax a;|A4,, ..., a;| A, To, o1OpacHBas 4JNeHsl, AeJsIyecs
Ha MoAyab, uMean Obl A,x;= A,x, (modga,). Toraa nockonbKy u3
(ay, ap)=1, ..., (&, a)=1 caenyer (reopema 42) (a;, 4,)=1, 10

Xy ==x; (nod a,); x, ¥ X;—/Ba 3HAYEHHS W3 NOJHON CHCTEMb Bbi-
YETOB MO MOAYJIO @;, TAaK UYTO CPABHMMBIMH 3TH YHMCJA MOTYT GHITh
TOJIBKO TIPH Xy == X;. AHAJOIHYHO NOJYYAEM Xp=Xg, ..., Xs=Xs,
9TO POTHBOPEUHT TOMY, uTo KoMtk (x5, . .., xs)) 1 ((x5, ..., x:))
pasiuuHble. DTO JOKa3bIBaeT HECPABHHMOCTb MO MOAYJO A umces

Axi+ ...+ Ax.+c.

A ymcen' Takoro BHIa, MONAPHO HECPABHHUMBIX 1O MOLYJw A,
cornacHo Teopeme 106 006pasyior NOJNHYIO CHUCTEMY BBHIYETOB [0
2TOMY MOAY IO,
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2, MPUBEZEHHAS CUCTEMA BbBLIYETOB

B Teopeme 90 Mbl BHZeNH, 4YTO BCe 4MC/IA AaHHOFrC KJjacca, T. e.
BCE YHC/IA, CPABHEMBIE C HEKOTOPBHIM @ IO MOAYJIO 11, UMEWT ¢ M
OJMH M TOT e HauboJbliufl ofmuii Aenutens, pasHblil (@, m).

Onpepeneuue 32. Haubosvwium Oeiumensem KAQCCR HADIBACHICH
HauboabuMm cOul OJeaumens KAK020-AUG0 4UCAQ MO0 Kracca U
Mmolyaa.

Onpenedenve 33. Kaaccamu, 63QUNHO NPOCMBIML € MOOYALA,
HOBbLBAIBIMEA KAGCCH!, §f KOMOpuix Hauboabwiull Oeaumers paseH edu-
Huye.

CorsnacHo THM ONpefieleHHAM KJIACCH, B3aHMHO NPOCTBEE C MO-
IyJieM, COCTOSNT U3 B3aMMHO NPOCTHIX C MOAYJEM YHCEJ.

Oupenenenue 34. [1puecCernrol cucmemol soiMemo8 no HeKOMopomy
MOOYAI0 HA3BIBALINCS CUCINEMA HUCeA, 63AMbLX N0 OOHOMY U3 Kaxdoz20
KAGCCQ, 83QUMHO NPGCMOZ0 ¢ MOOyAeM.

[Tpumep. 1, 29, —5, 71l —npuBeficHHasl CHCTEMA BBIYETOB IO
monyJo 12, Tak Kak u3 12K1accoB N0 9TOMY MOAYJIIO UMeeTcst 4 Kjiacca
yHCeJ, B3AUMHO NPOCTBIX C MOAYJIEM, H H3 BCEX 3THX YEThIPEX KJACCOB
3JleCb B35ITO MO OAHOMY MNPeACTaBHTEIIO.

Teopema 109. Ecau 8 noanoli cucmene evluerog ombpocunis npeo-
cmasumengli  6Cex KAQCCO8, He 63GUMHO RPOCMbLY € MOOYAeM, MmO
CCMABULLEC HUCAQ COPABYIONM NPUBEOCHHYIO CUCMEMY 8bIHENI08.

JelicTBuTeNnbHO, B MOJHOH CHCTeMe BbLIYETOB HMEIOTCH MpejcTa-
BUTEJM BCEX KJACCOB, B TOM YHCJE N0 OJHOMY NpeACTaBHTENIO0
KJIaCcCOB, B3aMMHO NPOCTHIX ¢ MOAyJeM. Bce ocrajpHbe yHuciaa moJ-
HO CHCTeMBl BBIUETOB (10 YCJIOBHMIO OTOPACHIBAIOTCH, T. €. OCTaeTcs
IpHBeJeHHAasl CHCTeMa BhIUeTOB. B YacTHOCTH, eCJHM B NOJHOH cH-
cTeMe MOJOXKHTEeJbHBIX BbUeToB 1, 2, ..., /71 OCTABHTb TOJbKO YHCJA,
B3aHMHO HPOCTHIE C MOAyJieM 71, TO MBI HOJYYHM TpPHBEICHHYIO
CHCTEMY HAHMEHDBILUX I0JIOXHTEJNbHBIX BbIYETOB.

Takum oOpasom, OUEBHJAHO, YTO UUCJO KJACCOB, B3aHMHO IIpo-
CTBIX C MOJYJIEM /1, PABHO YHCJY HEJBIX UYHCEJ, HC MPEBOCXOAAIHUX
Mm U B3aUMHO HPOCTHIX ¢ m. HHCA0 TAKHX KJIACCOB 3aBHCHT OT Be-
JUYHMHEI MOAYJIST ¥ SIBJsIeTCSI, TaKuMm- o6pazoM, GyHKUUe! 0T MOLYJ4.
21y OYHKIHIO OOBIUHO HasplBAIOT (DYHKOHeH Diljepa u 0603HAYaloT
yepe3 @ (m). Mp MoxkeM, TakuM o6pasoM, HaTh ABA IKBHBaNEHTHBIX
onpefeJieHHsa 3TOH (PYHKIHH. '

Onpenenenue 35. Dynkyueid Iirepa @ (m) HA3680MCL HUCAO
KADCCO8 NO MOOYAIO 1M, 83AUMHO NPOCHIBIX C AMUM MOOYACM.

Onpenenenne 35'. Dyuxyued drepa @ (m) Hasveaemes 4lc-
A0 HOMYPAALHOIX ducenr, He NpPesoCX00AUX M U 3GUMHO RPOCIbLY
cm. _

Mpumep. Tlo momymo 1, oueBHAHO, HMeeTcst OFHH KJjacc |
yyceJs, B3aUMHO HPOCTBIX ¢ MonyseM, nostomy ¢ (1)y=1. Ilo mony-
Jio 12, xKak 6bplyI0 YKa3aHO Bbllle, HMeeTCs 4 KJjacca uyces, B3aUHMHO
npocTHix ¢ MoxmyneM 12, 1. e. ¢ (12)=4. Urobu onpegenuts ¢ (24),
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BbINUCbIBAEM HATYypajbHbE uuCaa oT 1 10 24 m BLMepKHUBacM yucaa,
UMeiollHe le paBHble eauuuie ofuue Aeauteau ¢ 24, 1. e. yueaa,
Jenamnecss Ba 2 u 3. OcraBumecs uuena 1, 5, 7, 11, 13, 17, 19, 23
06pa3yioT INPHBeJEHHYI0 CHCTEMY BHUETOB o MoxyJjio 24; ¢ (24)
DaBHO HHCJY 3THX 9YHCeJ, T. e. ¢(24)=8

IlockosibKy TpHBeJeHHAS! CHCTEMa BBIUETOB COAEPIKHT NpejcTa-
BHTeJIM BCeX @ (m) KJaccoB, B3aHMHO INPOCTHIX C MOAYJeM #I, TO
OpuBeJicHHast CHCTeMa BBIUETOB COCTOMT H3 @ (m) uucen. JloOas
TpUBEJICHHAs CHCTEMa BHIYETOB HO MOXAYJIO M TpeACTaBisieT coboH,
TakuM oGpasom, CHCTEMY @ (M) WHCEN Iy, Ty ...y Py, THE
ri=r;(mod m) npu i==ju aas seex i (r;, m)=1. Cnpaseiauso u
o6pamoe yTBepXKAeHHe.

Teopema 110. Jlwoboie ¢ (m) nonapro HecpasHumslx no K¥oGyao m
W 63QUMHO RPOCMBLX ¢ MuMm MmoOysem Hicer npedcmasaswom cobod
RPUBCOCHHYIO CUCMEMY 8bI4emno8.

Hoxasateabcrso. TIyctb ry, ry, oo, Ty, —J00bie @ ()
upcesl, OTHOCHTENBLHO KOTOPHIX H3BecTHO: 1) r; $r {mod m) npwu
i5=j, 2) {r;, m)=1. Tax e Kak H B TeopeMe 106 TPHMEHsIEM
LAPHHHHMI AmuKoB“. Kuaccel, B3AUMHO INIPOCTHIE C MORYJEM /7, pac-
CMaTPUBACM KaK ,SIMHKH", @ UHCAA Ty, Fgy o oy Fy(my — KAK JIPAMETHL,
Toraa:

1) nockonbKy Bce r; B3aUMHO HPOCTH C /M, BCE 3TH UHC/Ia NPU-
HaJleXaT KJjaccaMm, B3aHMHO NPOCTHIM C MOAYJEM, T. €. KaXJbIH
SIPeIMeT" JISKHT B OJHOM H3 3THX , SIIUKOB;

2) Bce 3TH YHuC/a [ONAPHO HeCPaBHHMbl MexAy coloii, T. e.
HHM B ONHOM ,AlNHKe" He JIeXKUT Gojee OJHOIO ,TpeaMera’;

3) uncao | npeaMeton” (uwucen) ¢ (m) paBHO UUCAY , AMHKOB
(xnaccoB, B3aMMHO INpocThix € MopydgeM). COIJIacHG | IPHHUHOY
AINMKOB" B KaXKJOM KJacce, B3aUMHO IPOCTOM C MOAY/eM, JCKHT
OJHO H TOJbKO OJHO M3 3THX HHCEJ, T. €. MHCAA ri, Fay uvs Tygm
00pasyloT UPHBeIEHHYIO CHCTEMY BHIYETOB.

Teopema 11t1. Ecau (a, m)=1 u x npobeeaem npusedennyio
CUcCmeMy Bbiemo8 no moOyad m, mo ax maxKdxe npuHuMaen 3Hate-
HUS, 00pasyrouiue NPUeedeH Y0 CUCMEMY 6OIHEMO6 N AMOMY Mo0YAI0.

Jdoxrxaszarteabcrso. IlycTh ¥ INPHHHUMAET 3HAUCHMS Iy, Ty, .. .,
! 4(my» OOpasymomue NPHBEIEHHYIO CHCTEMY 110 MOAYIO /1. J1H yHcaa
COCTaBJAAIOT 4acTh IOJHOH CHCTEMbl BHIUETOB, M MOSTOMY COMJIACHO
teopeme 107, rie Mbl B janHoM cjydae OepeM b==0, MOXHO cpasy
YTBEPKAaTb, YTO UHCJIA afy, Ofy, . . ., Oy, HECPABHUMEL 1O - MO-
Aymo m.

C Apyroil CTOPORBI, NOCKOJBKY 7y, Ty, -« ., Tyim—PUBeJeHHAS
cucTeMa BHIUETOB, (r;, m)=1 mpu Bcex l=< L<(p(m) CornacHo
Teopeme 42 us (r;, m)=1u (2, m)=1 caexyer (ar;, m)=1. Uncnaa
ary, ary, ..., Ay, ofpasyior, TakuM obpasoM, cucremy ¢ (m)
NICTIAPHO HEeCPaBHUMBIX 110 MOAYJIO # M B3aUMHO HPOCTHIX C 3THM
MOZLYJeM uuceJ, T. e. coryiacHo TeopeMe 110 nmpuBeXeHHVIO CHCTEMY
BEIYETOB.
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Sra TeopeMa ABAFETCS YACTHLIM CJAydaeM chaefyiomefl, Gosee
oblelt TeopeMsi. «

Teopema 111°. Ecau (a, m)=d u x npobGezaem npusedentyw
cucmemy 8bluemos no Mooy —';3\, mo —Z—x npunumMaem  3Ha4eRUs,
o0bpasyroujue npusedeHHYO CUCmEMy BoiMemo8 No 3moMmy MOOYAr.

Teopema 112. Ecau (a, b)=1 u x npobeeaem npueederHyro cuc-
meny somemos no modyawo b, y npobezaem npuseCexnHyio cucnemy
8oi4eMm08 10 MOOYAI0 @, 10 ax -- by npurumaem 3raserus, copasyouiue
npusedeH Yo cucmemy 6vitemos no modymo ab.

HJoxasartenscrro. Ilycte ¥ NpuHuMaeT 3HAUEHHUA Iy, Fy, - . .,
Toy» 00pasyiomine NPHBEIEHHYIO CHCTEMY BBIYETOB MO MOAYJIO b, g
NPUHUMAET 3HAYCHHUS S;, Sy, ..., Sy, OOPA3YIOLLHE TPUBENEHHYIO
CHCTEMY BBIUETOB 110 Momymo a. CocraBuMm uucnia Buja ar;+0bs,,
rle l<<i<o(®), l<<j<<g@(a). Yuena ry, ry, ..., ryp —YacTh
HEKOTODO¥ TOJHOH CHCTEMBI BBIYETOB Xy, X,, ..., X [0 MOAYJIO b,
YHCIA Sy, Sy, + . ¢y S,qu— YACTH HEKOTOPOI MOMHON CHCTEMBI BLIYETOB
Yi» Ys, .., Y, TO MOLyMo a. Uncna muma ar;+4-bs; (1 <<i<<q(b),
1 << j << @ (@) cocTaB/siOT TORRa YacTh YHceN BUfA aX; + by ; (1 <<i << b,
1<<j<<a), xotopwe corsacao Tteopeme 108 oOpazywT mNOJHYIO
chcTeMy BbMeTOB no Moxy/mo ab. Pasobpem uncia Buma ax; by,
Ha JBa moAMHOXecTBa. [lepBoe MOJAMHOXKECTBO COCTaBHM H3 Tex
qncest ax;-+by;, y Kotopwix (x;, b)=14 (y;, a)==1, T. ¢. u3 unces
ar;+ bs ;; BTOPOE—H3 BCEX OCTAJLHBIX HHCe.

JokameM, UYTO YHC/A BTOPOro MOAMHOXECTBA SABJSIOTCS fpek-
CTABHTENSIMH KJIACCOB, HE B3aWMHO npocThix ¢ ab. [elicTBurennHo,
ecyu ax; -+ by; UPUHAJJIEIKUT BTOPOMY TOAMHOMKECTBY, TO 9TO 3HAUHT,
YTO BBIMOJIHEHO XOTA Obl OAHO M3 yCJOBHIL: (X;, b) =1, (y,, @)=~ L.
B cayuae (x;, b)=d>1 nonyuaem (teopemnt 11 u 9) d|ax;+by;,
diab, 1. e. (ax;+ by;, ab) > 1. Ecau ®e (x;, b)=1, 10 (y;, a) = 1,
¥ B 3TOM Cllydae aHaJOTHUHO MojyuaeM (ax;+by;, ab)>1.

JlokaxeM Tenepb, 4TO CPefid YHCEJ BTOPOTO MHOXKECTBA MMEIOTCH
TPEfCTABUTENH BCEX KJACCOB, HE B3aUMHO IpocThiX ¢ ab. [eficrsu-
TeJBHO, eC/H aX;-}- by, — npeacTaBUTe/b KJlacca, He B3aHMHO IPOCTOTO
¢ ab, 1. e. (ax;-+by;, aby=d>1, 10, B3sB (Teopema 16) mpocroe
uncao p|d, 6ysem umers p|ax;--by;, plab, v Toraa p— jeautens
10 kpaiiHefi Mepe OXHOro M3 comuoxurtenei ab. Ecim pla, 1o u3
pla, plax;+by; crenyer p|by;; mockoneky {(a, b)=1 u pla, 10
p4 b. Haxoneu, cornacio ‘Teopeme 19 us plby; u p4b crenyer
p‘yj, T. €., TakuM obpasoM, p— OoOIHUH HeJuTelib 4 Uy, a 3Haumr,
(yj’ (1)‘7’?5 L. :

Ananornyso, ecnu plb, nmoayuaem (x;, b)=~1, 1. e. ax;+by;
NPHHAJJENKHT BTOPOMY THOAMHOmecTBY. Hucaa ar,+bs; (nepsoe
HOAMHOXKECTBO), MOJyHalollHecs mocne oT0pachlBaHUsS B IOJIHOH
CHCTEMe BBIUETOB MpPEACTABHTEJEH BCeX KJAaccoB, He B3aUMHO IIpO-
CTBIX C MOJVJieM (4Hces BTOPOTo MOEMHOXKeCTBAa), 06pa3yioT corjacHo
Teopeme 109 npuBefeHHYIO cuCTeMY BBIUETOB.



FJIABA 10
PYHKUMS 3HJIEPA

B 2710dl rnaBe 6yAyT pacCMOTPeHB! OCHOBHBle CBONCTBa (YHKHUM
Dinepa @ {m). B coorseTcTBHM C onpelejeHHeM 5Toi GYHKUHH ee
apryMent OyJeM BCerja cuuTaTh HaTypasbHbIM guciaoMm. Hama ocros-
Had UeJib—NoayudTh yaobuywo ¢GopMyay AJas BblUUC/IEHHS 3TOH
hOYHKIHU. .

Onpepenenue 36. Dyuxyus [(n), onpedesenHas KA MHONCECTGE
HOMYPARGHOIX HUCEA, HASLIEALICS MYGbIMUNAUKAMUBHOU, eCcAll 0As
MOOHIX 83UUMHO NPOCMLLY HAMYPOALHOLY duces a u b:

Fa by=Ff(a)] (b). (M

Oupeneneune 37. Dynrxyusn [(n), onpedeieHHas HQA MHONMCECHEE

HAMYPasbHoLX 4UCEA, HA3bIBACMCS BNOAHE MYAbHIUNAUKAIMUBHOL, ecAl

pasercmso (1) soinoansemces 0an awoGuix HAmMypareHoix duces a u b.

OueBUAHO, YTO MHOXKECTBO BIOJHE MYJABTHIIIHKATUBHBIX (DYHKIHIH
€CTh YacTb MHOXECTBAa MY/JAbTHIJIMKATUBHBIX (YHKUHUL.

Mpuwmep. Dynxkuust f(n)==n® pnosne MyJbTHIJHKATHBHAA,

TaK Kak
f (ab) = (ab)* =a*b* = f (a) f (b).
Teopema 113.  Ecau [(n) — mysvmuniuxamusnas Hyrnkyus,
@y, Ay, ..., Oy, —NONAPHO 63AUMHO RPOCIMbIE YUCAQ, MO

[(@a:8,. . a) = [(ar) [ (@) . . [ (ay).
Hoxasarenncrio. [lockonsky (a;, a;)=1 npu Beex i=£j,

TO {@y ... -a,_y, a,)=1. Cornacuo onpeeseHH0 My IbTUNIHKATHB-
HOH YHKUHMH HMeeM:

flayg ... aga)=f(a, ... a,_)](a,).
npoﬂOJDKaﬂ TOT XK€ Ipouecc, noJdydaem.

fla, ... a,0)=Ffa, ... a,_,) f(a)=
=f(ay ... a50)fla)flag)=...=](ay)...[(a;-) [ (ay).

Teopema. 114. Dynxyusn direpa myssmuniukamusHa, m. e.

¢ (ab) =¢(a) @ (b) npu (a, b)=1.

Janum fBa AoKasaTesbCTBa 5TOH TEOPEMBL.

l-e nokasarteabctBo. IlycTs x mnpoberaer sHaueHus r,,
Tas -+ +» Ty, OOPaA3YIOULYE IPUBEAEHHYIO CUCTEMY BHUYETOB II0 MOAYJIO
b, a y npoberaer 3BAYEHHS S;, Sy, ..., S, OOpa3yioOHiHe MpPH-
BEeJIEHHYIO CHCTEMY BBLIYETOB IO MOAYJI a. COCTaBHM BCEBO3MOXKHbIE
uncra BAjA ar;-+bs;, COOTBETCTBYIOILNE pPas/HYHBIM Napam r;, §;
yucno Takux unces (Teopema VI) Oyxer paeHo ¢ (B) ¢ ().

C Rpyro# CTOPOHBI, DOCKOABKY (@, b) = 1, To cornacHo teopeme 112
5TH yHCcJaa 00pasyioT NMPHUBeJeHHYIO CHCTEMY BBIUETOB HO MOLYJIIO af,
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T. €. YUCJO TAKUX YHCeJ NOMKHO paBHATbest @ (ab). Ilpouspepennc
eD)o(a) u @(ab) BbpamKalOT OXAHY B Ty XKe BEJAUYHHY, T. €.
@ (ab) = ¢ (a) ¢ (b).

JT0 [0KAa3aTeJbCTBO CYHIECTBEHHO HCNOMAb30Bagan Tteopemy 112
0 3HauyeHUAX JuHelHOW GopMbl ax--by. Ilagum temepb Ipyroe
HEMOCPeACTBEHHOe J0KAa3aTelbCTBO TEOpPEeMbl.

2-e foxasateancTBo. CoctaBum Tabanmny:

1) 2’ 37 vy b;
b1, b2 b+3 ... o

2 1. 242 %-+3 ... ap 2)
@—1)b+1, (a—1b+2 (@—1b+3, ..., ab

— U QUpeJeaNM YHCHO YUCEN B 3TOH Tabaune, B3anMHO NPOCTHX ¢ af,
(kb—+r,b)=1 (Teopema 90) Toraa u ToJBKO TOrxa, Korja (7, b)= 1.
Takum obpasom, uucsa, B3aMMHO npocThe ¢ b, a TeM Gojee M ¢ ab,
MOTYT ObITb TOJEKO B CTOJIOLAX C HOMEpAMH 7, TaKuMH, 4uTo (r,b) =1,
rie 1 <<r=<b. Yncno Takux cToa6UOR N0 onpefesenuio pasHo ¢ (b).
Kaxppiii Takoil croybel COCTOUT U3 YHUCEJ:

r, btr, 2b-+r, ..., {a—1)b+r, (3)

T. €. U3 yuces BUAa bx+r, rjie x npoberaeT NOJHYIO CHCTEMY BBIYETOB
no moayaio a. Ilockoabky (a, b)==1, 710 corgacro Teopeme 107
ypcia (3) o6pasyioT Takxke IOJHYIO CHCTEMY BbMETOB 1O MOAYJ 4,
H, CICJOBATeNbHO, B (3) comepxutcs ¢ (a) 4uces, B3aMMHO NPOCTHIX
¢ a. Mb umeem, Takum oOpasoM, B Tabauue (2) ¢ (b) croaduos
4Kces, B3aUMHO HPOCTHIX ¢ b, WpHUeM Kaxkiblii Takofl croaben
COJEPKUT ¢ (@) 4HCes, B3aHUMHO NPOCTHIX ¢ @. Ecau 4HCIO B3auUMHO
npocto ¢ b v ¢ a, to (TeopemMa 42) oHO B3aUMHO npocTo C ab.
Taxkum obpasom, tabuuua (2) comepxutr ¢ (b) ¢ (a) uuces, B3aUMHO
npocTeix ¢ ab.

C npyroii cropousi, ara Tabauna COAEPKHT Bce uucaa or 1 1o
ab, u, TakuM 06pa3oM, B Hefl ¢ (ab) uuces, B3aUMHO NPOCTHIX cab, T. €.

¢ (@) 9 (b) = @ (ab).
[Tpumepsn.

1) 9(3)=2, ¢(10)=4, ¢(30)=8;
2) 9(5)=4, @(8)=4, ¢(40)=16;
3) ¢(3)=2, ¢(6)=2, ¢(18)=6
B mocnegnem mpumepe @ (3-6)=£¢ (3) @ (6), Tak kax (3, 6)=2.
Teopema 115. [Tycme p—npocmoe uucio, oz=1— awboe Hamy-
paavroe, moeda @ (p*)==p*~1(p— 1).
HoxaszateabctTBo. Yueao B3auMHO NpPOCTO € p* TOrAa W
TOJIbKO TOTAd, KOTJia OHO He jenauTcsl Ha p (TeopeMn 39 n 4o) Cpe;m

nepBbIX 7 HaTypaJdbHBIX YucCead HMeercs (Teopema 49) Z =p*”
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duceJl, JeASIHXCSE HA P; OCTAJbHBIE p* — p*~! upces B3aUMHO NPOCTH
cph e @(p)=p*—p*Tt=p"1(p—1).
Teopema 116. Ecau m=py'py.. . ps‘— KAHCHUEECKOE [ABACHERUE
wucia m, mo
%=1 01

dg=—1
Q(m)y=p:" P Lo (o= D (py— 1. (p— 1)
HoxasaTenscTBO. Py, Py, ..., Py B KAHOHUYECKOM pas-
JIOKEeHUH 0603Ha‘{alOT paSJII/I‘IHble HpOCTbIe qgycJaa, HOBTOM}/ (Teo-

pema 44) p¥, pY, ..., ps*—IONapHO B3aUMHO OpOCTHIE YHUCJIA H
corjacuo teopemam 114, 113 u 115 umeem:

@ (PIPS ... PS) = (PY) @ (P2°). .. @ (ps) =
—p‘f“’(pl——l)paz'2(p2~l)..-p?s"(ps-ﬁ)-
HpHMepr.
9(270)=¢(2:32.5)=322—-1)(3—1)(6b—-1)=T72;
2) q>(700000) @ (28.5%. 7y =245 (2— 1) (5—1) (7T— 1) =240 000;
3) @(45375)—@(3 -5%.112)=5%.11-2.4.10 =22 000.
Teopema 117, llpu m>1

cp(m)zmg(l—%>.

3HaK p|m o3HauaeT 3kecb TO, YTO MHOMNKUTEJNH MpPOU3BEIEHHs
GepyTcs TMPH BCEBOSMOXKHEIX MPOCTHX AeJMTENsX uucaa 2.

JloKkasaTenbCTBO HEMNOCPEACTBEHHO BLITEKAeT U3 MpPEABIAY-
weii Teopembl. JlioGoe m > 1 MOKHO TpPEICTABUTH B KAHOHHYECKOI
dopme m=p{*...ps* u Torma

@ m) =P P (o= 1) (p— 1) =
stept (=4 (1) = IE (1)

Teopema 118.
D e(d)y=m

djm
CyMMHpOBaHME B JIeBOH YACTH NPOHU3BOZHTCH MO BCEM NOAGHKH-
TeJLHBIM Jeaurensam uuciaa m. Hanpumep, npu m =20 nmeemM:
, ; I
| l
5 10 } 20
i !

d 4

Bk

|

‘% P =¢(DN+9@)+e@)+9B)+p(10) 4 ¢ (20) =
=1-+142444418=20,

(p(d)ll’x’2l4i4is
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HoxkasartenscTso. O603HaYUM HANIYy CyMMy, 3HAYyeHHE KO-
TOPOIi, OYEBHIHO, 3aBHCHUT OT /1, uepes F (m), Tak uto F (m) =; @ (d)-
m

HMoxasaresiscTo pasoObeM Ha TpH uacTd., CHavajna noKaxkeM, 4ToO
F (m)—wvnnmmuxdmanaﬂ ¢ynxuus, sareM BuuucauM F (m) npH
m=p* H, HakOHeN, NOKaxeM, 410 F (m)=m.

1) Hym*b (a, b)==1; torpa ans mobuix 8{a, 8"|b Gymer (8, §) =1,
Tak YTO, NPHUMEH§s I[PaBHJIO YMHONKEHHS CYMMBI Ha CYMMY, T. €.
NPAaBHJIO PacKpHITHSI CKOBOK M Teopemy 114, moaydaem:

F(a)F (b) =% @ (é)MZb @(6") = %, {%@ (8) @ (8% =B§ g}wq‘) {88").

Toayyennass cymma pasua Z(p(d). J{eHiCTBUTEIBHO, NPOU3 Befe-
diab

nue 88, rme 8|a u 8 |b, ouesnaHO, PaBHO HEKOTOPOMY OlipejesieH-
oMy genutemio d upoussefienus ab. C Apyrofi CTOPOHBI, eciH B3ATh
HeKOTOPHIA JenuTenb d npouspeleHuss ab, To (Teopema 45) MbI
UMeeM [JIS JAaHHOTO d BIOJIHE OnpejeseHHoe HpelcTaB/eHHe B BHIE
d=2=8%', rae 6|a, 8'|b.

Pagencrso
6%) ;f" (86" 24%; ® (d)

Tenepb HEMOCPeNCTBEHHO CNefyeT M3 TOro, UTO MEHAY pPaBHbIMY
claraeMbiM# JIEBOA W NpaBOd vacTefl MOXKHO YCTAaHOBUTb B3AUMEHD
ONHO3HAYHOE COOTBETCTBHE, conoctapasig @ (08") ~ @ (d), ecan
88" =d, 8la, 8'|b. Takum oOpasoMm, moaydaem: '

F (ab) :4‘?5}‘, @ (d)=F (a) F (b).
2) Ilyers m == p*, Toraa
F(p)= dZﬁO(d)=<P(1)+CP(p)+<P(P“')+...+<P(P“)=
{1

=1l+(p-—D+E*—p+...+(P*—=pH=p"

3) Iycrs m = pl'ps®. . . ps® — Kanounyeckoe pasnoxeine m. Toraa
cornacHo Teopeme 113

F(m)=F (p{") F (03%).. . F (ps*) = pi'pyt. . . pst=m.

Hcmopuueckue kommenmapun k 10-it zaase

1. Jleonapn Siinep (1707 —1783) ponuncs B [lpefinapuun. B
1727 r. ou Gbln mpuraamied 8 [leTep6ypr B CO3/aHHYIO TAM He3aH0JTO
a0 Toro Araxemuio Hayk. Difnep xua u paboran s I[lerepGypre ¢
1727 mo 1741 r. u ¢ 1766 r. J0 KoHHA CBOEH KH3HH.

Cpenu Benukux MartemarukoB XVIII Bseka, cosgaBmux OCHOBS!
COBPEMEHHOI0 MaTeMaTHUeCKOrOo aHaflusa, JiJep Bejensercd cBoed
HCK/IIOUHTE/ILHON MHTYHilMefi; JdaxKe Korja 2iyiep, HaiOLsd HOBbe
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pe3yJibTaTsl, OOOCHOBLIBAJ MX HE BCErja emie CTPOro paspaGoras-
HbIMH B €ro BpeMsl METOJaMH, KOHEUHBIC BLIBOIBl €rO, KaK 3T0
BBISICHUJIOCH TO3Ke, OnIM Rcerna BepHB. B caMbIX pasiuuHeiX
o0nacTAX MareMaTHKH U ee NPHJIOKEHHH ¢ MMeHeM DfiJepa CBS3aHO
upesBblYafiHo GOJbI0e KOJHYECTBO HOBBIX INIYGOKHX PesyJIbTATOB,
ABJSHOMMXCS OCHOBOIl BCETO JanbHeHIIEro ee pa3BUTHS.

B 1729 r. 2inep Hauanm pepenucky ¢ ujenoMm IlerepSyprekofi
Axagemuu vayk Xpucruanom [onabafaxom, MposiBASBLINM OOJbLIOH
HHTEpeC K TCOPeTUKO-YHCJIOBHIM 3ajauaM. 3JTa [epenucka @ mpo-
Oyauna, no-suguMoMmy, uHrtepec JI. Dilnepa ¥ Teopuu uucen. Ha-
ugHasg ¢ 1732 r. u jo KOHUA CBoefl XU3HH Dinep 3aHUMAJCH Pas-
HooGpazHbIMU BONIPOCAMU TEOPHHU uuceJ U Hanucas csbiute 100 paor
B aTON O6sacTu.

Pa6orsr Diilepa Mo TeOPUK 4HCeN NOCBAILEHE BecbMa pa3Hoobpas-
HBIM BOIpOCAaM, B TOM uucJe npobseMe pacnpefeJieHHs IPOCTLIX
uHceJl B HAaTYpPaJdbHOM pAAY, pas/JMYHBIM 3ajadaM TeopHd ¢opM,
pa3buenuio 4YuceJ Ha cjaraemole. B cBomx paborax Diliep =He
ynoTpebasii TEPMINOB TEOPHU CPABHEHUH, ONHAKO PAJ BaKHeHIIHX
ee pe3yJbTaToB, CPOPMYNMPOBAHHBIX B TeDMHHAX TEODHH HEJAUMOCTH,
6oy nosyueHnl uMeHHO uMm. [asi pabor JI. Ditnepa B Teopun uuceJ
XapakTepHO CTpeMJIeHHe HCHOJb30BaTh METOAbI MaTeMaTHYecKOT o
aganusa. D10 NPOsBUJIOCH HE TOMLKO B paboTax HO pacipeleseHHIo
IPOCTHIX 4HCeJ, SIBUBUIMXCs, KaK OblI0 OTMEHeHO Bbllle, HAYaJoM
aHaJIMTHUYECKOll TeOpHH 4MCeJ, HO M B paborax no teopuu paslue-
HHS YHCEJ Ha cJaraeMole.

Tpyznsl Ditgepa no teopuu uhcesa OplIM H3AaHBl y Hac B Poccum
Axanemuell uayx B 1849 r. ma aaruHckoM s3bike. JlBa TOMa 3THX
Tpyron moa uaszsamiem  Commentationes arithmeticae collectae®
cofepxat 1235 crpanuu. PyHKUMS ¢ (), NOJyYHBHIAS B JaJbHel-
{eM ero ums, Oblja BBeJeHa MM B OfHOH pabore, OmyCJHKOBAHHOH
B 1760 r.

2. Toxpecrso teopemsl 118 BeTpeuaercs Bnepeble y Iaycca.

FIABA 1t
TEOPEMbI ®EPMA W 3WJIEPA
1. OCHOBHBIE TEOPEMBI

BosbmeMm HEKOTOpOe HaTrypaJpHOoe HYHCJAO @, B3aUMHO NIPOCTOC
C MOAyJeM #, U PacCMOTPHM IOCJ/EHOBaTe/ibHbIC CTENEeHH a:

a, a2, aé ...

Bee umena sroro GeCKOHEUHOTO MHOMKECTBA pacCHpefesieHbl B m
KJaccax, CJAefOoBaTeNbHO, MO KpafHeH Mepe OFMH M3 3THX KJaccoB
JOJIKEeH cofiepKarb GeCUdCIeHHOe MHOXKECTBO CTel eHell a. B3sB u3
9TOr0 KJjacca ABe cTellenu ¢ M 0603HauuB ux ¢ u af, rme s> =1,
6y neM nMets a®=a' (modm).

96



[ockoabky u3 (a, m)=1 cnenyer (@', m)=1, 10 {Tecpema 80)
a*~t==1 (mod m). Takum o6pasomM, AJsl HEKOTOPOTO k = $—1 nmeeM
a*=1 (modm), npuueM NOCKOJBLKY §>>1, To k== 1. BMecre ¢ TeM
Torna ¥ npu JoGoM HaTypajinHoOM n OyleM HMeTb a® =1 (modm),
4TO JOKA3HIBAET CYIecTBOBaHUe GeCKOHEUHOTO MHOYKeCTBa cTeneHed 4,
npEHajJIexRamux Kaaccy 1. KoneuHo, MOCKOABKY Mbl € CaMOro Hayasa
AMeeM H3BECTHBIH NPOM3BOM B EBIGOpe uucea a’ u a', TO cooTBET-
CTByIOMIEe £ He ONpefeseTcss eAMHCTBeHHbIM oOpasom. Hanpumep,
npu m=43, a==06 umMeem:

68 =262 (mod 43) u 6'2==6°(mod 43),
TaK 41O
6%=1(mod43) u 6°=1 (mod43).

1. ®epma pas mpoctoro Mogyhs, a JI. Dinepy jpna moboro
MOAYJS yAaJ0Ch YKa3aTb 3HaueHus k>0, IPH KOTOPbiX HMeeT MeCTo
cpaBrenue a” == 1 (modm) CoOTBETCTBYIOHIKE TEOPEMBI, Mbl KX OyAeM
HasnBaTb TeopemaMn ®Pepma—iisiepa, SBAAIOTCA OCHORON BCel
TEOPUH CPABHEHW{ M HaXOAAT INMPOKOe UpPHMEHeHHe KaK B Teo-
PETMYECKUX HCCIENOBABUAX, TaK U B apU(PMETHUECKHX MPHJIOKe~
HHUSX.

Teopema 119 (Pepma). [Jlan awbozo npocmozo p u aobozo az=1,
He 0eAsle20Cs HA P, CRPABEOAUBO CPUBHERLE

ar-1=1 (mod p). (H

Teopema 120 (Ditnep). Has awbozo modyrs m u awdoeo az=1,
83QUMHO RPOCIMO20 € M, CRPAGeOAUso cpasHesue

a*™ =1 (mod m). (2)

Cpasuerns (1) u (2) Mb OyieM HasbiBaTb COOTBETCTBEHHO
cpapuennsimu Pepma u Dizepa. ‘

Jlerko puIeTh, 4to TeopemMa Pepma aABAAETCS UACTHBIM ClydaeM
Teopembl Ditnepa. [lefictBiTebHO, ecan B Teopeme OJiljiepa B3ATh
m=p, TAe p—HpOCTOE YHCJO, TO ycioBue (@, p) = l 3KBUHBAJEHTHO
yeaosuto p 4 a (teopema 39), a ¢ (p)=p—1, Tak YTO IpU M=p
TeopeMa Diijiepa CBOIUTCS K YTBEPKACHHIO, YTO NPH p { @ Cupasex-
JuBo cpaBHenne a’~1=1 (modp), 1. e. K Teopeme Pepma.

[TocKoMIbKY J0KAa3aTeJbCTBO TeopeMbl Diljiepa He CJIOXKHed, ueM
JOKa3aTeJibeTBO Teopembl depMa, NpHBeleM J0Ka3aTejbCTBO TeopeMbl
Sinepa. Tem cambiM GyZeT JOKasaH M ee WacTHBI cayuali —reopema
Depma.

JoxasaTeabcTBo TeopeMnt diisepa. [Tyerbry, 7y, .o o Fom—
HEKOTOpasi TNpUBEJEHHAsi CHCTEMa BbIUeTOB N0 Moxymo m. lipu
(¢, my=1 cornacHo teopeme 111 wucna ary, ar,, ..., F ) TAKKe
00pa3yloT NPHBEJEHHYIO CHCTEMY BLIYCTOB. YCTaHOBHM B3aHMHO
OIHO3HAYHOE COOTBETCTBHE MY 3THMH ABYMS CHCTEMaMH, CONIOCTaBKB
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KAXJIOMY H3 YHCEN ary, Qfy, +.., OFy,, CPABHHMOC C HAM YHCJO U3
CHCTEMBL Iy, Fg, vury Fy(m TaK, UTO:

ar, =r,(mod m)

ary, =r,(modm
2 3( ) , (3)
ar o, =1, (mod m)
TR 7,, I3 «.»y F,—HEKOTOPEIM OOPa30M IlepecTaB/ieHHbe YHCHA fy,
Tav wvs Tutmy To €0 To s oo n Iy==01 Ty vt Ty
IMepemmoskast Bce cpaBHenus (3), nonyuaem
o( 1)y —
a¥ ity gy =Tl - 1y (moOd ). (4)
[Mockombry (r;, m)=1 ans Beex i, TO (ryry ... Ty, M) =1
(reopema 42) u ofe uacTH cpaBHeHHs (4) MOXKHO COKPaTUTb HA
Fyelgs s Ty, TAK UT0 @ “™ =1 (modm).

Hpun«epoi Opu p=7 HmeeM 28=64=1(mod7), 3*=729=

=1 (mod 7); npup—ll a=221=1024==1 (mod 11); npu m=9,
a—5 uMeeM ¢ (9) = 5% = 15625 = 1 (mod 9); upu m=21, a=2
uMeem @ (21) =12, 212 4096 = 1 (mod 21).

3anuwem Teopemy Pepma emle B Apyro#t (opme.

Teopema 119°. [Han 06020 npocmozo modysn p w mobo2o wamy-
DANLHORD HUCAQ @ UMEEm MeCmO CpasHeHue

P =g (mod p). (5)

Hoxkasareancreo. Ecnu pta, 1o, ymuoxkas ua q ofe uacru
cpasuenust (1), monyuaem af=a (modp), Eciu pla, 10 p|a’—a,
TAK YTO TAKKeE

a” == a (mod p).
Takum ofpasoM, cpaBHeHue (D) HUMeeT MeCTO NOpPH J0OGOM Hary-

PAJIbHOM Q.
Teopemnr Pepma—iinepa NMO3BOJASIOT YACTO HAXOLUTH OCTATKH

OT jeJieHUsT Ha MOAYJb GOJbIIMX creneHefl sananHoro uucia, Mei-
CTBUTENHHO, €C/AH HaM Halo HafHTH OCTaTOK OT Jefexns aV mHa m,
rie (a, m)=1u N=q@(m), To MOXHO npeicraBuTb N B Buie
N=g(m)q-+r, O<r<<g¢(m).
Torna
aV¥ = (a*"?.a" =a" (mod m),
rae @ Moxer ObITh 3HAYMTENBHO MeHblIe, deMm ab.

Ecin (a, m)s£1, 1. e (a¥, m) :kd>1, TO HafileM HauMeHb-
wee k, Taxoe, yro d|a®, Tak uro a‘=ad, m=md. OGosHauas
HCKOMBIH OCTaTOK OT JejeHus: a’V Ha m uepe3 x, UMeeM:

x=a"=aM*q, d (mod myd)
U, CJeA0BaTeNbHO, X = X,d, TaK 4TO
x, = aMV—*qg, (mod m,).
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X, MOXeT ObiTh HafJeHO NYTeM BbIYHCICHUA NPOU3BEJEHUS OCTATHCR
OT hejienus Ha m, uwncea aV¥—* un q,. 14 OTbICKaHHs OCTaTE:
OT jenmendsi ad—* Ha m, MOXKHO HCIOJb30BaThL TeopeMy JiJepa.
Mpuwmepn. 1) Hafitu ocratox or geaeuns 1712147 na 52.
Q0603HaYuM HCKOMBIE ocTaToK uepes x. Mwmeem: ¢ (52)==24,
x== 1712147 = 152089+ 11 == 511 == (3375)%. 225 = (—5)" 17 =
=—21-17 =7 (mod 52).
2) Hafitu ocratok or gejienust 1261°2% ma 138.
3necy (126, 138)=6. Ecaum x=12612°(mod 138), To x="6x,,
¥ == 21.1261019==2] . 112248+ 7 =—2.1]7= 118 =6 = 9 (med 23),
x =54 =2 mod (52). Ocrarox pasen 2.

2. OBOBILEHUE TEOPEMbI 3HJIEPA

Oyuxuus Jiaepa ¢ (m) He Bcerja fABJAsSETCH HAUMEHDBUINM Mo-
JIOXKHUTEJbHBIM SHAUEHHEM %, TaKuM, u4To a*== 1 (mod m). [las Haxox-
AEHHA 3HAueHMP K, MEHBUIHX, ueM ¢ (m), YAOBJETBOPAIOUIAX 3TOMY
CPaBHEHMIO, HMeET CMLICJ BBEeCTH B paccMOTpeHHe o6oluennyio
dyukipo Dinepa L (m).

Onpeneaenue 38. 0606uwennoll Gyuxyued Iirepa L (m) wasbi-
saemcs PyHKYUA, onpedeierHas OAs 6CeX HOMYPAAbHOLY SHAUCHILIL 1T
caedyrouyust obpasom: L(1)=1, a npu m>1

Lm)=[p4*(p—1), PE~*(po—1), ..., PO~ (p,— D} (6}
ede m=phpd® ... ps—KAHOHUHECKOE PABIOJCEHUE M.

HNpumepn.

1) L(360)=L (22-3%-5)=[4, 6, 4]=12.

9) L(735)=L(3-5-7*)=][2, 4, 42] =84.

3) L (45551)=L (11-41-101)=[10, 40, 100]= 200.
Ipu m=p"* dysxuun L(m) u ¢ (m), 04eBUAHO, COBMALAIOT,
Teopema 121. [Ipu at0box modysre m u (a, m)==1 UMeeT mecuic
cpasHerue
attm =1 (mod m).

Hoxazateabctpo. [lyctb m=pS5p% ... pls—Kanoupuecxkoe

. 4= g —1)
pasnoxenne uncaa m. CoraacHo Teopeme OJiinepa a’i P =

El(mod p;‘i) npu i=1, 2, ..., s. BosBoxa ofe uacTu 3TOrO Cpa-
L{(m L{m
a._l( ) . rge 'ai_l( )
Py (pi—1) P e —1)
TaK Kak 1o onpefenenuio L (m) kparno p%~!(p;—1), noayuaem
at ™ =1 (mod p#). Hs cpasHuMOCTH att™ y 1 no mopyaam p% ,
p%, ..., p% corjacto Teopeme 91 cJjeiyeT CPaBHUMOCTD STHX HCE]
70 MOAYJIIO m, T. e. abim =1 (mod m).

BHEHHSI B CTECHEHDb —eJjoe 4ucao,
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[Tpumepsn. 1) m=>546, a=>5; umeem L (546) =L (2-3-7-13) =
=[1, 2, 6, 12]=12; 5'2=1 (mod 546). [eiicrBurensuo,

512 = 6253 == T79% = 1 (mod 546).

2} m= 1360, a=3; snecp L (1360) == L (2¢-5-17)={8, 4, 16]=
318:==1 (mod 1360). [efictButensHo,

316 =65612=11212==1 (mod 1360).

CoranacHo Teopeme Pepma ecau m—-NpocToe Yucao u (a, m)=1,
10 @”"1==1(mod m). EcrecTBeHHO NOCTaBHUTH BOIPOC: MONKET JH
cpasrenue @” 1=1(modm) uMerr MecTo AJS COCTABHOIO i MOpPH
BCcex 4, Takux, uto (@, m)=1, HJIH Xe 3TC CPaBHECHHE HABJIHeTCH
XapakTepHOil 0COOEHHOCTHIO TOJBKO MPOCThIX MOAYaei? OkasuiBaercs,
4TO CYIIEeCTBYIOT COCTaBHBIE MOAYJAU m, Takue, YTO IHpH BCeX @
B3aMMHO [pPOCTBIX C /M HMeeT MeCTO CpaBHeHHe

a” t==1 (mod m).

HeficTButenbHO, eciau  B3ATH M= p,-p. -Psy TaKoOe, HTO
L {m)|(m~—1), o cornacuo teopeme 121 6y,110M uMethb al =1 (mod mj}

n—
H, BO3BeAs obe wyactu CpaBHEHHA B CTEHNCHDb m, noJaydnm

a” 1z=1(modm) npu Bcex a, Takux, yro (a, m)=1. Herpynuo
nofgoGpaTh Takue 2Hauenud m. Hanpumep, a1o 6yfeT UMETH MeCTo HpH:

m=3-11-17="561, L (561)=2380, 80]|560;
m=>5-13-17=1105, L (1105)==48, 48| 1104;
m=>5-17-29= 2465, L (2465)= 112, 112_}2464;
m=7-13-19= 1729, L (1729)=36, 36|1728.

CoraacHo Teopeme ®epma 1pn pJta ocraTok or denexus af~!
Ha [POCTOC UHCJAO p Beerfa pasell epuuune. MOKHO NOCTaBUTDH
Bonpoc: ObIBAET JIM OCTATOK PaBEH eJHHULE NpH LefeHuu af~1(a> 1)
Ha OoJlee BLICOKYIO CTENEHb p, HanpuMmep Ha p2, T. €, MOXKeT JiH
npm KakoMm-iu6o a>>1 ¥ 1NpocToM p HMEThb MECTO CpPABHEHUE
af~1==1(mod p*)? Oxasmsaercsi, 4TO TAKHe 3HAYEHHS @ H p cYllie-
creyor. Hanpumep, Mox!10 B3sTh a =3, p=11 n Torna 3'°=243%==

(mod 112).

Oznno BpeMst HeKOTOpble MATeMATHKH NOpeinoJiarajid, 4ro cpa-
Bdenye 27°1=1 (mod p?) He MOKeT UMeTb MeCTO JAJs NpPOCTHIX UHu-
cesl p. D10 NpPeANOJOKeHHe OKas3ajoch HepepHHIM. MoxHO npose-
puTh, uTO, Hanpumep, 2"~ t=1 (mod p?) npu p==1093, xorga 1093 —
IPOCTOe YKCJIO.

Hcemopuueckue kommenmapun x 11-it z2aase

1. Tlbep @epma (1601-—1665) — n3BecTHHIA B CBOE BpeMsl HOPUCT
H COBETHHK CYAeOHOTO napJaaMenta B Tynyse —HHTEHCHBHO U € 60Jb-
LIMM YCIIeXOM 3aHHMAJICS Pa3JMUHbBIME MaTeMaTH4eCK UMH BOIPOCAMH.
Il. ®epma sBasercs OfHUM U3 TBOPIUOB AuddepeHUHATBHOIO UCHHC-
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JIeHHsl H TeOPHM BepoATHOCTeH, HO ocolenHO O6OJblIoe 3HAYeHHE
HMEI0T ero paboTbl 1O TEOPUH uHuceJ. DOJBIIMHCTBO TEOPETHKO-
qucioBbiX PpesyabTatoB II. PepMa 3anuceiBajuch UM Ha MNOJAX
sk3emnasipa couuHenuit [uodanta ,Apudmeruxa‘; depma 06bIUHO
HE 3amHChiBaj J0KasaTesbCTBa, a AaBaJg TOJbKO KpaTKHe yKasanusa
0 MeTOAe, KOTODHIH OH NPHMEHSN AJA NOJYHYeHHS CBOEro pe3yiib-
tara. Counnenus ®epma nog HazsanueM ,Opera Varia“ Ol u3LaHbl
BHepBeie B 1679 r.

Teopema ®epma, u3nokeHHas B 3Tofi riaBe, Oblja BbICKasaHa
B OJAHOM U3 muceM, nociaHHoM uMm B 1640 r. @pernuxkay. B asrtom
nucbMe PepMa muIleT, YTO OH NOJYUYHMJ JOKA3aTEJNLCTBO 3TOH TeO-
PEMBl; OJHAKO CaMO JOKa3aTesJbCTBO He OblJI0 UM onyOJHKOBaHO.

IlepBoe M3 H3BECTHBIX JOKasaTeJbCTB TeopeMel Pepma NpHHAA-
aexur Jlefibuuny (1646— 1716). HoxasatenbpcrBo JleGunua 6biio
OCHOBAHO Ha PAacCMOTPEHHH CpPaBHEHMS:

(ay+ay+ ... +a)y=af+ad+... +a? (mod p).

Dhsep a1 HECKOJbKO PA3JIUYHBIX JOKa3aTeJbCTB TeopeMsl Pepma,
113 KOTOPBIX mepBoe oTHocuTest K 1736 r. B 1760 r. Ditnep o6o6wun
TeopeMy, npujaas el Bujy Teopemnl 120, mHocsawmeli ero ums. Hamo
fipH 5TOM HMEThb B BHJY, YTO TepPMHHOJOTHS U ofosHauenus y Pepma
H Yy Diniepa COBepIIEHHO OTJUYHBE OT COBpeMeHHBIX. IIpuBeleHHOe
HaMH JOKa3aTeJIbCTBO TeOpeMbl Jilepa mnpejcTapisieT cobofl Hero-
cpeAcTBeHHoe 0000UleHHe AOKa3aTesJLCeTBa, jgaHHoro B 1806 r. ansa
TeopeMnl Pepma MaremaruxoMm A#BopH.

2. Bmecrto dyuxuuu L (m), onpenedentot gpopmynofi (6), MOKHO
paccMaTpuBaTh QYHKIHIO [ (m), TaKyio, 4TO

L (m), npu 84 m,

l(m):{ %L(m), npu 8|m,

B J0Ka3aThb CIPaBeJJHBOCTbL cpaBHenus af ™ ==1(modm) npya
BCeX @, B3aHMHO MPOCTHX C M.

Dynxnuio [ (m) pacemarpusat (paniy3ckuil. MaTeMaTuk Jloka.

3. okasaso, uto Ajsi moGOro HaTypasJbHOTO YHCJA d CYIle-
CTByeT GeCKOHEYHOE MHOMKECTBO COCTaBHBIX YHCEJ 71, TaKHX, 4YTO
a™'=1(modm) (Hwonapk, 1955 r.).

HeuspectHo, GeCKOHEUHO JIM MHOMKECTBO COCTABHBIX UHCEN 1,
TaKux, 4yro a”~1==1(mod m) jmnas BCex @, B3aUMHO HPOCTHX C M.

' TABA 12
FPYINNA KJIACCOB, B3AUMHO NPOCTBIX C MOAYJIEM
1. TPYIINA KJACCOB

Bo MHOXeCTBe KJjaccoB Mo JHOﬁOMy MOAYJIXO m BCerja BBHIIOJI-
HUMBI Onepanuu CJOXKEHHA, BbIYHTAHHS, YMHOXKEHHA. B srom MHO-

WKecTBe €CTb €AUHUYHLI] 3JIEMEHT, a UMEHHO KJjace l_ EcrecTBenHO
101



NOCTABUTL BONPOC O BBHIIOJHUMOCTH ONepaluy JefieHds, T. €. BHIAC-
HUTh, SIBASETCH JIH MHOMECTBO KJ4cCOB TPYNNOH IO OTHOIUEHUIO
K BBeJEHHOH 3hechb oniepanud YMHOXeHWs. JleTKo BUJETH, 4TO MHO-
JKECTBO BCEX KJacCOB MO MOAYJO nl He sIBAseTCs rpynmoi. 310
caenyer xorst O M3 TOro, 4TO AJs HYJIEBOTO KJjacca He cymiecT-
Byer obparnoro sjemenTa. [eficTBrTespHO, NPH JMI060M X NpOH3Be-
nenne Q-x=0sz£1. Takum o6pasom, H3 YCJOBHH, ONpeNessiomuX
rpynily, OIHO YCJAOBHe 3Jech HapyuleHo. Bwmecte ¢ TeM eciu
H3 MHOXKECTBa BCeX KJacCOB BBIJEJHTh TOJNbKO KJacChl, B3aUMHO
IPOCTHE € MOJIyJeM, TO MMeeT MeCTO CJeAYIoWas Teopema.

Teopema 122. Muoocecmeo Kaaccos, e30UMHO RPOCMbLX C MOOYACM.,
npedcmasasem cobol epynny.

HoxasareasctBo. Ilyets ry, ry, ..., roem—KJacch,
B3aHMHO IpocThle ¢ MopyJaeM m. ITpoBepum, UTO B 3TOM MHOMXKeCTBe
BBIIOJIHEMBL BCE YCJOBHS, ONpeJesdiomue rpynny.

Ycnoeue 1 (3aMKHYTOCTb ONEpalUMH YMHOMEHHS!) BBHIIOJHEHO,
TaK Kax ecj (rl-,_m)=1, (rj, m)=1, To (rir;, my=1n riry=
=r;r;="ry, A& (r,, M)=1, T. e. IpOU3BEe[CHNE KJACCOB, B3aUMHO
NPOCTHIX C MOAYJEM, Takixe IpeACTaBiseT co0Oil Kjaacc, B3aUMHO
NPOCTOH ¢ MOAYJeM.

Ycnosue 11 (couerarenpHbIfl 3aKOH) BBHINOJNHEHO NMPU YMHOXKEHHHU
Ji00BIX KJaccoB (Teopema 101).

Ycaopne 111 (cymecTBoBaHHe €JUHHYHOIO 3JIeMEHTa) BHIIOJHEHO,
TaKk Kak Kjacc | B3aMMHO HIpPOCT C MOAYJEM ¥ MOTOMY BXOMHUT
B Haille MHO)kecTBO. HakoHen, BbimosHeHo W yciosue IV (cymect-
BOBaHMe 00PaTHLIX 37eMeHTOB). Eciu B3aTh mo60# Kaace 7, B3aHMHO
npocroii ¢ MoayJaeMm m, To obpaTHbM KiaaccoM (r)”' Gymer Kaace

re m-1_ rague B3AUMHO NPOCTOH ¢ MopyJeMm. [elcTsuTensHo,
Forem-1=rom =1,

TaK KaxK COrJacHo Teopeme isepa r®™ =1 (mod m).
Kanace, oOpatepll kjaccy r, Mbl OyJieM S3anuCHiBaTh TaKxKe

1 1 -1
_B BHJe — , TaK uTo —=/{(r)"1.
r 14

['pyrnna xjaccos, B3aUMHO HPOCTHIX ¢ MOAYJIEM %, PEACTABJISET
co0oll KOMMYTATHBHYIO KOHEUHYIO TPYNAY, H NODPSAOK ee, T. e.
YHCJO 2JIeMEeHTOB, paBeH ¢ (m).

B Teopum rpynn usBecTHa Teopema Jlarpamika, COT/IacHO KOTO-
poft mas mobGoro sjeMentTa A KOHEUHOH TPYHOB IPH 1, PaBHOM
fIOPSIAKY TPYIIBI, nMeeT Mecto paBeHCTBO A”=FE, rje E—eauuuia
rpyansl. Teopema Diilepa aBASIeTCS. YaCTHBIM CJIy4aeM 3Tofl Teo-
pembl JlarpaHmxa AJst TpPyOIbl KJaCCOB, B3aHMHO IIPOCTHIX C MOXY-
aeM m. [Juas 3Tofl rpynnel TeopeMa JlarpaHma TpUHHMaeT, BHJ
(r)*™ =1, wro B Apyrofi sanMcH W KaeT TeopeMy Diiepa ro(m =
=1 {(modm) npu (r, m)=1.

102



2. IOJIE KJIACCOB [0 NPOCTOMY MORYJIIO

B xommyTtaturHO#l rpynne mas JoOpx ABYX ajeMeHToB A M B
MOXHO HafiTd saement X, Takoil, uro A - X=X A = B. das takoro

B
3JeMeHTa X MOXHO NpHUHATH 0003HaueHHe X=71‘. B uyacthocry,
paccmarpuBasi TPYHNy KJaccoB, B3aHMHO fIPOCTEHIX € MOAYJeM 1,

b
MOXKHO, TakKuM 00pa3oM, BBeCTH JApo6H —, YV KOTOPHIX UYHCAUTEND
a

M 3HaMeHaTeJb—KJacChbl, B3aUMHO IPOCTHIE C MOAYJIEM. Mmu JAaEUM
GoJee 06mee omnpenesieHne, MNO3BOJgIOIee paccMaTpuBate B Ladlb-

o b
HeHueMm leOﬁH BHJA — M TOTJ2, KOrJa KJjacc b He B3auMHO npocT
a

C MOZRYJIEM.
Onpenenenne 39. flycmo a w b—rkaaccor no modyao m. Yacm-

b y = .
HolM = Haswvieaemcs a1000i Kiace x (ecau OK cyuiecmsyem), mMaKoi,
a

ymo

ax=b.
Banuch k€

Qo

OyZeM TMOHHMATb B TOM CMBICJIE, YTO K BXOAHT

. Coraacno onpegenenunio 39, ecau a

-— b -
1 b—kJaaccsl N0 MOAYJIAWO M, 3anuch k€= 03Hadaer, 4To
a

B HEKOTOPBIH KJace X =

Sy

ak ==b (mod m).

Teopema 123. Jan awboeo kiracca b u kiacca @, 63QUMHO npo-
Cmoz2o ¢ MOOyAem m, cyuecmsyem, u RPUMOM eOUHCMBERHOe, 4acH-

b
Hoe = .

a

Hoxasareabctso. Ilyers (a, m)=1. Toraa a— saemeHt
rpynmbl KJAcCcOB, B3aMMHO INPOCTHX € MOAYJeM, W AJs HEro cyluie-

cTByeT o6patHuil kaace (a)7l.

— b —_— -
Ecau cyllecTByeT YacTHOE x¥==—, TO @ X==D, ¥, yMmHOXas o0e
a

4acTH 3TOro papeHctsa Ha (a)~!, noayuaem, uto x = b(a)~1, . e. 3Ha-
yeHME X MOMeT ObTb TOJNbKO €IMHCTBEHHBIM. HenocpeicTBennas
npoBepka nokasmisaer, uto a (b (a)~Y)=ba{a)"1=0b-1=0.

8|

TaxuM o0pasoM, eIMHCTBEHHOCTb H CYULeCTBOBaHHe KJjacca
b — S —
JOKA3aHbl, NPHYEM YCTAHOBJEHC, uTo — = b (@)1= b.q¥ =1,
a
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=Z- 5_121’:5@ (8)=1 —

SHIES

Opuwmepe. 1) Mo monynwo 8 uacrhoe
= 4.5%=4,

2) I'lo moxy sio 14 yactHoe

o =l oo

ITockoabky npobu BHIa = NpeACTaBAAIOT co0OH Kaacchl, NpH
a

onepauMsaxX Haj TaKUMH APOOsiMM MOKHO NPUMEHATH MepeMecTHTe/]b-
Hbifl, codeTaTeJNbHBIA H pacnpele/INTeLHBIH 3aKOHHI.

b d
PaCCManHBaH }.IpOﬁH = H =— CO BHaMmeHaTe/JsdMH, B3dUMHO IIPO-
a 4

CTHIMH C MOAYJeM, Mbl 6yJAeM, Kak OOBIYHO, PaBEHCTBO o-

2l
i
slls

b
HHMaTb B CMBICJIC COBHAAEHUA KJacCCOB = H
a

olial

Teopema 124. [Tycmo a u ¢—KAQCCOL, 63QUMHO NPOCTbIE C MO-

b d .

dysem m. Pasencmso == = wmeem Mecmo mozda U moabKo moaoa,
a c

Koe0a
ad== bc {mod m).

HoxasarteasctrBo. 1) Ilycts

Bosbpmem umcno k&,

s«
SHEN

T d
npuHajIexamee 3toMy Kjaaccy. [lockonbky R€—= u ke?, TO
a
JIOJUKHBL BbIOJHATBCS CPaBHEHHS:
ak=b (mod m), ck=d(modm). (H

O6o3nauum (k, m)=2~8, torja cpaBHeHus (1) moKashIBaIOT, YTO
S8|b ud|d, 1.e. k=k0, m=m8, b=0,8, d=4d,8, rae {k;, m))=1.

Coxpamiasi (teopeMa 82) ofe 4acTH 3TUX CpPaBHEHHH H MOAYIb
ua 8, moayuyaem:

ak,=0b, (mod m,), d,;=ck, (mod n,).

- Iepemuoxkasi 5TH CpaBHEHUs M COKpamias Ha ky, B3aUMHO 1pO-
CTOE C MOAYJEM 1y, NOJyUaeM NOCJeL0BATeILHO:

akyd, = b ck, (mod my), ad; = b,c (mod m,).
YMHOKasi Tenepp 06e yacTH W MOAYJAb Ha O, Hosydaem:
ad = bc {mod m).
2) Ilycrs ad=bc(modm), (a, m)=1, (¢, m)=1. Bosbmem
ke%, T. €. k Takoe, yTo ak=b(modm). ¥YmMuoxkas obe 4YacTH
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9TOrO0 CpaBHEHUS Ha ¢, nogayuaem ack==bc(modm), T. e.
ack=ad (modm). Haxonen, coxpaijas Ha @, B3a8HMHO HPOCTOE
c MOLLyJIEM NPUXOANM K cpaBHeHHO ck=d(mod m), 1. e. noJay-

qaem kE:.
4

[Tockoneky (a, m)=1 u (¢, m)=1, Knaccn " i onpese-

afl <

JICHBI 0]1‘-[03Ha'~IHO u umeor ofuwee uyucao k, a CJIClIOuaTe.HbHO

slfs)

(teopema 94), i =
a

Onpeneacnue 40. IIpu (a, m)==1, (¢, m)=1 0se dpobu gni

HA36I8QI0MCA  CPAsHUMBIMY 1O MOOymo m, ecau be==ad (modm).
d

Mbr OyzieM B 3TOM cjydae nucaTthb a£_=_.~'7 (mod m). Cornacuo stomy

b d
onpejiesieHUI0 CpaBHeHHe ZE—(modm) OymeT o03HAuaTh, UTO

(@, m)=1, (¢, m)j=1 u uro bc=ad(modm), a CJIe[OBATEJIBHO,

b d
no teopeme 124 Mpl 6yjeM B 3TOM CJy4ae HMeTb: —==—.
a 4

Takum o6pas3oM, CpaBHUMOCTb JABYX Apobell mno paccmartpuBba-
€MOMY MOJYJIO O3HA4aeT COBNAJCHHME COOTBETCTBYIOULHX KJACCOB.

L
B wacrHoM cayuae, eciiu E’:‘:_k(mod my, o ak=>b(modm), T1. e,

a
Teopema 125. Ecau
b b (mod m), LA (mod m),
a T d ¢
mo:

be £ad __ e La'd
ac a'c’

(mod m},

1)

bd _ b'd
2) = (mod m).

%

JloxasaTenbCcTBO. 1)%Ey(modm)n (modm)og-

HAuawT, YTO0
ba’ =ab’ (modm) u de¢' = cd’ (mod m).

Ymuoxas obe uacTu nepBoro U3 aTHX COBBHGHI/IH Ha cc’ , a4 BTO-
poro-—Ha aa’ o CKJlaAbiBasi, noJqydaem.

(be+adya'c = (b'c" +a’d") ac (mod m).

[Nockonbky npu stom usz (a, m)y=(a’, m)=(c, m)=(c", m)=1
creayer Takxe, uro (ac, m)={(a'c’, m)y=1, To mnocienuee cpa-
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BHEHHE MOXHO 3amnucath B BUJE:

bc+ad v +-a'd
w =g (mod m).

Jns pasHOCTH HOKa3aTesJbCTBO COBEpPIIEHHO &HAJOTHYHO.
2) Tlepemnoxas cpasrerus ba’ =ab’(modm) i d¢’ == ¢d’ (mod m),
noJayuaem:

ba'de’ = ab’cd’ (mod m), el a - (mod m).

Takum o06pa3oM, COrJacHo 3TOH TeopeMe Cnepanuy CJOKEHHS
7 YMHOMXEHMSI CpPaBHeHHH C JAPOGHBIMHM YJeHaMH [POU3BOEATCS
GO TeM K€ 3aKOHaM, Kak onepalud ¢ OObIKHOBEHHBIMH JXpoOsiMu.

Crnepyouiasi TeopeMa SBJSIETCS HENOCPEACTBEHHBIM CJEJCTBHEM
teopembl 101 pas cayyasi, Korja MOAYJb—IpOCTOE YHUCJO.

Teopema 126. Mwnosicecmso ecex Kaaccos no RpPocmomy mooyAo
npedcmasasem coboii noie.

JdokasaTenbcTBO. ¥YKe panbiue (Tecpema 101) 6nno Jgoka-
3aHO, YTO MHOMKECTBO KJ4CCOB NHO JIOGOMY MOAYJIO INpejcTaBiser
co6oil KOMMYTaTHBHOE KOJIbLO 10 OTHOIIEHHUSM K BBEJREHHBHIM HaMu
OnepauMAM CIOKeHHs W ymHoxenus. Ecam moayns p—mpocroe
YHCJO, TO, OYEBHJHO, CYHECTBYeT N0 KpaiiHedl Mepe OJMH KJIacC,
nanpumep 1, OTJHYHEHI OT HyJeBoro. Eciu Kaace a;éO u b—npo-
u3BOJBHBIH Kaacc, T0 p{a, (a, p)=1 H, clefoBaTe]bHO, COIJIACHO
TeopeMe 123 cyuecTByeT €AHHCTBEHHOE BIOJIHE OMpeleseHHoe 4yacT-

b
HOE X===—, T. €. @ Xx=0.
a

[Tockonpky ycaoBHe, NpH KOTOPOM KOJBHO SIBJISETCS MOJEM,
BHUIOJIHEHO, TeopeMa JoKasaia.

[To cocraBHOMY MOAYMO KOJbLO KJAACCOB HUMEET HAEJHUTENU HYJis
(rcopema 104) u, cienoBaTeJbHO, 3aBEJOMO He SIBJAETCA HOJEM.

FITIABA 13
CPABHEHHMA C HEW3BECTHOW BEJIMYHHO¥

1. CPABHEHHA € OJHOW HEHW3BECTHOY

Bo3bMeM MHOrO4JIeH ¢ LeJbIMH KO3(QGhHIHEeHTaMH:
fx)y=cex"+c;x" 14 ... Fc,.

Paccmorpum cpaBHenne [(x)=0 (modm), xotopoe OyieM Ha-
3bIBaTb CPABHEHHEM C Heus3BeCTHOH BejuuuHoll x. Ecsm mpt Oyjem
B 5T0 CPaBHEHME BMECTO X MOACTABJATH  Pa3sJMUHbIC LeJble YHCJa,
TO, BOOOIIE TOBOPSI, HEKOTOPhe 3HAYEHHs] X MOTYT YAOBJETBOPATH
CPaBHEHHUIO, T. €: COOTBETCTBYIOLLHE 3HAYEHHS f{X) MOTYT OKas3aTbes .
pensmumuca pa m. IlocTaBuM 3ajauy OTHICKaHMH MHOXKECTBA BCEX
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TaKkuX 3HAYEHH® Xx, HOPHYeM He HCKJOUeHA BO3MOXKHOCTb A TOTG,
4TO 3TO MHOMeCTBO MOMKET OKa3aTbC NYCTHIM. IJTd 3aJlaua aHajo-
rguda asareGpandeckofi 3ajaue HAXOXKIEHHS pelletHd ypaBHeHus
f(x)=0. B anre6pe Mbl HUEM 3HaYeHHT X, NPH KOTOPHIX [(x) 06-
paimiaetcs B HyJb. Pewas cpassenne f(x)==0(modm), mbl nuem
3HAaueHMs X, W IDHTOM LeJbie, NpH KOTophix f(Xx) Aenurcst Ha m,
T. €. UMeeT TpU JeJEHUH Ha m OCTaToK, PaBHBIA HYJIO.

OxkasbiBaeTcs, uTo cpasherue [{(x)=0(modm) aubo poobue
He WMeeT MecTa HM NpPH KAaKuxX 3HAUeHHAX X, JuOO CcymecTByer
BGECKOHEYHOE MHOMKECTBO LeJbIX HHCeJ X, YAOBJETBOPSIOMHX Cpas-
HEHMIO, [pHUEM BCe 3TH 3HAUYCHHS X 00pasyioT HEKOTOpoe UHCHAO
KJ1aCCOB IO MOJAYJIO M. ’

Teopema 127, Ecau wexomopoe uucio a ydosiemeopaen ¢pa-
BHEHUO

f(x) =0 (mod m),

Mo eco KAQcc @ COCMOUM U3 4ucen, yOOBALMBOPAOWILY IMOMY Cpa-
BHEHUIO.

HdorasarenbctBo. IlycTh @  yHOBJIETBOPSET CPABHEHHIO
f(x)==0 (mod m), 1. e. f (a)=0(mod m) u b € a. Torxa b =a(modm)
u corjacuHo Teopeme 86 f(b)==f(a)=0(modm). Taxum oGpasom,
BMecTe ¢ a Jio6oe 4hCao b Kjaacca @ TakkKe yAOBJACTBOPSIET NaHHOMY
CpaBHEHUIO.

CorJracHO 370l TeOpeMe ecqu B KJjacce nmeercs XoTs Gul ORHO
uHca0, yHoBJeTBOpsiomee cpasHenuio f(x)==0(modm), TO Bech
KJ1acC COCTOHT M3 uMCeJ, YXOBJETBODSIOMMX CPaBHEHHIO, a €CJu
B KJacce HMeeTcs XOTS OBl OJHO 4ACI0, He yIOBJETBOpsIOllee Cpa-
BHEHMIO, TO ¥ BeChb KJACC COCTOUT H3 UHCeJN, He YAOBJETBOPAIOMIMX
cpaBHennio. [IpunuMast 5T0 BO BHHMMAaHHe, €CTECTBEHHO pelleHusiMu
cpaBHEHWsS Ha3piBaThb He OTHEJIbHBIC UHCHA, YIOBJETBOPSIOLHE Cpa-
BHEHHIO, & COOTBETCTBYIOLIUE KJACCHI.

Onpeneaenue 41. Pewenuem cpasuenus f(x)=0(modm) na-
30l8ACMCA KAQCC 1O MOOYAI0 M, COCMOAWUE U3 4ucen, YOO08ACMBOPO-
UyUX SMOMY CPABHERUIO. '

Ecan xnace a uuces 10 MOAYMIO m BJseTCA pelleHHeM cpa-
puenus f(x)=0 (mod m), To roBopsT, YTO KJacC @ YHOBJNETBOPSELT
JaHHOMY cpaBHenuio. COOTBETCTBEHHO ompelesenuio 41 uuciom pe-
menull cpasHenust f(x)==0 (mod m) Ha3bHIBAIOT YHCJO KJAaCCOB
N0 MOAYJIO M1, YHOBAETBODSIOMHX 2TOMY CPaBHEHHIO.

3ajaua HAXOKACHHMS UYHCeJ, YJIOBJIETBOPSIONHUX CPaBHEHHIO
f(x) == 0 (mod m), cBOAUTCA K HAXOMKJACHHIO KJIACCOB, YIOBJIETBOPHAIO-

IWHUX _ypaBHEHHIO f(x)=0. Heiicreurennuo, ecan f(a)=0(mod m),

1o (@) =0; Ho Toraa corsnacuo Teopeme 103 f(a) =/ (a)=0. Jlerko
BHJETH, 4TO M, Haobopor, u3 f(a)=0 caenyer f(a)==0(mod m).
PeiwieHne cpaBHeHHs IpefCTaBJiseT cofoli wacTHBIA caydall oOuiei
3ajjaul ‘peienus ypasHeHui. OCOGEHHOCTBIO 3TOTO YACTHOrO Caydast
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IBJANETCSE TO, UTO SHAUYEHHAMU HEH3BECTHOTO SIBJSAIOTCH KJAcCH
N0 HEKOTOPOMY (BHKCHPOBAHHOMY MOAYJIO.

Unco KJIaccoB 10 IaHHOMY MOAYJIO KOHEYHO, & UMEHHO IO MO-
AyJio m Mbl WMeem m kJjaccos: O, 1, ..., m—1. Ecan naM Jpamo
cpaBHerde f(x)=0(modm), 1O Mbl MOKeM, mepeGpaB BCce ITH
KJIacChl, BHSICHHTb, KAKHe KJIACCH! YAOBJETBOPAIOT 3TOMY CPaBHEHHIO,
a Kakue HeT, T. €. HafiTH BCE €ro pellcHHMH.

Coraacho teopeMe 127, n1yig TOTo 4TOOH y3HATh, YAOBJIETBODAET JH
KJacC CPaBHEHHIO, HOCTATOYHO B3fTh Kakoe-JHO0 YHCJO, NMpHHAK-
Jekaiee KJaccy, ¥ [POBePHTb, YJIOBJAETBODAET JIH OHO 3TOMY
CpaBHEHHIO.

Taxkum o6pasoM, yTtobel pemuTs cpaBHeHue f(x)==0 (mod m),
MOMKHO B3ATh JIOGYIO MOJHYIO CHCTEMY BHIETOB IO MORYJO iri:
s Xgy eens Xy, BquHCJme f(x0), [(xs), ..., [(x,) u oroSpats
T€ X;, IPH KOTOPBIX f (X;) AenArtca Ha m. COOTBETCTBYIOMHE KJIACCH X;
ZalyT BCe PelleHus] T0r0 (‘paBHeHHH O65bIuHO B KauecTBe Xy, X,,: ...x,,,
GepyT NOJHYI0 CHCTEMY HAHMEHbIIHX MO aObCOJIOTHOH Bedduuue
BBIYETOB. _

Ecna cpaBHenwe HMeeT HECKOJIbKO pelleHuil a,, ..., 4, HHOTAA
5TH pellieHHs 3aNUCHIBAIOT B BHAE X==4,, ..., d,(mod m). Takum 06-
pasoM, x==q,, ..., 0 (mod m) o3HAuaeT, yTO X NPUHUMAET JOGHIE
3HaYeHNsl, CpaBHUMBlC C OAHUM H3 YHCeNI a, ..., G

[Tpumepr. HaliTu Bce pellenusi cJAeIYIOUHX CPaBHEHH:

1) x®—2x+46== O(mod 11). HenocpencrBennass mnpoBepka’ mo-
Ka3blBACT, uTO P MOJHOH CHCTeME HAUMEHBLIHX MO abCosoTHOM
BEJHUHIC BLIUCTOB

—5, —4, —3, —2, —1,0, 1,2, 3, 4,5

CPaBHEHHIO YHOBJIETBODSIET TOJbLKO Ofi0 uucyao 5. Peurenne sanu-
chizaeM B Buje x==05(mod 11).
2) x*+2x2+6=0(mod8). B nonno#i cucreMe BLINETOB

-3, —2, —1,0, 1, 2, 3, 4

HY OJHO YHCJIO He YXOBJETBOPSET CPaBHEHWIO H, CJeJ0BATebHO,
CpaBHeHHe He HMeeT pelleHMI.
3) xt—x8—x245x—2=0(mod6). B nosHoil cucreme BhlueTOB

—2 —1,0, 1,2 3

CPaBHEHHIO YIOBJeTBOpsiloT ABa uncja: —1 u 2. CpaBHeHHe uMeeT
aBa peweHus: x=-—1(mod6) u x==2 (mod 6).

Mp  BEguMm, 4TO 3ajada pelieHHsn cpaBHeHHH BuAa [(x)=
=0 (mod m) ropasfo mpoiie, YeM paccMaTpuBaeMas B ajrebpe 3a-
Jaua pemenusi ypaprenu#l f(x)=0. Pemas ypaBnenne f(x)=0,
Mbi OOBIUHO HIIEM peIleHHs B HEKOTOPOM OeCKOHeUHOM IoJie, Ha-
npuMep B noJjie ACHCTBUTENBHBIX HJM KOMIJIEKCHBIX YHCEN, H He
MOXKeEM IyTeM UCHbITaHHH nepe6paTh BCe YMCJa TAKOTO rosisd. Pemas
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cpasrenue f(x)==0(modm), Mbl HIIEM pelleHde B KOHEYHOM KOJLLE
KJaccoB [0 MOAYJIO M ¥ HOTOMY MOXEM C NOMOILIBIO KOHEUHOro
uncjaa onepainuil HafTH Bce peilieHHs. TeopeTHuecku 3ajaua perue-
Hus cpaBHeHu#i Buxa f(x)==0(modm) 5TUM pelLIeHA NOJHOCTBIO.
BMecte ¢ TeM Hafo MMeTb B BUAY, YTO HaXOXKAEHHE peUleHHH mny-
TeM TAKMX HCHbITAaHHH nNpu OGOJBHIMX MOAYJAX NOBOJDBHO 3aTpyn-
HHTEJIBHO, v

JanpHefiluas TeopUsl TaKMX CpPaBHEHHH HMeeT HeJbio JAaTh CO-
co0bl, TO3BOJIAIOIIHE ONMpeAeaTh YHCJIO pelieHHH, a HHOTKA H Ha-
XOJHTb 3TH peleHHs ¢ MNOMOLLbIO BO3MOXKHO MEHbILUEro Yucja ore-
panuf.

s cpasmenuit Buma [(x)==g(x)(modm) wmoxHo chopmynu-
poBaTh TEOPEMY, COBEPUIEHHO aHAJOTHUYHYIO Teopeme 127.

Teopema 127, [Iycmo f(x) u g(x)—MHO204ACHOL € yeAbIMY
Koappuyuenmanu. Ecau  Hekomopoe 4ucso a  y006aemeopsem
CPABHEHUID

[ (x) =g (x) (mod m), (1)

Mo 8eCtb KAQCC @ NO MOOYAO M COCIOUm u3 4ducea, yo08aemeopaoujux
BMomy CPABHEHUIO.

HdokaszareancrBo. Ecau a ynosiersopsier cpaBHenuio (1),
TO OHO YAOBJIETBOPSIET U CPaBHEHHIO

[ (x)—g (x) =0 (mod m). (2)

Bumectre ¢ a smoGoe b€a Taxkke yIOBJACTBOPSET cpaBHeHMIO (2},
a cllefloBaTesbHO, U cpaBHeHuto (1) (reopemnt 127 um 87).

Onpepeneuue 41'. Pewenuem cpaswenus (1) nHaseieaemcs kaacc
no mModymo m, cocmoaulull u3 uucen, YyooBAEMBOPSIOULUX BMOMY
CPABHEH IO,

Onpenenenne 42. Jlsa cpagrenusn

f1(x) = g (x) (mod m,) (3)
' [, (x) = g, (x) (mod m,) €Y

HOBLIBAIOMCA  IKBUBAACHMHbINU, ECAU MHOJMCECMEO ducen, YO08Aemao-
paOnULY 0OHOMY U3 HUX, COBRAOAem € MHOMECMmBOM 4ucer, Yooere-
MEOPAOULUX OPYeOMY CPABHEHUIO.

Ecau m, = m, u cpaBHenus (3) u (4) UMEIOT OIHU U Te XKe pe-
IIeHHUsi, TO Mbl, OYEBMIHO, OyJeM MMeTh ABa SKBHBAJIEHTHHIX CpaBs-
HEHHS 11O OJHOMY M TOMY XK€ MOAYJIO.

Teopema 128. 1) Ecau K obeum uacmam cpagHerus f[(x)=s
=g (x)(mod m) npubasum awboli mHO20useH ® (X), MO NOAYLUM
CPaBHEHUE, IKBUBANCHMHOE NePSOHAYANbHOMY.

2) Ecau obGe uactnu cpaswenus [(x)=g (x) (modm) ymwuoxcum
HO 00HO U MO dice WUCAO, B3AUMHO NPOCMIOE C MOOYAeM, MO NOAYUUM
CPABHEHIE, IKGUBANCHIMHOE NEPBOHAYALLHOMY.
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3) Ecau o0fe wacmu CPQSHEKUN U MOTYAb YMHOMCUM HA 00O U
mo osce qucao k>0, mo noiyuum cpasxesue, 3KBULHACHITINGE NEPEO-
HAUARBHOMY .

HoxasateabnctBo. 1) Ecau Dpu HexoTopoM X,

[ (%) = g (%) (mod m),

[ (x0) + @ (xg) =g (xo) + @ (x,) (mod m) »
u, HaobGopor, u3 [(xg) -+ (x,)=g(x,)+ o (x,) (modm) caenyer

[ (x9) =g (%) (mod m).
2) Ecau npu HEKOTOpOM X,

f(x) =g (xo) (modm) u (k, m)=1,

TO

TO
kf (x) = kg (x,) (mod m),
a us kf(x)=kg(x,) (modm) crenyer f(x,)=g (x,) (modm) (reo-
pemer 79 n 80).
3) Ecau npu HeKOTOpPOM X,
[ (xg) =g (x,) (mod m), (5)

kf (xo) = kg (x,) (mod km), , (6)

a u3 (6) caenyer (5) (reopemn 81 u 82).
U3 teopembt 128 (1) HenocpeicTBeHHO cJelyeT, YTO CDaBHEHUE
f(x)=g (x) (mod m) MOXHO 3aMeRMTb 3KBHMBAJECHTHHIM CpaBHEHHEM

f(x)—g () =0 (mod m),
03TOMY B JajibHelfiieM ﬂ()CTaTO‘{HO paccMaTpuBaTh CpaBHEHUA BHLA
F(x)=0(modm) (F(x)=f(x)—g(x)).

Teopema 129. Ecau c¢,=c,(modm), ¢, ==c, (modm), ...,
cnzc;, (mod m), mo  CpAGHEHUR f(x)—-cox +c XL
+c,=0(modm) u g(x)—cox X T L o= =0 {mod m)
IKBUBANCHIMHBL.

HdoxkasareabcTBO. 1) YMHOXUM CpaBHeHHSH

TO

c(,:_—“—c:, (mod m), ¢, =c; (modm), ..., ¢,=c, (modm)

COOTBETCTBEHHO HA Xp, Xo ', ..., 1, TJe x,— HEKOTOpoe uejoe

yucao. CkaaablBas NOJYUCHHHE CPaBHEHMS, HMeeM:

f (x0) =g (x,) (mod m).,

OGe yacTd 3TOTO CPABHEHHS MOTYT TOJbKO OJHOBPEMEHHO OBbITh
CPABHHMBI C HYyJeM IO MOAYJIO m, H, TaKUM 00pasoM, CpaBHEHHs
f(x)==0(modm) u g(x)=0(mod m) sKBHUBaJEHTHHI.

CormacHo 3TOJi TeopeMe, B YACTHOCTH, CpPaBHEHHE B3aMEHUTCS
9KBHUBAJIEHTHBIM, €CJid OTGPOCHTh HJN HOGaBUTH cjaraembie ¢ Ko3d-
dunueHTaMy, JeMALLHMHCT HA MOAYJb. :
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Onpenenenne 43. Cmenenoro cpaguenus [ (x)=0 (mod m, 202
f (X)—mrozourer ¢ yeastnu KOIGPLUUEHMANI, HASHIBACMCA CIMEN2HL
MHo2ouseHa [ (X).

CornacHo 3TOMy OnNpefiesIeHHI0 SKBHBAJEHTHHE CPABHEHHSI MOTYT
HMeTb pa3Hylo creneHb. HampuMep, cpaBrenus 2x - 1=0(mod 3)
n 13— 1==0(mod 3) sxBuBasenTHb. CTeneHb IEPBOr0 U3 HHUX Dab-
Ha |, a cremens BrOpOrO 3.

2. CHCTEMbI CPABHEHUH

Bonee ofmell sisasieTcst 3ajaua pelleHMs CHCTeMbl CPaBHEHHIL:

fi (x) =0 (mod m,) 1
5 (x) =0 (mod m,) , @)

© c e e . e .

F (9'=0 (mod m,)
rae (%), f(®), ..., [,(x)—3ajanubie MHOTOUYNEHH ¢ IEJBIMU
koadinuenTaMu.

Eciu HexoTOpoe wuCJIO @ VAOBJETBOPAET ITOM CHCTEME, T. €.
ecnn mylfy (@), Myl (@), ..., mif,(@) w M=[my, m,, ..., m]—
HapEMeHblIee KpatHoe m,, My, ..., M, a b—nwboe 4ucI0, Takoe,
uto b=a(mod M), 710 (reopema 86) maa Beex i(l=Ci=<Ts),
f:(0)=f;(a) (mod M), a, ciefoBaTesbHO, COIJMacHO Teopeme 89
f:(0Y=F:(a) (mod m,), T.e. f;(b)=0(modm,) (1 =<<i<s).

Mbl BHEHM, YTO BMECTE C KaXKIpIM UYHCJIOM @, YIOBIETBOPAI-
muM cucreme (7), oTolH Ke cucTeMe YA0BJeTBOpsier H Jiofoe YHC/IO

kJacca a 1o moaymo M ={[m,, m,, ..., mg]. EcrectBenHo Becs 310T
KJIACC YHCes] pacCMaTpHUBATh KaK OXHO pelleHHe 3TOH CHCTEMBL.
Onpenenenne 44. Pewernuem cucmemor cpasnenui (7), ede
fo(x), ..., fo(x)—mrozourenoe ¢ yeavimu Kosgpuyuenmamu, Ha-
soieaemest Kagcce wucer no modyaio M={[my, m,, ..., mg], cocmos-
Wyt u3 ducer, YoosAeMBOPSIOUUYX BCEM CPOBHEHUAM CUCMEMbL.
COOTBETCTBEHHO 3TOMY YHCJIO peileHufl cucreMbl (7) osHayaer
YNCJI0 KJIACCOB N0 MOAYJAI0 M, yiOBJETBODSIOMMKX BCEM 3THM Cpab-
wenusiM. [To mopymo M uMeercst Bcero TOJBLKO KOHEUHOE YHCJIO
KJAcCOB. B3fiB MOJMHYIO CHCTEMY BHIUETOB IO 3TOMY MOAYJIO, MOXKHO
[IPOBEPUTH, KaKMe MMEHHO 4HCJ/a 5TOH CHCTeMbl, a 3HAYHT, H COOT-
BETCTBYIOINME Kjacchl yAoBaeTBopsitor (7). Hocrynast Takum ofpa-
30M, MBI MOMeM JJs J060# cucTeMbl cpaBHeHHil HafiTH Bce pete-
HusA. B wacTHOM cjyuae, KOTJA MOAYJIH BceX CPaBHEHHHA OJHHAKOBHI
W paBHEl 71, PEIUEHHSMH SBJSIOTCA KJAacchl MO TOMY e MOJAYJO.
[Tpumepw. 1) Halitu pemenue crcreMsl cpaBreHHI:

x4 x+4+7=0(mod9), x*—x+3=0(mod9).

B nosHoO# cucreme HauMEHBINMX M0 abCOMIOTHOR BeJHYUHE BHI-
YeTOB 10 MOZYJI0 9 cucreMe VIOBJETBOpsieT TOJBKO HHCAO 4.
Peurenue cucremn—kaace x=4(mod?9).
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2) HaiiTu peuleHusi CHCTEMBl CpaBHeHHUi:
—3x+2=0(mod6), 2x®+x-2=0 (mod 4).

3pecs M ={6, 4]=12. B noxHoi cucreMe HAHMEHBIHX 10
abCcosIoTHOK BeJIMUMHE BBIYETOB 10 MOAYyJI0 12 cHcTeme yROBJETBO-
PAIOT J8a YKMCJA, a UMEeHHO -+ 2. PelleHus: cucTeMbl — JBa KJacca no
moaymio 12; T.e. x==--2(mod 12).

Eme 6osee ofuieli siBjisercd 3ajaua peileHHs CHCTEMbi CpaBie-
HUH C HECKOJBKHMH HeH3BeCTHBIMHU:

fl (%1, xn, ces x,)__O(modml)
i S e 5) =0 (modmy 3 &
ts(xl, x2, AU x,)—O(modms)
the fi (%, Xor «vvs Xi)y onny fs(Xiy X5y - ..,y X)) —MHOTOYJIEHD! C Le-
ABIMA KO3(hpHULILHEHTAMH.
Ecau ((ay, @y, ..., @;)) —KOMIJIEKC YHCEJ, YAOBJIETBOPSIOUIX
cucreMe, T.e€. eCiH ‘
fi(ay, @y, ..., a;)=0(modmy), ..., f(a, a, ..., a)==0(modm,);

M=[my, my, ..., mg] u bz=a, (mod M), b,= ,L(lilodfl/f)
., by=a,(mod M),

T0, MONB3YsACh Teopemoli 86’ ¥ paccyXpias COBepiIGHHO TaK e,
KaK B CJiyyae CHCTeMBH C OLHHM HEHM3BECTHBIM, NOJYYHM, 4YTO
komnJyexe ((by, by, ..., b,) Takke yloBJeTBopsieT cHcTeMe (8).
EcTecTBeHHO II03TOMYy pelLeHHSIMH CHCTeMbl (8) HasniBath COOTBET-
CTBYIOLIHE KOMIHJIEKCH KJIACCOB MO MOAyJi0 M.

Onpenenenue 45. Pewernuem cucmemst (8) Hazvieaemea Komniexc
kaaccos  ((ay, @y, ..., a;)) no modyamo M={[m;, m,, ..., m],
yao(memeop;uou;uu scem amun cpasuenusm. COOMGEMCMOEHHO 3MOMY
aucao  pewienutl cucmemvr (8) NOHUMAEMCA KK YUCAO MAKUX pO3-
AUHHBIX KOMNACKCO8.

ITockosnbky mo MoayJw M Kaxjas M3 f KCMOOHEHT KOMIlJeKca

MOKeT npHHHMaTh M pasInYHEIX 3HAYeHHI, HMCKOMbIE pellgHHs
IpUXOANTCS OTGHPaTh CPeH M KoMmmiekcoB. [Iposepas, ynosner-

EOPACT JIM KOMILIEKC ((ay, an, ..., @;) cucTeMe, W3 KaKIOro

gnacca a;, G, ..., @;, 0OHIYHO 6epyT HAUMEHbIIHE MO aBCOJIOTHOI
Be/quHHe BHMCTH M MOICTABAMIOT KX B paccMaTpuBaeMbie Cpasie-
nusi. [Mockoabky M' paxe npu ueGosbiinx M U f MoKeT oxasaTbes
CPAaBHHUTEJNDLHO OOJIBIUMM YHCJIOM, BBIYHCJEHHA OOBLIUHO MOJNYUAIOTCS
JJIMHHBIMA.

Ilpumep. Halfitn Bce peileHHS CHCTEMBI:

x2—y?+2=0(mod 6),
¥+ x4+ y-+1=0(mod 3).

3rec M ==[6, 3]=6. Cpexn 36 KoMmnjexcoB uuces Buia ((a, b)),
rle —2<<a<<3, —2<<b<<3, umeercsl TOJLKO JABa KOMIJEKca:

.3
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((—2, 0)) u ((1, 3)), ymosaersopsiionux ofouM cpasHenusM. Cr-
cTeMa HMeeT [Ba pellleHus:

) x=—2(mod6), y=0(mod6), 2) x=1(mod6), y=3{mod6).

11 puMeuwaHnue. Cpan—eryxe HA3EIBAETCA TOXAECTBCHHBIM, €CaH OIO Clipa-
BeAJNHBO NPU NPOUBBONBHBIX 3HAYEHHUAX HEH3BECTHHIX,

FJIABA 14
CPABHEHHSA 1-H CTENEHU

1. CPABHEHHUE 1-N CTENEHH

PacecmorpuM cHavana caywafi opHoro cpaBremus - cremenn
_C GAHHMM HEH3BCCTHBIM, T.€. CPABHEHHS

cyx +¢; =0 (mod m).

Taxoe cpaBuenne yjgobmee 3anucaTb, mnepeHecs ¢; ¢ OGPATHHIM
3HAKOM B OpPaByIo 4acThb B BHie ax==b(mod m).

Teopema 130. FEcau (a, my=d u d4fb, mo cpasHenue
b(mod m) ne umeem pewenuil.

Hoxasatenncrtso. Ilpeanosoxum, uro CyLiecTByeT XoTd Gbl
OLHO UHCJIO X,, YAOBJAETBOPAIOIIEE CPABHEHHIO, T. €. ax, == b (mod m).
Torpa nockoanky dla u djm, to (teopema 90) d|b, Ho 210 nporn-
Bopeuut ycnaosuio d{ b. Npegnonoxenne CyLieCTBOBaHUA XoTA Obi
OJHOTO YHCJA, YAOBJCTBOPSIONEr0 CPaBHEHMIO, MPHUBEIO K NPOTHU-
BOPEYMIO, T. €. TAKHUX YUCes HeT. ,

CornacHo s10il Teopeme pewendsi cpaBHeHHsl ax==b(modm)
OGyAyT pasbiCKHUBAaThCH ToJILKO B cjyvae, koraa d|b. B stom ciyuae
nmeeM a=a;d, m=myd, b=>0,d. 3anucap cpaBHEHKE B BH/AR
adx=bd (mod m,d), Mot moxeM (Teopema 128) 3ameHHTH> ero
5KBUBAJIEHTHBIM

ai

a,x=b, (mod m,),

rae {a,, my)=1. Mbl BHAuM, YTO H3yUeHHe cPABHeHHH l-i cTeneHu
CBOJMTCA K YACTHOMY CJy4alo, KOrda KO(M@UILHEHT MNpi HeH3Bect-
HOM M MOAYJb-—B3aHMHO NPOCTBIE HHCJA.

Teopema 131. Ecau (a, m)=1, mo cpasretue

ax == b (mod m) (H

umeem 00OHO U MOAbKO OOHO pellerue.

HanuM 1Ba mokasatesnnctBa 310ff TeopeMel. B nmepsom Jiokasa-
TeJbCTBE MBI 00X0oZuMcs Ges TeopeM riasbl 12. Bropoe pokasarens-
CTBO KOpOYe, TaK KaK OHO OCHOBAHO Ha TeopeMax FJabbl 12.

l-e foxasareascrpo. Bo2bMeM MOJHYIO CHCTEMY HAHMEHD-
LIAX HEOTPHULATEJNbHBIX BEIUETOB 0O MOAYJK M, T.e. uucaa 0, 1,
2, ..., m—1. Tlockonpxy (@, m)=1, to cornacio Tteopeme 107
uucna a-0, a-1, a-2, ..., a(m—1) rakke 00pasywT MOJHYIO CH-
CTEMy BBIYETOB, 2 3HAYHT, CPeid HHUX HaHAETCHd OJHO H TOJNBKO
04HO, NPUHANJIEKAIee ToMY e KJjaccy, 4To U uHcio b. Qboszauns
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5T0 NDPOM3BeleHHe uepes ax,, rile O<<x,;=<m—1, OvieM umets
ax,=b(modm), T.e. K4CC X, YAOBJIETBOPsIeT cpapHeHmic (1).

DTo pelueHue eZMHCTBEHHOe, Tak Kak cpeau uucen 0,1,2, ...,
m-—1, KpoMe X,, HeT yHucCes], VIOBJETBODSIOIUHX 3TOMY CPaBHEHHIO,
a sHauuT, cpenu kJjaccos 0, 1, 2, ..., m—1, Kpome x,, HeT pe-
weruft cpasnenus (1).

2-e oxasareanctTBOo. Ecan (a, m)=1, To xaacc a npu-
HajJIexRuT (TeopeMa 122) rpynme KjaccoB, B3aHMHO MPOCTHIX C MO-
ZLyneM, a roaroMmy (teopema 123) cyilecTByeT eIXMHCTBEHHBIH KJaacce

b . -- =
Xy=-=, Taxofl, uTo ax,=2>b, 1. e. cpasrenue ax==b (modm) umeer
a

OZHO ¥ TOJBKO OJHO pelleHHe.
JJst HaXOXKAEHNS 3TOr0 PELIEHHST MOXKHO NOJAb30BATbCS ClENYIO-
el TeopeMoH.
Teepema 132. fTpu (@, m) =1 pewenuen cpasrerus ax ="b (mod m)
ABASEMCA KAACC

x==ba® ™-1 (mod m).
HoxkasartenwbctBo. Ilpumenss teopemy @Pepma, momydaem
a (ba® M=1) = pg® "™ = (mod m),

n Torga corsacuo Teopeme 131 x==0ba®™-1 (mod m)—ennucTBEH-
Hoe pelueHHe cpaBHeHus (1).

[Ipumep. Pemurs cpasuenne 9x==8 (mod 34).

3necs (9,34)=1, ¢ (34)=16 u Mp noayyaem:

x=8.95=8.3"=8.34=8.(2187)2==8-11%= 16 (mod 34).
[Tpu Gosvimom m u (a, m)==1 neuesecoo6pasHo paspCKHBATH

penierne cpaBHeHHs ax==b(modm), NOACTABIASI BMECTO X HHCJ/IA
HOJHOH CHCTEMBI BBIUETOB, HJIM HCKaTh ero Ho ¢opmyJe

x == ba® ™ -1 (mod m);
OGbIYHO 3HAYHTENIbHO Tpole ObiBaeT BOCIOJAB30OBATHCS CAEAYIOILEi
TeopeMoi.
P, P Pe_1 P m
Teopema 133. Ecau =2, =%, ..., %=1, S=—" _ nociedosa-
P Qo' Q’ ' Qs1’ Qs a
o m
measriocme no0x00aujux Opobeil pasioscerus — 8 yenuyw 0pobe
ula, my=1, mo peuernuesm cpasrenus ax==b(modm) ssrsenca
Kaacc
x=(—1)’bP,_, (mod m).
HoxasateanctBoOo. [lo ycnoBuw (@, m)=1, a caoraacHo
Py, m
teopeme 61 (P, Q,)=1; nosromy g.=7 €CTb PaBEHCTBO JIBYX
) §
HecOKpaTHMbIX JApobell, Tak 4to (npumedaHue x tecpeme 41) Po=m,

Q;=a.
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CorJjiacno teopeme 60
P 1Qi— P Qs =(—1),
aP,_,=(—1Y-+mQ,_,, aP, ;= (—1)"(mod m).
YMuoxas sT0 cpaBHenue Ha (-—1)"H, nosayuaem:
a((— 1)’bP,_,)=0b(mod m).

Takum ofpasom, unciao (—1)°6P,_, YIOBJIECTBODSET cpaBHe-
mio (1) 1 (Teopema 131) coorseTcTBylOWMMIl KJace NpEACTaBisier
co00#l eJIMHCTBEHHGE pellieHHe 3TOF0 CpaBHEHMS.

[Tpumep. Pewurs cpapuenne 55x==7 (mod 87).

Tak 4TO

Pasnoxenue g—g B UenHyw 1pobb jaeT chaeaywuylo Tabauny

JNEMEHTOB @; U uucayresedl P; nopxoisamux ppobeii:

H
aiililil 211’
2 | 3

I
}
|

|
] |
Piill 8111|19‘87

3pech s=6, Tak uro kjacc x=(—1)%.7.-19=46 (inod 87) —~
JICKOMOE pelleHMUe.

b—}—sm

Teopema 134. Ecau (@, my=1, alb+sm, mo x= (modm) —

peuterue cpasenus ax=>b(mod m).
b -} sm

JokazaTeadAbCTBO. a( \ b-+sm==b(mod m).

[Toabsysice 310l TeOpeMoOH, CpaBHeHHe ax:=b{(mod m) nocneno-
BATEJIbHO 3aMEHSIOT 2KBHUBAJCHTHBLIMH (TeopeMa 129) cpaBHEHHAMU:

ax=b+-m(mod m), ax="b L 2m (mod m),
ax==b 4 3m (mod m),

I0Ka HE MOonajeTcs CpaBHeHHe, B KOTOPOM JIEBYIO H NPaByio YacTn
MOKHO COKDAaTHTb Ha a.

IMockoabky ycnosue alb-+sm npu az==0 o038a4aeT, HTO
ms=—b(moda), rme (m, a)=1, 10 s MoxeT OblTe HaliJEHO
B IIOJIHOH CHCTEME BLIYETOB 110 MOAYJIO @, T. €. YHCJO HCHbIThiBae-
MbIX cpaBHeHuil OyjeT He OoJblle, 4eM a.

Dot crnocod ocobenHo LejecocOpaszen npu HebGonbmux a. Hanpn-
Mep, s cpasHeHHi BuAa 2v==b(mod m), rae 2{m an 21b pewe-

+m {mod m).

nueM Gyger x~—£(modm) a npun 2{b Gynper x==

I[Tpumenp. Pemmb cpasHenue 3x == 20 (mod 161).
Ilpn a=3 uncao s moxHO BHIOparh cpeau umcea —1, 0, +1.
B paunoM cayuyae 3|20—161 cpasrenne 3x==20 (mod 161)
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SKBHBAJICHTHO _CPABHERHIO 3x =—141(mod 161), rak uyro x=
—47 (mod 161).

Teopema 185. Ecau (a, m)=d u d|b, mo cpasnenue ax="b (mod m)
umeem d pewenuii. Bee asmu pewenus obpasyiom o0un Kiacc no
200y t0 —';l .

IHokasatenscTBo. Bbuue (cTp. 113)6p10 nokasano, 410 npu
(@, m)y=dnd|bcpaBsenye ax == b (mod m) 5KBUBAJIEHTHO CPABHEHHUIO

mn
BUAa a,x==0, (modm,), rae m,== T (a,, my) = 1.
Cornacio Teopeme 13! Takoe cpaBHeHHE MMeEET pelleHHUe,

o m
npelacragJisiolee coboil ol KJacc 1o MCAYJIIO = T. €. 3TOMY

m
CPaBHCHHIO YJIAOBJICTBOPAIOT UYHCJAA BHAA X":‘O(,(mOd F), rpe o

MOXKeT ObITh HAaHJEHO NpHMeHeHHeM CIoco0O0B, H3JIOKEHHBIX B TeO-
pemax 132—134.

m
Huesa 3T0r0o KJaacca 10 MOAYJIO T o6pasyiT d KJaccoB no

moxynalo m (reopema 99), H pewenus cpasHeHus ax=~b (mod m)
MOTYT OBITh 3amMHCcaHbl B BUIE:

x =0 (mod m), xzoc—{—ig—(modm), cees xzoc—}—(d—l)%’-(modm).

[Tpuwmep. Pemnrsp cpasuenne 20x =44 (mod 108).

3pecy (20, 84)=4 u 4|44. Cokpauias obe yacTH CpaBHEHHS H
MOAYJAb Ha 4, mojyyaem sKBHBaJieHTHOe cpaBHeHue bx = [1 (mod 27)
wan 5x = 65(mod 27), 1. e. x=13(mod 27). MHoxecTBO TaKux x
obpasyer no moaymo 108 wetbipe kaacca: 13, 40, 67, 94. Cpabue-
uue 20x==4 (mod 108) nmMeer ueTHIpe perueHusi.

2. HEONPEJEJIEHHOE YPABHEHUE 1- CTENEHH

ITonb3yach TeopeMaMu NpeibiAyiero pasjena, MOXKHO JJis Jio-
Goro cpaBHeHHs -t cTemeHH BBISICHUTb, HMeeT JIH OHO PeUleHHs
HJH HET, M eCJH HMEeT, TO ONpeleHTh HX UHUCA0. DTH TeopeMmul
MOXKHO IPHMEHHTD K pEILeHUI0 HeompeReJIeHHbIX, HJIH, KaK HX HHauye
Ha3blBaIOT, AMODAHTOBBIX, ypaBHeHHUH 1-i cTemenu.

Onpepenenue 46. Huopanmosmm ypasHenuem - cmenenu ¢ n
HeU3BeCMHOLMIL HASLIGAEMCA YpasHeHue euda

a; X, —l_ Ay Xy + coe _{ a,x, = b’ (2)

20e 8ce Koaghgpuyuenmor U HeussBecHiHole —Ueasvle HUCAQ U xomsa 0ol
oduo a; 7=0.
Onpe;(eneﬂue 47. Peuwienuen auod)aﬂmosa Ypasrenius (2) wnaset-

8aEMCA KOMHALKC UeAblX uucen ((xl, xz, ey x,,)) ydosaemsopso-
wuil amomy ypasHeHuio,
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Teopema 136. [Ilpu esaumno npocmuy Koapuyuenmax o,
8y, ..., Q, Ouoganmoso ypasrenue

Ay Xy 4+ AXy .. a,x, == 3

. UMeem PEWIERUE 8 UeAbIX HUCAAX.
Jokasareapctro. O6ozsauum uepes M MHGKECTBO TeX
NOJMIOKUTENBHBIX HHcea b, JJsg KOTOPBIX YpaBHeHUe

o+ ax,+ .. +a,x,=0b

iMeeT pelleHye B HesbiX dHcjax. M, oueBHAHO, HE MYCTO, TAK Kak
1pH 3afaHHBIX @, Q,, ..., O, MOXKHO HOZOOPATH ULENbie 3SHAUCHHMSI
Xy Xy, «.., X,, TaKHe, YTOOBI @yX; + GyXy—+ ... -+ a,x, ObLIO TOJIO-
MHTEJBHBIM UHCJIOM.

B muoxectse M (reopeMa 1) cymectByer HaHMeHblee UYHCIIO,
KoTOpoe Mbl o6o3mauuM uepe3 d(d € M). OG6ospauum uyepes
X1, X3, ..., X, UEJBE YHCHA, TaKue, 4To

axyFagxs ... Fax,=d.
[Tyers @, =dg-+r, rre 0<<r <<d; Torna
r=a,— (@ X1+ QXs - .. a,x) G ==
=a, (1 —qx})+a, (—gx,)+ ... +a,(—gx).

Msl mogoGpany uHejbie 3HAYEHHSA: ¥, = 1—qgX{, X, = —(qXs, ...,
ey Xp= —gXn, TaKHE, UTO  QyX;+apXyt ... +a,x,=r, HO
O0<tr<Cd, a d—HauMmeHbllee MNOJOKHTEJAbHOE dHcao B M, T.e.
r ne MOXeT OBITh NOJNOKUTENBHBIM, r=0, a,=dq, d|a,.

Ananoruuno noaydaem: d|a,, ..., d|a,.
Mbl BuAuM, uTOo d—OOWHUH JZenutenb HHCEN &;, @y, ..., O,
CJIeJIOBATENbHO, MOCKOMBKY (4, ..., a,)=1, d|l, d=1, 1 €M,

T. €. ypaBHEHHe (3) pas3pelimMO B IeJbX uHCaaX.

Teopema 137. Hycme d—wnaubosswudl obujuti Oeaumenv Kosgh-
duyuenmos a,, a,, ..., a,. Jduogarnmoso ypasrerue (2) umeem pe-
wenue moeda u moasko moeda, Koeda d|b. Yucao pewsenui maxoeo
YpasHerUus pasHo aubo Hyaw, Aub0 GeCKORELHOCIMU.

JoxaxeM nocJieRoBaTesIbHO BCe TPH YTBEPKICHHSA TEOPEMBL

1) Ilyers d|b. HOna ypasreHus

4 i

a
T

a a a
rie <7il- , H? e E") =1, CYHECTBYIOT LEJble YHCIA: Cy, Cpy .« ., Cys

yIOBJETBOpsAIOmUe emy (Teopema 136), T. e. Takue, 4TO
a [42 a
Fo Tt et fo=1
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Torpa
a1<clgr\ a( E (c ——>-b

AW
)7

T. €. (( b b Ceey Z) pelieHue ypasHeHust (2).
a

Crga Cags
2) Ilycrs Teneps dfb. Tor JleBasi 4aCTb ypaBHEHHs (2) npnm
JOOBIX HEJBIX Xy, X5, ..., X, BeNATCA Ha d, a npaBad Ha d He
JeJurcs, Tak 4TO paBeHcTBO (2) NPpHU HEAbX 3HAYCHUAK Xy, Xy, « ..\ X,
HEBO3MOMKHO. )
3) Ecan ((xll, x;, vy Xp)) —KOMIJIEKC YHCEN, YIOBJETBOPSIIO-

mui Y paBHEHKIO (2), To, HalpuMep, BCe KOMIJIEKCH

((x1+a:,t Xo—04f, X3, ..., Xp)) 0pu £=0, + 1, £+ 2,
TaKkKe YHOBJETBOPAOT 3TOMY YPaBHEHHIO M, TaKuM 00pa3oM, y Hac
aubo coscem He Oyjer pemeHuil, au6o HX OyjerT OecKoHeuHOe
MHOXKeCTBO.

Ecau xord Obl ofHa mapa KoshdHIHEHTOB B3aUMHO NpocTas, TO
d=1, n ypaBHeHne (2) uMeer Oecunc/eHHOE MHOMKECTBO peLieHHI.

3 pumeph. 1) dnopanroso ypasuenne 9x,—21x, 4 6x;=100
He UMeeT pelleHHH, Tak Kak 3feck d=3 u 34 100.

2) JlnohaHTOBO ypaBHEHHE 20x1—{—6x2—~15x3—{- 35x4==12 wumeer

GecKkoHeuHOe MHOMECTBO peUIeHHi, Tak Kak 3jgech d==1.

Teopema 138. Ecau x, yOosremsopaem cpasreruro ax == c (mod &),

c—ax,
Mo KOMRAEKC <<x0, > °\) ecmop peuierue OUOPARIMOBA YPABHEHILS
/

ax--by=c.
€~ ax,
Hdokaszateabcrno. M3 axy,=c(modb) crenyer, uro ——
€CTh LeJsIoe YHCJIO, H HeMOCPEACTBeHHAs MpOBepKa IOKasblBaeT, uTo

axy--b ( ax“) =c.

Teopema 139. [Tycmo d—naubosvuiudi obujuii Oeaumers a u b,
2de a0, b0, d|c u ((xo, llo))'—-ftelmepOE peuiertie auod)anmoea
YDPABHEHUA: ax+by=c. 4)
Toz0a mroocecmso peuernuti ypasuenus (4) 8 yeavtx 4uciax cosna-
daem co muoscecmsom komnaexcos ({(x', y')), rie x'=x0———hd— ¢
y’:yﬁ—%t, a t—amoboe yenroe 4ucio.

HoxkasarteabctBo. [lyers ((x', y'))—npouseosinbHoe pere-
Hye JQuodaHTOBa ypaBHeHus (4), T. e. nycrb

ax'+ by =c. (5)

[lo ycnosmio, x, Y, YJIOBJIETBOPSIIOT ypaBHeHHIO (4), T.e.
ax,+ by, =c. Bounrag paseHcTBo (5) H3 IOC/AEJHErO paBEHCTBA H
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A€ BCE YJIEHB! Ha d, noaydaem:

! b 7
(o= %)= (' — 1),

a b T alb , ,
rae 7 ¥ ——ueqble yncna. Torpa — |—(y'—y,), npuuem (reope-
b
Ma 40) (%, ?i_) =1, Tak 4TO coraacHo Tecpeme 41 umeem:

a

4 ) ' Q B L a
T\ Y Y—le=7t Y=yt gt,

rje f{—HekoTopoe uejoe yucao. [loAcrasiss Halijennoe sHadcHHe
y' B (b), noJayuaem:

ax'=c¢—»b (y0+ %z‘) ———ax(,—-%’?z‘,
R b
OTKYZA X'=Xog—— £,

Takum obpasom, awfoe pemenue ypaBuenus (4) Gyjzer uMeTb
BHJI;

I

b a
X=xg—gt, Y=yt
rAe {—HeKOoTOopoe LieJioe YUCHO.
* O6patnoe yTBepxkjenne takwke sepuo. Ilycrs ((x', y'))—Komn-
JeKc, Takol, 4To
' b . a
x :xo"‘jt’ y :yo’}“gt-
HenocpeacTBennass npoBepKa IOKA3blBAET, UTO
b a
a<x0—zt>—|—b<y0+Et):axo—}—by(,::c,
T. e. ((x', y')),—pemenue auopanToBa ypaBHeHHs (4).

[Mpnmeuanue. Teopema BepHa u TOrja, KOTAA @ UJIH b paBHH HYJIO,
Hanpumep, npu a=:0, T. e. B cayuae ypasBuenus 0.x--by==c, noayuaeM d=

c
=(0, by=>b n npu b|c ang y rMeercs €AUHCTBEHHOE 3HAUEHUE Yo=7 > @ %

npoussoseHoe Hejoe. JlioGoe pemienne 370r0 ypaBHERHS MOXHO NDEJCTABUTH B
Buge ¥ =xo—1-¢, Yy’ =y, +0-4, u npn mobom { Taxue ¥’ u y' yIOBIETEOPAIOT
yPABHEHHIO

0-x+-by=c.

ITpumep. Pemurh ypaBhenue 50x—42y=34.
3aecs (B0, 42)=2, 2|34, PaccmarpuBasi = cpasHeHHe
50x==34 (mod 42), Haxoaum nOCJELOBaTEbHO:
4x=17(mod 21), 2x==19(mod 21),
x=220(mod 21), x,=20,
TaK yto 25-20—21y,==17, y,=23.
Jlioboe pelieHuHe JAaHHOTO AMO(AHTOBA ypaBHEHUR HMEeT BHA:
x=20421¢, y=23-+25¢.
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3. CHCTEMA CPABHEHUMW 1- CTENEHHU

[epefineM Tenepb K pacCMOTPEHHIO CHCTeMbl cpaBHeHHH 1-fi cte-
[EeHH C OJHUM HeHu3BeCTHbIM. PacCcMOTpHM CHagaja CHCTEMY BUAA:

x=c¢, (mod m,)
x=c, (mod m,) }

(6)

Jas xpaTkocTH OyjieM HA3HIBaTb 3TH CPABHEHHSI COOTBETCTBEHHO
[epBLIM U BTOPBIM.

Teopema 140. [Iycms 'd—raubosrbuiuil obwuld Oeaumens, a
M —mHaumenowiee kpamuoe m, u m, mozda ecau dfc,—c,, mo
cucmenmn cpasrenuti (6) we umeem peuwenutl, a ecau d|c,~~—cyq, Mo
cucmenma (6) umeem 00HO pewenue, npedcmasgaswoujee cobol Kaace
yucen no modyao M.

JdoxasarenscTso. M3 nepsoro cpasHenus (6) nojgyuaem
x==c;-Fmyt. Tlpu mobGoMm HejioM ! Takue X YIOBJETBOPAKT INep-
BOMY CpaBHEHHIO. 3ajauya HaxOXJeHHsi pelleHHH cucreMsl (6) cBo-
IMTCS, TakuM o0pasoM, K ToMy, utobbl BHOpaTh Takue f, Npu
KOTOPBHX X YAOBJCTBOPSET W BTOPOMY CpaBHEHHIO, T. e, HaliTH Bce
LeJqpie ¢, TakHe, 4TO

¢+ myt =c, (mod m,).

OtbickaHHe TaKHX { CBEJIOCh K pPelUeHHI0 CpaBHeHHusl 1-if cTenenn

C Heu3BecTHOH f:
myt ==c,—c; (mod m,). U

Ecmw npu (my, m,)=d 6yner dfc,—c,, To (teopema 130)
cpasHenne (7) HC HMeCT pCUICHHE, T. €. Cpeld BCeX 3HaYeHHH x,
YAOBJCTBOPSIOUIHX CpaBieHuio x::=¢, (mod m,), HeT HH OQHOrO,
KOTOpOe YMOBJICTBOPSINO Obl CpPaBHCHHIO X ==, (mod m,), U CHu-
crema (6) necosmecTna. Ecam d|c¢,—c, TO peluenue cpaBHenus (7)

m,
MOXKHO 3anucaTb (Teopema 135) B Bue KJacca MO MOAYJIO 72,
T. €. B BHJE:
my

tza(mod’g?), t:o'.—f——Jy (y=0, +1, +2, ...)%

NOACTABJSISI 9TH 3HAYCHHS { B ypaBHEHHe X==C, -} m,f, BbAEJsICM
U3 MHOMECTBa 3HAUEHHH X, YJOBNETBOPAIOINHUX INEPBOMY cpaBHe-
HUIO, T€, KOTOpble YAOBJETBOPSIOT M BTOPOMY:
) iy mym mym
xX=c 4-my (a‘l‘ gﬁ.’/> =:C1‘|‘mxo‘+—d"2y=ﬁ+ d 2y.
(y=0, 41, £2, ...).
myfty

Otn sHaueHHsi x OOPasyIOT KJAacC MO MOAYMO — =M (reo-

pema 92), 1. e. x=1f (mod M), rae no teopeme 34 M =[m,, m,].

B coorBercTBHE ¢ onpejeseHHeM 44 cucreMa uUMeeT OJHO pe-
IIeHHE,
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flpumevanue. Ecau my u my B3aumMHo 0pocTH, 10 d=1, M==mymy,
[IOCKOJIEKY B 3TOM cJAyuae npH Jiolblx ¢; H ¢z OypeT 1ics—cy, cucrema (6) ans
TAaKHX MOAyJneH Bcerja HMeeT ©JHO pelleHue, NpeacTrasiisiouee cobolt kaace
0 MOAYNO Mmyfily.

MMpuweps. 1) Hecmeposats, uMeer JIH pelleHHE CHCTEMA:
x==9 (mod 34),
=4 (mod 19),
# €CJIH HUMeeT, TO HalTu ero. _
TTockoabky (34, 19)=1, cucrema wumeer peiuenne. Haxomum:
=94 34¢=4(mod 19), 15/=—>5(mod 19), 3t =—1=
=18 (mod 19), {==6(mod 19), =6+ 19y.
[Toacrapnsist 3To 3HaueHue ! B BoIpaeHHe IS X, HMeeM:
=934 (64 19y) = 213+ 646y, x=213 (mod 646).
2) WccnenoBatb, HMeCT U pelleHHe CHCTEMaA:
x == 29 (mod 63),
x==9 (mod 35),
U eClM HMeeT, TO HaliTH ero.
Hockoaeky (63, 35)=7 n 7429—9, To cuCTeMa He HMeeT peilie-
HHM’feopema 141. Cucmena
x==cy (mod m,)
r=amod @
x=cz(mod my)
260 coecem He umeem peuieHuti, aubo umeem 0OHO peluerue.

MMpumeuanue. B coorsercrsun c onpejenensem 44 pemende nonumaercs
KaK KJacc Mo MOAYJIO, PaBHOMY HAHMEHbLUEMY KPAaTHOMY uMCes:

my, My, ..., M.

HokasarenncTBO npoBefeM HHAYKUHed no s. Ilpu s=2 yreepx-
JieHHe TEOPeMBl BEPHO B CHJIY MpeJbAYINeHd TeoDEeMBbl.

IIpepnonoKuM, HTO YTBepHACHHE TeOpPeMbl BEPHO JJs JIOOHIX
s cpasreHHll BuAa (8), M Bo3bMeM S | MPOH3BOJMBHBEIX CpaBHEHMIL:

x==c¢; (mod mj)
RIS IR IR IRICIRI O 9
x=c,(mod my) O
x=cy,; (mod 1m,,,)
O6osnaunm: M=[m,, ..., m] u M'=[my, ..., m, mg ).
Hasectno (reopema 33), uto [M, m,,,]=M’. Cornacuo npennono-
MEHMI0 MOTYT HPEeJCTABUTBCS TOMBKO CJelYIONLHe ABe BO3MOXKHOCTH:

1} Tlepsbie s cpapHenuil He uMeloT pewleHu#. B atom cayuae u
cucTema (9) He HMeeT peilieHUH.
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2) TIlepBble s cpaBHeHHH HMEWT pelleHHe, IpeiCcTaBaAicUIee
coboit Kjacc no mopymo M. Torpa sHaueHus X, YAOBJETBOpsioillHe
DepBbIM S CPaBHEHHSM, COBHAJAIOT CO 3HAYEHHSAMH X BHJa
x=a(mod M), rie o—Hekoropoe uejoe, M cHcrema (9) 3KBH-
BaJIEHTHA CHCTEMe:

x=oa(mod M),
X==C5yy (Mod g, 4).

Ecnn 8=(M, mg,,) u 8fc,,;~—, TO cuCTeMa He HMeeT pelue-
HUS, & eCJd 6[cs+1 @, TO CHCTeMa HMeeT OJHO pelieHHe, Npej-
crasasiomee coboil kiaacc no Mopymo [M, my J=M".

Takum 06pasoM, U3 CIIPaBeJJINBOCTH YTBEDXKAEHHA TEOPEMBI AN
JifoOBIX § CPaBHEHHI paccMaTPpHBAEMOTO BUAA c/eAyeT ChpaBeiH-
BOCTb YTBEDXKJIEGHHS TeOpeMbl Ajs JoOpX s--1 TakMxX cpaBHeHHil.
CorsacHo NPHHLHOY MaTeMaTHUYECKOH HHAYKIHH yTBepXJeHHe Teo-
peMbl BepHO 1Jis BceX §==2.

Ecunu cuctema (8) nMeer penleHHs!, TO HX MOXKHO HalTH, pellUB
CHayajla nepBble ABa CPaBHEHHS, N06aBHB IOTOM I[OC/EJOBATEJLHO
TpeTbe M T. JI., NOKa He OyjeT HCYyepnana BCS CHCTEMa.

Teopema 142. Ecau my, m,, ..., m;—nonapHo 63aumuo npo-
cmote uucaa, mo cucmema (8) cosmecmua u umeem 00HO peulenue,
npedcmasasouiee co6od Kaacc no modyaro M=m, my-... M

HdokaszarteasvcrBo. Ilpu s=2 yTBepxKJcHuE BEPHO B CHAY
teopembl 140 (cM. mpumevanue Ha crp. 121). HpelmonomuM uTO
YTBEpHKJEHHE TeOopeMbl BEPHO AJsS JIOOBX § cpaBHemuit Bua (8),
rie (m;, m;)=1 npu iz*j, u Bo3bMeM s--1 Takux cpabHenui (9)
¢ NONapHO B3aMMHO TPOCTBIMM MORYJISMH.

CorsiacHO  IpEANOJOKEHHIO  3HAuellnst X, yAOBJeTBOpsoline
HepPBLIM S CPABHECHMAM, COBNAJAIOT CO 3HAUeHHAMH x==o (mod M),

rae M=m,, ..., mg, u cucTeMa (9) 3KBUBaJIEHTHA CHCTEME:
=oa (mod M)
_ d : (10)
X=0g,yy (MO My 1)

ITockonbky mg,, B3aHMHO NPOCTO C KaxKAbIM H3 MORYyJeH: iy,

, My, OHO B3aUMHO NPOCTO M C UX NPOH3BEACHUEM, TAK UTO
(M fitg,q) = 1.

Cuctema (10), a cnemosaTenbHO, U cHcteMa (9) corjacHo X Teo-
peme 140 mmeeT pemienue, npeicrasJsioulee coboff Ksace 0o Mopy-
amo Mmg, ,=m,...mgm,, , H, TaKuM 0Gpa3oM, yTBEPKICHHE BEPHO
ang moGbix s-+1 cpapHeHHi paccMaTpUBAEMOro . BUAA C NONApHO
B3aMMHO IIPOCTHIMH MOAY/AsiMH. CorjlacHO NPHHHHUNY MOJHOU MaTema-
THYECKOH HHAYKUMH YTBEpKIEHUE TeOPeMbl BepHO NpH JioOoM s.

ITpumep. Pemuth cuctemy cpapHeHuil:

x==2(mod 7),
x=5(mod 9),
=11 (mod 15).
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Peilaem cHauaja CHCTEMY, COCTOSHNYIO M3 JABYX HEPBHIX Cpas-
HeHuH:

x=b5+49f{=2(mod 7), 2{=—3(mod 7), {=2(mod 7),

t=24Ty, x=5+9(2+7y)==23(mod 63).

Taxmm O6p830M, JanHad HaM CHCTeMa 2KBUBAJCHTHA CHCTCME!

x=23(mod 63),
x=11(mod 15).

3pecy (63, 15)=3 wu 3|23—11, rtax 4TO CHCTEMa COBMECTHA,
Pemaem ee:

x=23+463y=11(mod 15), 3y=3(mod 15),
y==1(mod B), y=1-bz, x=23-+63 (1 52) =86+ 315z,

OrBeT. x=:86(mod 315).

HOas uHaxompenust peleHHsT CHCTeMbl CpaBHeHHH 1-# cTemenu
C B3aUMHO TPOCTBIME MOAYJISIMH MOXHO I0Jb30BaTbCs CJleAYIOUled
TEOpeMoH.

Teopema 143. [Tycms my, my, ..., M—HRORAPHO B3AUMHO APO-
cmole yucaa, M =m;,My. ..My Yy, Ys, .. , Y NOC0OpAKL mMaK, 4mo
M M . .
= 1{mod ml),~m~2— yp==1(mod m,), ..., s == 1 (mod m},

M M M
xu:’”Tl“y101+71:‘9202+ e ‘*“Kyscs'

Toe0a petuenue cucmemot

x=c; (mod my)
x=c,(mod my,)

x=c,(mod m,)

bydem umems eud: x==x,(mod M).
M M
Hdoxasatenbctso. Ilockombky m, e My = H
2 s
M M
—m—ylzl(mod M), MONYYAEM X, ==———1);C; ==¢; (mod m,). Aua-
1 1
JNOTHYHBIM 06pasoM NpoBepsieM, UTO X ==C,(mod my), ..., X, =
=c,(mod m,), 1. e. x, YAOBJIETBOPseT BCEM CPaBHEHHSIM CHCTeMBL
CornacHo Tteopeme 142 pemieHHe 3TOH CHCTEMBI IPEACTaBJsieT
cobo# Ksaacc mo Mopyao M, T.e. x=x,(mod M).
IIpumep. Pemurp cucremy:

x=6(mod 17),
x=4 (mod 11),
x=-—3{(mod 8).
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Haxopuwm:
11-8y,=1(mod 17), 3y, ==1{mod 17), y;=6;
17-8y,=1(mod 11), 4y,=1(mod 11), y,=3;
17-1lys=1(mod 8), 3y,=:1(mod 8), y3=3;

X,=11.8.6.6417-8-3-4—17-11-3-3==125(mod 17-11-8);
x==125(mod 1496).
PaccmoTpuM Temeph cucTeMy cpaBHeHM# - cTenenn ofmero
BHJA: ‘
a,x =b, (mod my)
aszbz (mod mz) . (11)

a.x==b,(mod m,)

Ecnu xors 6bl mpu omHom i(l <<i=<<s) masa (q;, m;)=d; 6yzner
d;Xb;, To (Teopema 130) He cymiecTByer 3HaueHHil X, YXOBJETBO-
PSIOIHKX (-MYy CpaBleHHI0, &, CJaejoBaTedbHO, ciucreMa (11) He HmeeT

peleHui.,
Ecau xe jpas Beex i d;|b;, To Kaxloe cpaBHEeHKE MOXKHO pe-
WHTh OTHOCHTEJABHO X H 3aMeHHTb cucteMy (11) sKkBuBasleHTHOH

CHCTEMOH:

x==c, (mod rg—:) )

XEZCy <modmf~> ,

Takas cucrema corsacHo Teopeme 141 yi6o He MMmeeT pelleHui,

aubo, €cnM peuleHHs ecTb, TO 3HAUYCHMUA X, YAOBJCTBOpAIOMME e,
my ms g’

00pasyioT KJacC MO MOAYMIO |——, —1=, ..., o>

dy ' ds d,

Ilpumep. Pemurb cucreMy cpaBHeHH:

7x=3(mod 11),
15x =5 (mod 35b),
3x=2(mod 5).
Pemas Kaxjoe cpaBHeHUe, 3aMeHsIEM 5Ty CHCTEMY SKBUBAJICHT-
HOH el cUCTeMOH CpaBHeHMH:
x==2(mod 11),
x=5(mod 7),
~x=4 (mod 5).
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[1pumensas reopemy 143, Haxozuwm:

7:5-y,=1(mod 11), y;=6; 11.5y,=1(mod 7), y,= —1;

11-7-ys=1(mod 5), y,=3;
Xo==7:5:6-2—11.5.54+11.7.3-4=299 (mod 11-7-5).

Orser. x=299(mod 385).

Hemopusieckue kosmmenmapun k 14-it 2aase

1. Heonpepenennnie ypasrenusi 1-# cTeneHM Havaju paccmar-
pUBATBHCSl eille MHAYCCKMMHM MareMatnkKaMu npumepHo ¢ V Bexa.
Hexoropble Takue ypaBHEHHS C JBYMS M TpeMs HEH3BECTHHIMH IO-
SIBUJNUCh B CBSA3U C npo6jieMaM#, BO3HUKIIMMH B acTPOHOMHHM, Ha-
npuUMep, MPH PaCCMOTPEHHH BONPOCOB, CBSI3@HHBIX C ONpeleseHueM
HEePUOJHUECKOr0 NOBTOPEHUs HEOeCHBIX SBJIEHHH.

2. Bo 2-M M3pauuu KHHTH (paHNy3cKoro mareMartuka Daiue ge
Mesupbsixa ,Problémes plaisants et delectables qui se font par les
nombres*, BhiuegueM B 1624 r., peumiaercsl HeonpejesieHHOe ypas-
Henne ax—by=1. Dawe e Mesupbax Qakruyecky HpuMeHsier
Ipouecc, CBOAAUIMICA K II0CJAENOBATENbHOMY BBIMUC/ICHHIO HENoJ-
HbIX YaCTHBIX H DACCMOTPEHUIO MOAXONSMIUX Ipobefl; OXHAKO OH He
paccMarpaBal HelpepLIBHBIX Jipobefl, KaK TAaKOBHIX, U He yNOTPebJisi
obosnauennil suaa (1) 5-i raaewl. Tlonyaspuoe counnenue bBauwe ge
MesuppaKka OKa3ajo 60Jblloe BJMAHNHC Ha PA3BUTHE TEODUM HHCe,
TaK KaK CcrocoOCTBOBAJIO BO3HMKHOBEHHIO HHTEpeca K ITOH obsactd
MaTeMaTHKH. '

Bawe ne Mesupesak u3BecTeH H KaK no3r, NMHCABMIUH CBOU
CTUXM Ha MHOTHX f3piKaX. B 1621 r. os BeIycTUJ H3JaHHE couu-
weunfl JinodaHTa coO CBOMMM [pHMEUaHUSMH.

3. Tlocne bBame ge Mesupnsika B XVII u XVIII Bekax pas-
JIMUHBIE TpaBuja [Jds pelleHHs HEONPEACJEHHOro ypaBHEHWs
1-ii cremeny ¢ AByMst HEH3BECTHLIMH jAaBajiu Poiuib, Diaep, Cayu-
JepcoH U ApYyrue MaTeMaTHKU.

[lendbie Opobu K pellleHHIO TAKUX YPaBHEHHH OblIH MpPUMEHEHDI
JlarpanxeM, KOTOpEIH, OJHAKO, 3ameuaeT, YTO (AaKTHUECKH 3TO TOT
e crnoco®, Korophlfl 6bl1 naH Dame jge Me3upbsIKOM M JApyrumu
MaTeMaTHKaMHM, pacCMaTpPUBABUINMH HeolpeleJieHHble YPaBHEHHS L0
HEro.

Heonpenenennble ypaBheHHs 1-H cTemeHM CTajkM 3amHCLIBATHCS
U pemathcst B (opMe CpaBHEHHUS! 3HAYUTEJBHO TNO3Ke, HAUHHAA C
laycca. :

4. 3agaum, cBojAUIMeCS K PacCMOTPEHHIO CHCTeMBl CPaBHEHH
1-it cremenyd, paccMarpuBalUch B apudMeTHKe KUTAHCKOro Marema-
tvka Cyn T3y, XuBUlero mpuMepHo B HauaJe Hawued apul. ¥ Hero,
KaK y LeJOro pAja KHTAHCKUX, WHAYCCKHUX, apaOCKUX M .eBpomei-
CKHX YUYeHbIX, peliaBlIHX Takue 3ajadyd IMocje Hero, BONPOC CTa-
BIWICH B cjaefylomell ¢opMe: HaATd 4uHCHO0, Jaiouiee 3ajaHHbe
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OCTaTKU NPH JeJC€HUM Ha 3afaHHble ducaa. Cyd Tay paer cnocef,
(bakTHUECKH SKBHBAJEHTHHII TOMY, KOTOpmH ZaH y Hac B Teopeme
143, u nostomy TeopeMy 143 uHOrZa HaswBalOT KuTalicKod Teo-
pemo#i 06 ocrarkax. PaBora Cyn Tay craaa ussectHa B Epone
B 1852 r. HesaBHcuMo OT KMTafiCKHX MaTeMaTHKOB cIocol peite-
HUS 3aJad TAKOro poja Okl RaH MHAYCCKHM MartemMaTukoMm Bpawme-
rynra (588——660).

Jleonapno Pubonauyu B cpoeil kuure ,Liber abaci* paccmar-
puBas 3ajauyy HaxoXjeHHs uucia N, Resulerocst Ha 7 U MMEOUEro
OCT4aroK, paBHBIA 1, npu JejeHud Ha 2, 3, 4, 5 u 6.

5. CucteMa HeonpeleleHHBIX ypaBHeHufi I-ii cremeHu pmepBble
BCTpeyaeTcs Y KuTalckKux MateMatuxoB VI Bexa. 3apnauu, npuso-
JsHe K TaKHM cHCTeMaM, BeTpeudalores y Jleonappo ®uboHayuu H
y Bame ge Mesupssxa.

Cucrema n CpaBHEHHH C 7 HEM3BECTHHIMH H3Yuajach Fayccom
[Moanoe wuccnefoBaHWE CHCTEM JUHEHHBIX CPABHEHUHA ObuiO0 JAHO B
paborax ®pobennyca u Crefinuua B korue XIX Beka.

FTABA 15
CPABHEHHUSA N0 NMPCCTOMY MOAYJIIO

1. CPABHEHUE 110 NPOCTOMY MOAY/II0 C OAHMM HEU3BECTHBIM

[Tepexonss or cpasHeHui I-H cremenn K cpaBHeHHsAM OGollce
BLICOKHX CTelleHell, IlellecooOpasHO CHadala paccMOTpeTb TOT Ciy-
yali, KOrjia MOLyJb— IpocToe uncjo. B 3ToM ciyuae umeercss psij
BeCbMa BaXKHBIX TEOpeM, KOTOophle, BooOlie roBOpsi, HEBEPHH! I
cOCTaBHBIX MOpyJedl. BMecTe ¢ TeM Teopus cpaBHeHUI N0 NPOCTOMY
MOLYJIO SABJSIETCSI OCHOBOH, Ha KOTOPOH CTPOMTCS H3yUeHHe €pas-
HeHHil [0 COCTABHOMY MOZAYJIIO.

Bo Bceit 310l raaBe OykBoil p GymeM 0603H24aTh MOAYJADL, IPe]-
CTaBJASAOINA coO0il MpocToe YHUCIO.

Teopema 144. Ecau p X ¢y, mo cpasnenue

CoX* e "1+ ... ¢, =0(mod p)

mosicermt Goliilo 3AMEHEHO IKBUBAACHMHLIM CPABHEHUEM C KOIppuyuen-
mMOM NpU cmapuiem 4AeHe, PABHOM eOuHruye.

JokasateanbcTBOo. PaccMoTpuM cpaBHenne 1-H  cremenu
coy==1(mod p); HOCKOIBKY P4 ¢y, 10 (¢4, p)==1 u (reopema 131)
cpaBHeHHe HMeeT pewlenne. Halizem uHcs0 y,, yZAOBJAETBOpsONiEe
STOMY CpPABHEHHIO, T. €. Y, TAKOE, UTO CyYfy==1 (mod p).

Toraa cpasuenue ¢ x"--¢,x" '+ ...+¢,=0(mod p) sxkBuUBa-
JeHTHo (Teopema 128) cpaBHeHUIO

(CoYo) X" + (Catfe) X1+ . ..+ (€ 49) =0 (mod p),
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a caegosatesibHO (Teopema 129), cpaBHeHHIO
x 4o X" L 4+ b,=0(mod p),
rae b, ==cy,(mod p), ..., b,=c,y,(mod p).
[Ipumep. 3aMeHHTb CpaBHEeHMe
97x% 4 14x2—10x -+ 13=0 (mod 59)
IKBHBAJIEHTHBIM CPABHEHHEM € KO3(D)HUHCHTOM NPH CTaplieM YJjieHe,
paBHBIM 1.

Pemaem cpasuerue 27 y,== 1 (mod 59) u Haxomum y,= 35. Jan-
HOE HaM CpaBHeHUe SKBHBAJIEHTHO CPaBHEHUIO

x3--14.35x2—10.35x +13.35==0 (mod 59),
T. e. cpaBHeHuO x° -} 18324 4x—17 =0 (mod 59).

Teopema 145. Ecau [(x) u g(x)— MHO204ACHSL € UeABIMU KOID-
puyuenmany, mo CPAsHEHUS NO NPOCMOMY MOOYA0

[ (x) =0 (mod p) (1
[ (x)—(x? —x) g (x) =0 (mod p) 2

u

SKBUBLACHIMHYL.
HdoxasaTtenbcrro. [lyere x, yroBreTBopsieT cpasHenmio (1),
1. e. f(x,)=0(mod p). [TockonbKy mnpH JO6OM X, COFJIaCHO Teo-

peme Pepma (reopema 119") x§—x,=0(mod p), 10
f (x)— (x5 —x,) g (%,) =0 (mod p).

IMonbsysice Toit e Teopemofi ®epma, nosydaem, 49TO eCJIH X,
yA0BJETBOP AieT cpaBHeHuio (2), T0 f (Xo) = (x4 — X,) € (o) =0 (mod p),
H, TakuM ofpasoM, cpaBHeHud (1) U (2) 5KBHBaJCHTHHI.

M3 a10#1 TeopeMbl HEMOCPEACTBEHHO BHITEKAET CJEAYIOMIAS.

Teopema 146, Cpasuenue no npocmomy moOyawo p, cmenexs
Komopoeo Ooastue, uem AMOM MOOYAb UAL PABHA eMy, Modgicem Dol
SAMEHEHO IKGUSANCHIMHbIM CPABHEHUEM CMenexy, MeHolied 4em p.

JdoxasateasnctBo. Ilycth f(x)—MHOrOUJIEH C LEJHIMH KO-
shduure Hramyu cteneHn n>=p. Ilpu penenuu f(x) Ha x¥—x co-
rJaCHO H3BECTHOMY CIOCOOY JeJIeHHs MHOTOYJEHa Ha MHOTOYJIEH
HEMOJIHOE YacTHOe g (X) ¥ OCTaToK r (¥) OYAYT TaKXKe MHOrO4JICHAMH

UEABIMH KO3(pUILHEeHTaMU:

fx)=(x*—x)g (x)+r (%),

THe cTemeHb r(x) MeHblle cTemeHH X”—x, T. €. MEHbIUE, YeM
COTJIaCHO mpeAbaylleil Teopeme cpaBHeHus f(x)=0(modp) nu
g(x) =0 (mod p) 3KBHYBaJICHTHHI.
Npumeuanne. Ipaktduecku ynoGHeH Monb30BaThed Teopemol 145, 3ame-
HAA KaXJOe cjaraeMoe MHOrOYeHa x°, Tlie S==p, craraeMbM
x5 — (4P —x) x5~ P =y~ (P-1)
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crenenn, melbmed yem s. CaepoBartesbHo, ecan s=(p—0g+r(l < r=<<p—1)
r0 x¥ MOxHO 3aMennTb Ha x”. IlpofieskiBas 3Ty onepaumio A8 BCeX ClaraeMblX
MUOTOUJIeHa, JOCTHIHEM TOro e pesyJbTaTa, 4TO ¥ NpUMEHeHHeM TeopeMsl 146.

[Ipumep. CpaBrenne x'®+ 3x8—5x7—x% 4 6x—2=0(mod7)
3aMeHNTh SKBHBAJICHTHBIM CPABHEHHEM CTeNeHH, MeHblled ueM 7.

Pemenune. CormacHo npumeyaHuio K teopeme 146 mu noay-
UyM 3KBHMBAJIEHTHOE CpaBHeHUe, eCJqH 3aMeHuM x!6 Ha x18-2-¢—=yx4,
x* Ha x?, x7 Ba x. Takum oOpasom, 3aJjaHHOe CpaBHEHHE >KBHBa&-
JCHTHO CPaBHEHHIO

(x*+ 3x2—Dbx)—x* 4 6x—2=0 (mod 7),

T. e. cpasHenyio 3x2-+x—2=0(mod7).

Teopema 147. Ecau [(x), g(x), h(x), r(x)—muocourenor ¢ ye-
My Koappuuuenmany: f(x)=gx)h(x)+r (x), u 6ce kosppuyu-
enmol r(x) Oeaamcsa HA npocmoe 4ucio p, mo aoboe peulerue

CPasHenus
f(x) =0 (mod p) (3)

SABASIEMCA petdeniieM no Kpaliueil mepe 00r020 U3 Cpasresudl:
g(xy=0(mod p), h(x)=0(mod p). (4)

HokasarteasctBo. Ilycrs x,—peliesde cpasBHeHus (3),
T. e. [(xy)=0(modp). IlockoabKy Bce KOIDPHIHCHTH 7 (X)
nensarcst Ha p, OyzeM Takike uMeTh r (x,)=0{modp), a nostomy

g(x)h (*0) = [ (%) —7 (%) =0 (mod p).

Coraacuo teopeme 105" u3 cpaBHUMOCTH NIPOU3BEACHUS g (X,) A (X,)
C HyJeM 10 MOMYJIO ) CJHCAYCT, 4TO N0 KpalHeH Mepe OuH u3
STHX MNOKHUTCJCH CPABHUM C HYJCM 1O 3TOMY MOAYJIO, T. €. X,—
pewienye 1O Kpaiineld Mepe OXHOrO H3 cpasHeHHH (4).

[Tpumep. B cpaBuenun x*-+18x%24-5=0(mod 31) uJerywo
YyacTh MOXKHO HpeJCTaBHTb B Buie (x*—4)(x*—9)+ (31x2—31),
H Mbl HaXOAMM BCe PelieHHs 5TOr0 CPapHeHMs, pellias CPaBHeHUS:
x2—4=0(mod 31), ¥*—9=0(mod3l), 1. e. x=2(mod 31)
u x=-3(mod31). Bce s5Ti yeThipe KJacca YJOBJETBOPSAIOT Ha-
€My CpaBHEHUIO.

Iast cocrtaBHBIX MoAyJell 3Ta Teopema HesepHa. Hampumep,
cpaBHeHuO X%+ 4x= x (x+4) =0 (mod 12) ynoBiersopseT KJaacc 6,
He ABJSIOIMLKIACS pellieHHeM HHM OFKHOrO U3 cpaBHeHui: x =0 (mod 12),
x4 ==0 (mod 12).

Teopema 148. Cpasuenue cmenenu n no npocmomy HoOYmMo p
¢ Kosghpuyuenmom npu cmapuiem 4daexe, He OEAAUUMCA HA P,
Mmogcem umemo He Goaviue dem n peulenull.

JokaszaTeapbcTBO. ¥YTBepK/AeHUE TeOPEMB! BE PHO NpH #= 1.
HeficTBuTeibHO, B 5TOM Clyuae Mbl MMeeM cpaBHeHue 1-f cremenu:
cox+¢,=0(modp), roe pfc, T. e. (¢, p}=1, a TaKoe cpapHe-
une (reopema 131) HMeer B TouHOCTH OZHO pemerue, IlpuMenum
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Teneps AJ1s1 A0Ka3aTeNLCTBA TeOpeMbl MeTOJ, NOJHOR MaTeMaTHYecKoH
HHAYKIHH.

[TpeanonoxuM, 4To yTBepKJeHHe TeopeMH! BepHO HIS Bcex
MHOTOYJIeHOB (rn—1)-ii cTenmenu co crapwumu Koapduuuentamu, He
JeNsmUMHECS Ha MPOCTOH MOAyJb p. BosbMeM Teneps NpoOU3BOJb-
Hbllf MHOrouJieH n-fi CTeneHH:

F) = e+t ...+,
rie p4 c,, H pacCMOTPHM CPaBHEHHE
[ (x) =0 (mod p). (5)

Ecsau s10 cpaBHeHHe HE HMEET HHM OJHOTO peleHHs, TO YHCJO
pelleRni MeHblIe HeM A.

Ecnu e 270 cpaBHeHHe HMeeT peLIeHMS, TO BO3bMeM Ji0Goe
YHCJO X,, YHOBJETBOpSIONee eMy, M pasfenuMm f(x) Ha x—x,.
CorstacHo teopeme bBesy (teopema XII) Oynpem umeTs:

[ (x) = (x—x0) g (%) + [ (o).
Kospdunuentss MHorousesa (n—1)-# crenenu
g(x)=bgx"" 4 ...4b,_,

MOryT OBITb, KaX H3BeCTHO, HailileHBl no cxeme [ophepa u npeg-
craBasioT co6oi Lenble yucaa, NpHYeM 0, == c,.

[TockonbKy x, yhoBjersopsier cpapnenuio (5), p|f(x,), T. e.
3lech npuMeHUMa TeopeMa 147, To Bce peweHus (D) HaxoxATCs
cpenu pemenuii cpaBHennli x—x,=0(mod p) u g (x)=0(modp),
yIOBJETBODPSAS JuOO ORHOMY K3 HHX, JuGO obouM.

CpaBHeHHe x— x,=0(mod p) HMeeT OIHO pelleHHe, a CpaBHe-
Hue g (x) =0 (mod p), upeacraBasiouee coboit cpaBHenne (n— 1)-i
CTelleHd MO OPOCTOMY MOAYJWO € KO3D(QUIHEHTOM MNpHU CraplueM
uteHe b,=c,, He JeasuleMcss Ha p, COIJACHO IPeMIONOKEHHIO
MOXeT HMeTb He G6ojiblle 4YeM n—1 pewennit. Takum obpasom,
cpaBHeHHe (5) Mmeer He Gojbuie yeMm 14 (n—1), T. e. ne Goablue
yeM 7 peleHHH. ~

Yreepxkaenue TeopeMbl Obl10 nposepedo npu n==1. M3 cmopa-
BELJIHBOCTH YTBEPXKIEHHSA JAJI MHOTOWIEHOB (n-—1)-ii cTeleHH cJe-
AyeT CIPAaBeJJIMBOCTb 3STOFO e YTBEePKIEHHS JJIs MHOTOYJIEHOB
n-i crenend. CorJjacHo NPUHUMIY MOJHOH MareMaTHYeCKOH HHIYK-
UHH CNIPaBeJIHBOCTb TEOPEMBbl JOKa3aHa.

[Tpumep. x,=31 ynosnersopsier cpaBHeHHio 11x%==65 (mod 103).
HafiTn Bce pelueHus 3TOr0 CpaBHEHHS.

OueBUJHO, YTO BMeCTe ¢ KJaaccom 31 3ToMy CpaBHEHHIO YJOB-
JetopsieT U kjacce—31. Koadbdunuent npu crapieM uneHe 11 He
zenutcss Ha mpoctofl MoayJsb 103, nosToMy cpaBHeH:HE He MOKeT
HMeTb GoJbllle ABYX pelieHHi.

OtBeT. x==-+ 31 (mod 103).
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Ilns cocraBHBIX MojyJeii sTa TeopeMa HeBepHa. Cpasnenue
CTeleHH 7 110 COCTABHOMY MOAYJIO C KO3(pUIUHEHTOM NpPH CTApIileM
ujieHe, He JeNsUIeMCS Ha MOAYJb HJHM Ja)ke B3aMMHO INPOCTOM
¢ MOAYJeM, MOXeT uMeTh GoJiblie ueM n peienuil. Hanpuwmep,
cpapienne x2—3x-2=0(mod6) umeer 4 pewennus: 1, 2, 4, 5.

Teopema 149. Ecau cpastenue cmenenu n no RPOCHIOMY MoOyrto
p umeem Goasuie dem n peutexuil, mo 6ce KodpPuyuennvr cpagHe-
Hus Oeasmca HQ p.

JlokasaTeabcTBO. BosbMeM J06oe mpocToe umcsao p. Ecnu
cpaBHenue Cox-+c¢;, =0 (mod p) umeer GoJblle YeM OLHO pelleHHe,
10 cornacko Teopeme 131 (¢, p)s=1, T. e. plc,, a toraa u plc,.
Takum o6pasoM, npu n=1 TteopemMa BepHa. [lpexnojoxum, uro
YTBEpKIEHUE TEOPeMbl BepHO JJisi MHOTOUJIEHOB CTEIEHH, MeHbIUe
YeM £, T. €. MPEANOJOXKHM, UTO HUHCJIO PelleHHH CpaBHEHHsl CTe-
HeHH, MeHbINeH ueM 7, MOXeT [PeBOCXOJUTb CTEleHb CPaBHEHHS
TOJIBKO TOrNA, Korga Bce KOAD(DUUHMEHTH AENATCH HA MOAYJIb p.

Bosbmem nio6oe cpaBHeHHE CTeNeHH n:

X" x4+ ...+ ¢, =0(mod p), (6)

uMeromee Gosiplie yeM n peuenuii. CornacHo Teopeme 148 B Takom
CpaBHEHUH C, JeNUTCS HA p, 4 TOrAA CpaBHEHHe

" oL+, =0(mod p), o

sKBHBaJIeHTHOe (Teopema 129) cpasHennio (6), Takxe uMeeT GoJbiue
yeM 1 peleHni.

B cpasuennn (7), cTeneHb KOTOPOro MeHbIe 4YeM 7, a YHCJIO
pelieHnil MPeBOCKOANT CTerelb COFJIaCHO MNPeLNOJIOKEHHIO, BCe
KOS(hDHINEHTE JOMKHb JeJHTbCS HA p, T. €. pley, ..., plc,
IMockoapKy yXe paHbiie GblJIO YCTaHOBJEHO, UTO P |C,, YTBEpXKe-
Hie TeopeMbl BepHO A n. COTNacHO NPHHIMNY NOJMHOH MaTema-
THYECKOH HHIYKIIMH CNpaBelJIHBOCTh TEOpEMbl JOKasaHa.

Teopema 150. ITycmo f(x)=x"+cx" "+ ...+ c,—mHozouaen
¢ yeaoimu Kospuyuenmany u c60600xoLm useron ¢, # 0 (mod p),
2de p-—npocmoe uucro, nputes p =n. Cpasnenue [ (x)==0(mod p)
umeem n peutenull moeda u moabKo moada, xoeda ece Koppuyuenmol
ocmamxa om Oesenun xF~1—1 na [(x) kpamuoL p.

NokasateabctBo. Ilyets xF~l—1=f(x)g(x)+r(x), rae
g(x) u r(x)—MHOrowIeHp C MHeJBIMH KO3(PpUIHEHTAMH, NpuyeM
cTemeHb r(x) MeHbLIE YeM .

1) HdoxameM J[OCTAaTOYHOCTH ycjosusa. Ilycrs KO3hDUIHEHTD
r (x) pendrcs Ha p.

O60sHauuM uyepes S u T COOTBETCTBEHHO YHCJO eLICHHH Cpas-
HeHHH

f(x)==0(mod p), (8)

g (x)=0(mod p). (9)
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Cpasrenye x~1—1==0(mod p) mo Teopeme Pepma nmeer p—1
pewenuii. Kaxnoe u3 3Tux p—1 pelieHuii corjacHo Teopeme 147
SIBJISIETCS pelleHHeM XoTsi Obl OJHOrO W3 cpaBHenuil: (8) uam (9),
.e. S+T=p—1.

Cpasnenue (9) cremenu p-—l-—n uMeeT KOS(DOUIHEHT NPH
cTapiieM usleHe, PaBHbI eIHHNIE, TaK uTo (Teopema 148) T << p—1—n
H, ClleJOoBaTeJbHO,

S=(p—1)—T=p—1—(p—1—n)=n.

TTocKOIbKY TpH STOM B CHJIY Toii e Teopembl 148 S<Cn, mo-
AydaeM S=n, T. €. U3 JeJHMOCTH KO3h(UUHEHTOB r (x) Ha p cie-
LyeT, 4TO YHCJIO pelieHHil cpaBHeHHA (8) paBHO n.

2) JlokaxeM HeoOXOZUMOCTh ycsoBus. IlycTb cpasnenne (8)
umeeT n pemenuid. Ecam x,—pemenue cpapHenus (8), TO
f (x,) =0 (mod p) u BMecTe C TeM, IOCKOJBKY p 4 ¢,,, TO p { x,, & cateno-

BaTeNbHO, corjacHo TeopeMe ®epma xj '—1=0(mod p), Tak uTo

r (%) = (x ™" —1)—F (%,) g (%) =0 (mod p).

Takum 06pa3oM, Kaxioe H3 71 pelieHuil cpaBHeHus (8) sBisercs
pemrenneM cpasHenust r (x)==0(mod p), creneHb KOTOPOTO MEHblue
yem n. CoracsHo Teopeme 149 Bce K03hOHUHEHTH 7 (X) AeaATCA HA p.

IMpumep. CpaBuenmio x*®= 1(mod 13) ynoBeTBOPSIOT KJjac-
col 1 u 3. ViMeeT aim 3T0 cpaBHeHME ellie OXHO peleHue?

Jeans x'2—1 na x%—1, Haxoaum:

K2l = (B —1) (#° F X0 F- X34 1),
tak 4to r(x)=0, ¥, CcJelOBaTeJbHO, 3TO CPAaBHEHHE HMeeT TpH
peleHus.

2. CPABHEHHE MO NPOCTOMY MOAYJIO
C HECKOJIbKUMH HEU3BECTHBIMU

HekoTophle B3 PACCMOTPEHHEBIX HAMH TeOPeM MOXHO Jerko 0606-
WHATH HA CaydYal CpaBHeHHM C HECKOJbKHMH HEH3BECTHLIMH BHIA

f (%, X9y ooy x)=0(mod p), (10)

rge f(xy, Xz, «.., ¥)—MHOTOUNEH C UENLIMH KOI(QUUHEHTAMH,
a p—npoctoe uucio. HemocpexcTseHubiM 0GOOIIEHHEM  TEOPEMBI
146 sBasieTcs ciepyomas.

Teopema 151. Ecau 6 aesoti wacmu cpassenus (10) xekomopoie
U3 HEeU3BeCHHbIX 6CMpedaIomcs 8 eude CMeneni ¢ nokasameaem == p,
mo cpasterue (10) MONCHO 3aMEHUMb IKBUBLAEHITIHbLM CDOBHEHUEM,
8 KOMOPOM CImenens Kandozo u3 weussecmublx He npegocxodum p—1.

HNoxasaTeabcTBO. Paccyxpaas cOBepIIEHHO TaK XKe, KakK H
Npu HoKasaTe]bCcTBe TeopeMul 145, yGegumcst, 4TO CpaBHEHHE (10)
9KBUBAJICHTHO CPaBHEHHIO

F(xy, Xgo oo X)— (6 —X) 8 (X1, Xg, «v.y %) =0(modp),
131



rie g(x,, X5, ..., X,)—TIPOU3BOJbLHLHA MHOrOWJIEH C UeNLIMH KO-
abdrLeHTaMH.

Ecaun cpepu caaraeMeix f(x;, X, ..., X;) €CTh uJeH BHHA
A oxk L xf‘(l <i=<<s), rie k;==p, TO Mbl MOXKEM, B3B
G(Xyy Xgy o vny Xg)= Ax’f‘ - xf"” ... x5 samemuth ero ujeHoM
Axfe o xBmP=1 ks aamem AxP. L xBTEOCD gk oyoron

Ecan E;=(p—1)q;+r;, The 1=<<r;<<p—1, TO B nokasareje
Aas x; MOXHO oTOpocuth (p—1)¢; W DOAYYHTb SKBHBAJEHTHOE
CpaBHEHHe, B KOTOpPOM CcJaraemoe Axt . kB xP Gymer sa-
MeHeHo Ha Ax® .. xli. .. xk Ilposenas Takwme onepaiuu JJs Bcex
craraeMblX MO OTHOLIEHHIO K KaXOMY H3 HEH3BeCTHHIX, BXOAALIEMY
¢ NoKasarejieM == p, [IOJyYHM CpPaBHEHHe, SKBHBaJIEHTHOE NepBo-
HayaJbHOMY, B KOTOPOM CTEIIeHb I10 OTHOIUEHHIO K KaJOMY HEH3-
BecTHOMY OyIeT He Gosipiie yeM p—1.

Teopema 152. Ecau cpasrenue [(xy, X5, ..., x,)=0(mod p),
CMeneHb KOmopozo no KajOOMy Heu3szeCmHoOMYy MeHbule wem p,
y008AEMBOPACINCA NPU 6CEX YEABIX Xy, Xg, ..., X5, MO 6C€ KOIP-
uyuenmot mHoeoureHa [(%y, Xy, ..., X;) Oeaameca na p.

JokazateanbcTBo. [IpoBeieM HHAYKUHIO IO YHCJIY HeH3-
BecTHHIX S. [Ipu s=1 yTBepxaenue TeopeMsl BepHO. Ilpennooxum,
UTO yTBEPIKJEHHE TeOpeMbl BEPHO IIPH S=17, U BO3bMEM IIPOHU3-
BOJIBHOE TOXKJECTBEHHOS CpaBHeHHe [ (X, ..., %,, %, ;)=0(mod p),
CTelleHb KOTOPOTO 110 KaxAOMY HeH3BeCTHOMY MeHbie ueM p. Ecau
k—HaubosbIIMA TNOKasaTeJb CTeNEHH HEM3BECTHOTO X,.;, TO Cpas-
HeHYe MOMXKHO NpeJCTaBHTh B BUJE:

k-1

GolXys oy X)) Xhi1 g (X, ooy X)XET o gy e, X)) =S
== 0 (mod p),
rpe Bee g; (X, ..., X,)—MHOTOUJEHH C leJbIMH KO3({DpHIYHEHTaMH,
CTeNeHH KOTOPHIX IO KaXAOMY HeH3BeCTHOMY MeHbuie ueM p. Ecuan
BMECTO Xy, ..., X, MOACTABUTH Jo0ble LieJible YHCJAa, TO NOJYyYHM
TOX/JECTBEHHOE CpaBHEHHe C HEH3BECTHOH X,,,; CTenedn k<p.
Corstacno  Teopeme 149 Bce KO3(HIKEHTH 5TOTO CPABHEHHA:
Gol(xe, ooy %)y oo v, €r(Xy, ..., X,)—IOJKHB NPH JICOBIX 3HaYe-
HUAX Xy, ..., X, OeduTbcs Ha p. 1JocKOJBKY COrJlacHO NpenmnoJio-
JKEHHIO JJIST MHOTOUJIEHOB OT M apPTYMEHTOB YTBepKAEHHE TeOpeMbi
BEPHO, Bce KO3D(DHLHMEHTH STHX MHOTOUJICHOB, a CJeJO0BaTE]bHO,
W MHOrouJeHa f (%, ..., X, X,.1) AOMKHBI JeJNNTHCH Ha p.
CorsiacHO NPUHUMNY TNOJHOH MaTeMaTHYeCKOH HHAYKHHUH yTBep-
¥}KJEeHHe TeopeMbl BepHO JJs JoG0ro uucja apryMeHTOB.

3. NPHJIO)KEHU 1: TEOPEMA BUJIbCOHA, TEOPEMA IIEBAJIbE

B kauectBe npusoxeHHs TeopeMbl 150 JOKa)xeM HHTepecHoe
CBOHCTBO NPOCTBIX YHCEJ, KOTOpoe OOLBIMHO HA3BIBAIOT TEOPeMOil
Bunecona.
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Teopema 153. [as awbozo npocmozo 4ucia p umeem mecmo

cpasHenue:
(p— 1)+ 1=0(mod p).

HoxasateabctBo. Ilyeth pz==3, T. e. p HeuerHo H
(—1)yP-t=1.

CBoGOIHEI UJleH CpaBHEHUS

f)=(x—1)(x—=2)... (x—(p—1))=0(modp), (1)
pasubiit (p—1Dl=1.2...(p—1), He menurcs (teopema 105") Ha p.
Knaccer 1, 2, ..., p~—1 yIOBNETBOPAIOT 3TOMY CPABHEHHIO, T. €.
YKCao pemenud cpaphenus (11) pasno ero cremenu. Paccmorpum
PaBeHCTBO
HT—1=f(x)- 1+ (%),

rae r(x)—ocraTok ot feseHust x*~'—1 Ha f(x). Torma coraacHo
TeopeMe 150 Bce Koa(hUIEEHTH OCTaTKa

P = (2Pt 1) — (1 — 1) (1—2) ... (x—(p—1))

Jeastcs Ha p. B uwacTHocTH, Ha p Jeautcs CBOGORHBEIN YJjeH r (X),
paBHBEil no abcosoTHol BennunHe (p— 1)1+ 1. IIpu p=2 yrBepx-
JieHHe TeopeMEbl IIPOBEpPSIeTCs] HernocpeACTBeHHO.

I[Tpuwme p e

1) p=5, 414 1=25, 5]25.
2) p=7, 61 -1=721, 7|721.
Teopema 154. Ecau n—cocmagHoe 4ucao, mo
(n—1!+1 % 0(mod n).

Hokasareascrso. Ilycrs n cocraBhoe, T. e. n=a-b, rae
l<a<<n, l1<<b<n;, Ttoraa al(n—1)! u, cjegoBaTesbHo,
af(n—1)!+1, HO Torna W mnogmaBHO (MpHMeuaHHe K TeopeMe 6)
nf(n—1H41.

Teopemmt 153 u 154 moxaseiBaloT, uTO HEOOXOAMMLIM H JOCTa-
TOYHBIM YCJIOBHEM TOT'O, YTOOBI YUCO0 7 > | ObLIO HPOCTHIM, ABJAAETCH
ITeauMocTs (n—1)141 Ha n.

Huoraa npocroe uucao p Moxer Oblth jeauteseM n!-+-1, npn
SHaueHUAX n << p-—1, HanpuMmep,

18141 =0 (mod 23), 6114 1==(mod 71).

Crenyomas teopeMa Gwiia flokasaHa Brepsble [llepasbe B 1936 r.

Teopema 155. [Iycmo f (x4, Xy, ..., X)—MHO204AEH C UeALLMU
Kodgghuruenmamy o c60600HbIM HACHOM, pasHbLM Ky, Ecau cmenens
9020 MHOZ04AEHQ MeHbULE HeM HUCAD HEeU3BeCHLIX, MO CPOBHEHUE
no npocmomy Mooy p

f(xy, x5, ..., x,)=0(mod p), (12)
kpome o4esudnozo pewenus ((0, 0,..., 0)), umeem no kpained
Mepe ewje 00HO peuierue.
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HNokasartenbcrBo. Ilyctb f(x;, X, ..., X;)—MHOTOUJIEH
cTenenn n<< s co CBOGOAHLIM YJIEHOM, PaBHBIM HYJIO.
Paccmotpum cpaBuenue

(F (1 %30 enns X)) E=1—(1—x7) (1=271) ...
v (1—=x§7%) (mod p). (13)

Cornacio Teopeme 151 cpaphenne (13) MOXHO 3aMeHHTh 3SKBH-
BaJICHTHBIM CpaBHEHHEM

Fxy, %o oov, x)=1—(1—x{"(1—x2"" ...
voo (1—=x§71) (mod p), (14)
B KOTOPOM ¥ JieBasi 4acTb OyHeT MMETb MO OTHOIUGHHIO K KaXAOMY
HEHU3BECTHOMY X, X,, ..., X, CTelieHb, MEHbUIYIO 4YeM p.
Creneuv F(Xy, X,, ..., X,) He OoJjbume ueM CTeNeHb
(F(xy, x5, o.v, x.))P7L, 1. €. He Oosblre ueM n(p—1), H, clego-

BATENIbHO, MeHblue 4eM § (p—1). Crapuium ureHoM B cpaBHeHHH (14)
seasiercst unen (—1)**1x7'xf7! . 407", koTopwlli He MoKer co-
KPaTUThCH C JIEBOH UacThio, TaK KaK ero cTeneHn s (p—1) Gosbuie
CTeNeHHU BCeX 4JseHOB JieBoil yacTd. KoabhdulUeHT NpPH 3TOM CTaplueM
ujieHe He JEJIUTCS HA p, H, CJAENOBATEJIbHO, COTJIACHO Teopeme 152
cpasuenne (14) He sBasietcsi ToxJectBeHHEIM. CpasHenue (13),
SKBHBAJIEHTHOE cpaBHeHHIO (14), Takke He OyJeT TOXKJAECTBEHHBIM,
TaK YTO CYILECTBYET CHCTEMA 3HAUEHHH Xy =0, Xy =0, ..., X;= O,
He yJIOBJETBOpsioilas cpaBHeHuio (13), T. e. Takas, uTo

(Flag, 0g vy )P tEl—(1—ad "y (1—al7Y) ...

... (1—af ™Y (mod p). (15)

[NockonbpKy cBoGoambiit wied f(x;, X, ..., X,) paBeH HYJIO,
HeMoCcpeCTBEeHHA s 1POBEePKa T0Ka3eiBaet, 4to koMijexc ((0,0,...,0))
yIOBJeTBOPAET cpaBHeHHo (13), a 3HAUMT, BCe 3TH &y, Oy, ..., O

He MOTYT OJHOBPEMEHHO NpUHAAJNekKaTb HYJIEBOMY KJaccCy, U cpeliu
HUX HalijeTcs mo KpaliHeH mepe OAHO ;, TaKoe, 4TO p,}/oci.
Io Teopeme Depma (Teopema 119) npu p fa; umeem:

1—af ™' =0(mod p),
TaK 4YTO M3 cpabBHenus (15) mosmydaem:
(flay, ag, ..., 0.))’~L 1 (mod p).

CorsacHo TO#f ke TeopemMe PepMa 3T0 MOXKeT ObiTh TOJMBKO,
ecau
[y, @y, ..., a;)=0 (mod p),
T. €., KpoMe oueBHAHOrO HyJeBoro peutedus ((0, 0, ..., 0)), cpas-
HeHHe (12) mmeer mo KpaiiHedl Mepe elle OAHO, OTJHMYHOE OT HyJe-
BOTO, peIUeHHE.
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IMMpumep. Ilpu mobhx Heabix @, b 1 ¢ cCpaBHEHHE 1O IPOCTOMY
MOAYJIIO p
ax?+by?+ ¢z =0 (mod p)
WMeeT pellleHHe, NMPU KOTOPOM MO KpaiiHell Mepe 0JHO HEH3BECTHOE
He JeJIUTCS Ha p.

Hcmopuuecrkue kommenmapun x 15-it 2aase

1. Teopema 148 Gnuia joxasana Jlarpamxem B 1768 r. Jlarpamxk

He paccMaTpHBaJ KJacChl pellieHHil, a (GOpPMYJHPOBal TeopeMmy,

roBops o HauboJibllleM YHC/IE LeJbiX X, JeXaIllux MEXAY ——g— u £ ’

npu XoTopeix f(x) memutcs Ha p. JokasaTeqibcTBO, TPHBEAEHHOE
y Hac, 61M3KO K JOKa3aTeJbCTBY, AaHHoMy [ayccom.

2. Bapuar B cBoeM counHenuu ,Meditationes Algebraicae",
poimiefuieM B cBer B 1770 r., mpuBoaut 6e3 jpoxasaresibCTBa Teo-
pemy 153. Bapuur nuumer, YTO TeopeMa NPHHANIEKHUT €r0 YUeHHKY
Jxony Bmunabcony. IlepBoe mnokasatesnbcTBO TeopeMb! Buubcona
Oulyio pano B 1771 r. JlarpamxeM. I'ayce o6o6mun reopemy Buabcona
a cayuad cocTaBHOro MopyJas (teopema 198 20-# ruaasmi).

FJIABA 16
CPABHEHHA MO COCTABHOMY MOJAYJIIO

B a70ii raaBe 6YAYT paccMOTpeHH Cnoco0bl NpUBEJEHHS CPaB-
HeHH#l MO COCTABHOMY MOAYJIIO K CPaBHEHHUSM 1O NPOCTOMY MOAYJHO.
Ciepyoomiasi TeopeMa II0Ka3blBaeT, UYTO pellleHHe CpaBHEHHHE IO
MOAYMO m=pi'...ps’, THe p;—NOpOCTHE 4UHCIA, MOMKeT ObiTb
NpHBENIEHO K pelieHHIo CpaBHeHHH 1o Mofyasm p;'. Bo Bcelt aroil
raaBe f(x) 6ymerT 0603HauaTh NPOH3BOJBHLIA MHOTOWIEH C LEJbIMA
Ko3dpuueHTaMHU.

Teopema 156. Ecau m=p3' ... pd*—KaHOHUUECKOE pa3AvIHCeHUe
MOOYASL m, MmO CpasHeHue

f (x) =0 (mod m) n
IKBUBAAEHINHO CUCIEME CPABHEHU:
[ (x)=0 (mod pf’

e ‘ @

f (x) =0 (mod p5*)

HokasarteabctBo. Pemenus cucrems (2) (onpegnenernue 44)
1PEACTaBAAIOT cOGOH KJAacchl MO MOAYJIO 1, PaBHOMY HaMMeHb-

memy ofmeMy KpatHomy uucea pY, ..., ps. Ecam kaacc a mno
135



MOLyJIO m  YAOBJeTBOpseT  cucTeMe (2), T. e. ecan
@), ..., p*|f(a), To cornacuo Teopemam 32 u 47, f(a)

JeJIUTCS HA M,
f(a) =0 (mod m),

T. e. @ npefcTaBasier coboil pemtenne cpaBuenus (1).

Hao6opor, ecau knaacc a ynosneTBopﬂeT cpaBreruio (1), ToO
m|f (a), u nockonpKy pi*|m,umeem: pi'| f(a), f (a)==0 (mod p{’) npn
i=1,2,...,s T e a——pemeﬂne cucteMnl (2).

IIJm HaXOXJeHUS pellleHHH CHCTeMHl (2) o6BIUHO NpeaBapUTEIbHO
pelialoT KaxjAoe U3 cpaBHeHHH 3Tofl cucTembl. Ecau xoTd 6 OJHO
U3 CcpaBHeHMH (2) He HMMeeT pelleHHH, TO M BCs CHCTEMa HECOB-
MecTHa, T. €. B 3TOM cJyyae cpaBHeHue (1) He HMeeT peIIeHHH.
Ecan kamxjoe M3 cpaBHeHHII HMeeT XOTsl OBl OJHO pellleHHE, TO
HaxoJHM HX B BHJE:

x=a, (mod p}?)
©)

x=a,(mod ps*)

3HaueHHs ¥, YJOBJETBOPSIOUINE BCEM 3THM CpaBHEHHSIM C B3a-
HMMHO IPOCTHIMH MOAYJASMH, CYLIECTBYIOT M 00pasyloT KJacc I0
MOAYJIO m, SIBAAIOMMHCA peileHHeM (3), a cJelOBaTesIbHO, pelle-
HHeM HCXOXHOH cucTeMbl (2) m cpaBrenus (1).

Ecnu Hexoropble u3 cpapHeHuil (2) umeroT GoJsplie 4eM TO Of-
HOMY PpeILICHHIO, TO MB HOJNYYHM HECKOJbKO CHCTeM BHAa (3), a
HMeHHO, ecnu cpaHenue f(x)=0(modp}') umeer k, peumenni,
f(x) =0 (mod py?) umeer k, pewenuii, ..., f(x)==0{mod pd*) ume-
eT k, pellieHHIH, TO MBbl MOMXKEM COCTaBUTb Ry+Ry-...-R; CHCTeM
Buja (3), Kaxziash H3 KOTOPHIX JacT 10 OAHOMY peLIeHHI0 CH-
cTeMHl (2), 1 Torna cucteMa (2) M cpaBHeHHe (1) HMEIOT By -Ry- ... -k,
perieHu.

Moxuo chopMynupoBaTh NONYUYeHHBIH HAMH pe3yJabTaT B BHIe
caenyomell TeopeMsl.

Teopema 157. Yucao pewenuil cpagrenus (1) pasto ky-ky- ... -k,
20e ky, ky, ..., ky COOMBEMCMBEHHO pABHO HUCAY peweﬁuu Kaoi-
0o20 u3 cpaeueuud (2).

ITpumep. Pemurs cpaBHeHHe x%2— 3x--23==0 (mod 63).

CpaBHeHHe 3KBUBAJIEHTHO CHCTEME:

—3x423 =0 (mod 7),
—3x4-23 =0 (mod 9).

HOasi cpaBHeHusl x*-—3x--2=0(mod7) HaxoAuM JBa peIUECHHS:
x=1(mod7) wu x=2(mod7), a ;I BTOPOro CpaBHEHHUs
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#—3x +5=0 (mod 9) — npa pemenus: x=4 (mod 9) =
x=8(mod 9). Pemaem ueThipe CHCTEMBHI:
1) x=1(mod7), 2) x=1(mod7),
x=4(mod 9); x==8(mod 9);

3) x=2(mod7), 4) x=2(mod7),
x==4(mod9); x=8(mod 9)

1 HaxoguM clefywomue pemenus: 1) x==22(mod 63),
2) x=8(mod63), 3) x=>58(mod63), 4) x=44 (mod 63).

PaccmoTpum Temepb cpaBHeHHe N0 MOAYJIO p°, Ije p— IpocToe
ugcgo. IloxameM, 4TO HaxXOMJeHHe pelmleHHH TakHX CpaBHeHUid
CBOAHTCSL K pEUIeHUIO CPAaBHEHHHA M0 LPOCTOMY MOLYJIO.

Teopema 158. B kascdom Kaacce a no npocmomy modyao p, yoos-
nemeopsrowen. cpasrenuro [ (x)=0(mod p), maxom, umo pXf’(a),
uucaa, ydosaemsopsrousue cpasteruo [ (x)==0 (mod p*) (k= 1), obpa-
ayrom Kaacc no modyawo p-.

HokaszateabcTBo. [IpuMeHHM MeToj NOJIHOH MaTeMaTHue-
cKolt mHAayRuuu mo k. Ilyctb [ (X)—npoH3BOJILHBIA MHOTOYJEH C
mesieiMH KoahduuueHTaMu H a, Takoe, uto plf(a), pif’ (a). Cre-
neHb f(x) oGoznauum uepes n(n==1). Ilpn k=1 yrBepKieHue
BepHO MO ycusoBuio. IIpeqnosnioxKHM, uTO YTBEpIKICHHE BEplio NMpU
HEKOTOPOM R, T. €. NPEANOJIOKAM, UTO CPCAU UHCel

coo, @—p, a, at+p, at2p, .
qucJaa, YAOBJIGTBOmeLU,I/Ie CPaBHCHHUIO

f (x)=0(mod p*), (4)
06pasyloT OfMH Kjacc Mo MOAYJo p* Buja
x==b(mod p*). (5)

Uncao b €a, Tak uto b=a (mod p), f' (b)) ==f' (a) (mod p) (treope-
ma 86) u u3 ycaosus p{f’ (a) caenyer p{f’ (). Ilockoneky b ynos-

NeTBoOpsieT cpaBHeHH (4), 10 f () =0 (mod p*), f—(% —1IeJI0e YUCJIO.

Cpasuenue neppoil crenesu ' (b).f+ 'i%zo (mod p), y Koto-

poro Ko>)pUIIHEHT NPH HEH3BECTHOM H MOAYJb B3aHMHO IIPOCTHI,
UMeeT penleHHe, TaK YTO MOMKHO NoAo6paTh UYHCJO f,, Takoe, 4TO

[’ (b) p*to-+f (b) = 0 (mod p**2). (6)
Torpa kaacc uucen mo MoAyJio phtt
x=y (mod p**1), (7
rae y=>b-+ p*t,, YHOBJIETBOPSET CpaBHEHHIO
[ (x) =0 (mod p*+1). 8
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JleiictBuTenbHO, B pasioxenun f(b-+pft) no crenemam p*t
(teopema HploTona)

F(o-+p* ) =F(0)+F (B)p*ty+ca (PPt + ... ¢, (PPEe)™

s)
BCE cs=f S l(b) —IueJple UYHCJIA, M TOCKOJAbKY npu k=1 Oyjer

2k=Fk-+1, To Bce caaraeMble, HAauHHAs C TPETbEro, NEJATCA Ha
p**1, Tak uto

F(Y)=F b+ po) =F (b)+ p*tef’ (b) =0 (mod p*+1).

Takum o6pasoM, kaacc (7) no momymo p**1 ypoBiaerBopsier
cpaBHeHHo (8).

Jloxkaxem, uto cpepn umces BHAa (5), Kpome KJjacca (7), He
CymecTByeT APYrHX KJaccoB mo Mopymo p**1, ynosreTBopsiomux
cpaBHeHHIO (8). 3aMeTHM @Hpexpe BCEro, YTo IOCKOJbKY y=b=
=a(mod p), 10 p{f'(y). BoseMeM cpemu uncesn Buja (D) Kakoe-
anGo YHCao Yy, =a-p*t,, YEOBJIeTBOpsiolee cpaBHeHMIO (8); Toraa
vi—y=p*(t,—1,), Tak uto, pasnaras mno d¢opmyae Tefinopa,
MeeM:

FO)=F v+ = t) =F (V) +p* (t,—10) [ (v) (mod p**7). (9)

Tockomsky p***|f(vy), p***|f(v) n BMecte c TeM p{j’(y), To
(9) nokasmiBaet, uTo p|t,—1,, TaK uTo W3 Yy, —Yy=p”({,—1,) mo-
nyuaeMm y, =1y (mod p**1); y, npuHagiexuT no Momymio p*+l Tomy
XKe Kjaccy, 4To M ¥y.

Mpl BHAMM, UTO M3 COpaBefJIHBOCTH TeOpeMbl 175 k cjelyer
CApaBelIiBOCTL YTBepKAeHus st k- 1. CorsacHo mpUHIUNY noJ-
HOJ# MareMaTHUYeCKOR WHJAYKUHH TeopeMa BepHa npu noboM k= 1.

Mul BuguM, yto mjst Toro, 4roOnl, 3Has pewende x==b (mod p”)
cpasnenus (4), Takoe, uto p{f’ (b), naiitu pewenue x =y (mod p**1)
cpasuenust (7), Hago B3aATh y=b-+pft,, rhe t, ymOBieTBOpAeT
cpaBHeHuO (6).

JlokaszaTeNbCTBO TeopeMbl TakKuM o0pa3oM 3¢GheKTHBHO M AaeT
BO3MOXHOCTb AJIS1 KaXJ0ro pelleHHs a cpaBHenud [ (x)=0(mod p),
Takoro, 4ro p4f’(a), HalTH nocsaefOBAaTeJbHO PeEleHHs CPaBHEHHIH
f(x)=0(mod p?), ..., f(x)=0(mod p*) npu ao6oM CKOJb YTOLHO
6oMbILIOM Q..

ITpuwmep. Pemnuts cpasuenue x® — 2x? — 30x 4 41 =0 (mod 125).

3mecy  f(x)=x*—2x>—30x-41, 125=05% DPemaem cuavaia
cpasHenue [ (x)==0(modb), sKBHUBaJIEHTHOE CPaBHEHMIO Xx3—2x2 4
+1=0(mod5), n naxozuMm mast Hero pemenue x==1(mod5). Co-

CTaBJisieM CpaBHEHUe f’(l)t—}—f-%—)EO(modS), T. e. —3lf4+2=
=0(mod5) umu f=2(modb). bBepa ¢,=2, BaxozuM peleHHe
cpasnenns f(x)=0(mod25) B BHEe x=1-2.5=11(mod 25).

Cocrasnsiem cpaBHeHHe [ (ll)t—f—fl%zo (mod 5), 1. e. 289¢ -
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+32=0(modb5), pemenuem Kortoporo ssasercs ¢==2(mod?5),
T. €. B KauecTse f, 37IeCb TaKiKe MOXHO B3fTb [y=2.

Pemenre cpapuenus f(x)=0 (mod 125) Oyxer umeTp BHJ X==
=11+ 2.25(mod 125), 1. e. x=61 (mod 125).
Teopema 159. [Tycmo p|f' (a)u
x=a(mod p*) (10)
pewenue cpasrenus [(x)=0 (mod p®).
1) Ecau p*+14f(a), mo cpedu uucenr (10) Hem nu 00r020 4ucia,
y0osaemeopsioweed CPABHEHILIO

f (x) ==0 (mod p**1). (11)

9) Ecau p**1|f(a), mo ece wucaa (10) ydosremeopsawm cpaste-
Huro (11).

NoxasateapcTBo. Pasiaoxum f(a--pt) no cremensm p*f:

fa+p*t)=F @)+ @ p*t+co (PP + ...+, (p")", (12)

(5)
rje n—crenens f(x), c&:f s'(a)——ue.nbxe ypcaa (2=<s<<n). llo

ycaosuo p|f'(a) w npu k=1 2kz=k-+1, Tak 4TO BCE C/larae-
Mble mpaBoil 4acTd (12), HaumHas CO BTOPOrO, JeNATCS Ha pr+L,

1) Ecau p**14f (a), to npasas uactb pasenctsa (12) e penurcs
Ha p**l (mpuMmevanue K Teopeme l1) HH 1pH KakoMm {, M U3 5TOrO
paBenctBa rnogyuaem p**lyf(a+ pt), 1. c. cpeau uucen (10) mer
HH OJHOTO, Y/IOBJEeTBOpsuouIero cpasuesuio (11).

9) Ecam p**1|f(a), To npaBas wacts (12) npu moGom uenom ¢
peautcst Ha ptl; p**1|f(a-p*), 1. e. Bee umcaa (10) ynosser-
BopsifoT cpaBHenuwo (l11).

Teopema 159 mokasmBaer, uto B ciydae p|f’(a) cpeau suade-
HHI X, YJOBJAETBOpSIOMMX cpasHeruio [(x)=0(modp), Moxker He
ObITh 4MCeJ, YHOBJETBOPAOMUX CPABHEHMIO

f (x) =0 (mod p%), (13)
HO MOXeT OBbITh H HECKOJIbKO KJaCCOB MO MOAYJIO p”, ABJSIOMHXCHA
pelleHusMH cpaBHeHusa (13).

FJTABA 17
CTENMEHHBIE BBLIYETDI
1. NOKA3ATEJHU KJIACCOB IO 3AJAHHOMY MOIYJIIO
B 9roHf T/aBe MBI PacCMOTPHM BONPOC O pacnpefesieHUd B
KJaccax MO MOJAYJIO M JIOCJNEeA0BATENbHOCTH!
a, a2, a®, ..., D)

Il a— HEKOTOpOe YHCJIO, B3aMMHO MPOCTOE C MOAYJEM.
B mauajie rs1assl 11 OBLIO NMOK23aHO, YTO CPEJH 3THX CTeneHeil
JIOJKHB! CYLIECTBOBATh CTENEHH a®, cpaBHuMble C eJMHHHEH 0O
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Momymo m. Mbl 6yjeM paccMaTpUBaTh HaUMEHbIIEe MNOJOXKUTEb-
Hoe k, npu koropom a*==1(modm), u HasHBaTh ero mokasarejeMm
a 110 MOAYJIO 1.

Onpenenenue 48. I[Toxkazamezrem a no modyao m (6yneMm o6osHa-
uaTb ero uepe3 P, (a)) Haseieaemcs HaUMEHbWLUL NOAONCUMEALHBLL
noKasamesb CMeneHu Q, CPasrumoti ¢ eduruyeli no MoOyuo m.

Ecau mopynp m ¢uxcuposaH, T0 nokasarenas P, (a) 3aBHCHT
TOJBKO OT BRIGOpa @, B 3TOM ciayuae OyfeMm - 00603HadaTh ero Aasd
kpatkoctd P (a). CorsacHo 3ToMy onpeieneHuo P (a) oO3Hayaer
IIOJIOKUTENbHOE YUCJIO0, Takoe, 4TO

af @ =1 (mod m),

NpHYEM IpH BCceX £, TakuX, 4to l=<r < P(a), o" # 1 (mod m).
MMpumepn. 1) Haiitu Py, (3).
Jlerko npoBepuTh, 4TO

37, 32,33, 34, 3% = 1 (mod 11), a 3%=1 (mod 11), Tak yro P, (3)=6.
2) Ha#tu mo mogymo 15 P(2) u P (11).
21, 22, 28 | (mod 15), a 2%=1(mod 15), tak uyro P (2)=4.

112==1(mod 15), Tak urto P (11)=2,

PaccmoTpum cBoiicTBa ¢yHKUMH P (@), npuuYeM BO Bcell 9TOfi
rnaBe, He OToBapuBasg 3TOr0 Kaxawi pas, OyjeM cuuTarbh, 4TO
(a, m)y=1.

Teopema 160. Ecau b=a(modm), mo P (b)=P (a).

Hoxkasareanvbcrso. Ilpy b=a(modm) uns moboro Hary-
paabHoro s b°=a*(modm) (teopema 85). M3 af@==1(modm)
caeayetr bP @ =1 (modm), a u3 a" 3= 1 (modm) npu l<<r<<P(a)
caefyer, uto npu Takux r Oyger Takxe u 0" 1 (modm), T. e.
redcrutenvio P (b)= P (a).

CorsiacHo 3TOil TeopeMe MJs BCeX YHCeJ, NPHHAAJKALIHX Of-
HOMY H TOMY 3Ke KJaccy @, 1moKasaTejb IO MOAYJIO 11 OLUHAKOB.
Mpl MOkeM [O3TOMY paccMatpuBaTh P(a) Kak (YHKIMKIO, onpefe-
JIGHHYIO HA MHOMECTBe KJAacCOB, B3aHMHO NPOCTBIX ¢ MOLYJEM, H
oGosHauath ee B Buie P(a).

Teopema 161. Ecau a"=1(modm), mo P(a)|n. VHvimu cno-
BaMH, MOKasaTeNu BCeX creneHeH a, CPAaBHUMBIX C eluHuueH mo
MORYJIO m, KPaTHH HAUMEHBIIEMY MOJOXKHTEJbHOMY H3 HHX.

Hoxaszarteancrso. [IpexcraBum n B Buge n=P(a)q-+r, rae
0<cr <P (a). Tlockoabky a"=1{modm) u a? @ =1 (mod m), T0

l=q"=qaP @a+7 = (aF @W)9.9"=a" (mod m).

CorsacHo onpefienenuio 48 npu Beex r, Takux, uto 1 <<r << P (a),
a” HECPaBHHMO C euHUNeHd 10 MOAYJII M, H, TakuM obpasoM, r
MOMET PaBHATLCS TOJNBKO HYJIO, T. €.

n=P(a)q, P()|n.
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Teopema 162. P (a)| @ (m).

HoxkasateabctBo. [lo Teopeme Ditnepa a® ™ =1 (mod m),
CJIeJOBaTeNIbHO, COTJIaCHO mpejsiayumel Teopeme umeem P (a)| ¢ (m).
Ecau Bmecto umcesn a Gparthb Kiaaccel @, To TeopeMa 162 Gyger
npejcTaBiATh cO00M yacTHbA ciyyad obmel TeopeMbl TeOpHM TPy,
COTVIaCHO KOTOPOH NOpPSIZIOK JO0OTO 3JeMEHTa TIpyNIibl— JesHTeNb
NOopsiAKa CPYIIbL.

Teopema 162 moxer GbiThb JaHa B HECKOJbKO Gojiee yCHJIEHHOM
BHJE.

Teopema 162°. P(a)|L (m), e0e L (m)—obobujennan Qynxyus
Jiirepa (onpepenenne 38).

Hoxkasateancteo. [Ipu (a, m)=1 ak ™ =1 (modm) (reo-
pema 121), u Torma corjqacHo Teopeme 161 P(a)|L (m).

Teopemsr 162 u 162" moxasblsaioT, YTO HOKasaTesH IO MOLYJIO
m JOCTaTOYHO HCKaTb Cpelu AeqauTesed @ (m) u Jaxe Cpeiu Aeju-
Teqeit L (m).

Mpumepn. 1) ITo moaymo m=22 naittu P (3) u P (7).

¢ (22) = 10, nostomy 3HaueHusmu P (@) MOTyT OBITH TONBKO 1, 2
5 u 10. Haxomum 3!, 3% 2= | (mod 22), 35==1(mod22), P(3)=
Hasa a=7 nmeem: 7, 72, 7% 2 | (mod 22) u, cienosarensuo, P(7) = lO

2) Ho mopymio m=133 nasitn P (2).

Haxomum L (133) =18, Tak uro P (2)—o0fHO M3 CHEAYIOIHX
yncea: 1, 2, 3, 6, 9, 18. Ilockoanky 21, 22, 23, 20, 2° 2£ | (inod 133),
T0 P (2)=18.

Teopema 163. Cpasuenue a’*=a'(modm) umeem mecmo mozda
u moasvko moeda, koeda s==t(mod P(a))

lloxasaTe.anTBo 1) Ilycrs a®==a' (modm), s=1¢; Torxa,
NOCKOMBKY (a, m)=1, obe uacTH 35TOro CpaBHEHHs MOXHO (Teo-
pema 80) coxpatuth Ha a', Tak uto a’~'=1(modm). Coraacuo
Teopeme 161 Gymem umers P (a)|s—¢, s=t(modP (a)). Cayuai
!>s=0 cBoguTcs K Yy&Ke pacCMOTPEHHOMY, TaK KakK JIeBYIO H
11PaByI0 YacTH CPaBHEHHS MOXKHO IOMEHSITb MECTaMH.

2) Ilyers s=t(mod P(a)), s=t=0. Torna s=I{+4P(a)y,
rfie y 1eJjioe HeOTPHLATEe/bHOE.

a’=at+P @ v =gl (aP @)Y =q' (mod m).

Cnyuafl £>>s=0 CBOZUTCA K yXe& PaCCMOTPEHHOMY.
Teopema 164. B nocaedosamensrocmu (1) ece uucaa npuradie-
acam P (a) xKaaccam, npedcmasumenramu (8videmamie) KOMOPLLX 58+
ASIOMCA HUCAQ:
a, &, ad ..., aP9, (2)

JdoxasarenbcrBo. Yucaa (2) nonapuo HECpaBHAMbI MLy
coboii. IlelicTBuTenbHO, corjacHo TeopeMe 163 a'=a (mod m)
TOJBKO TOTja, Korja s==tf(mod P (a)); HO cpenu nokasarenell cre-
IeHel a B OCJIeI0BATEAbHOCTH (2) HET CpaBHUMBEIX o MopyJio P (a).
C n#pyroft CTOpOHH, B CHIY TOH Ke TeOpeMbl, €cJy MOoKa3aTenH
IBYX CTeneHedl @ cpaBHHMHI IO MOAYJMO P (a), To CTeneHH CpaBHHMBL
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0 MOZYJIO m, NOITOMY B nochefoBaresnoHocrd (1) He MoxeT GuiTh
Oonbme yeM P (@) HecpaBHUMHX IO MOAYJIO m YHCesJ, T, €. Kax-
Joe uncao Buga aV (1< N < oo) CpaBHHMO C HEKOTOPHIM UHCJIOM
HOCTEeR0BaTENbHOCTH (2).

[Tpumep. ITo mogyno m=21, P(2)=6. Cpenu creneseii oc-
HOBaHHs 2 MOMapHO HECPABHUMBIMHU BeJIHYHHAMH SIBJSIOTCS CTeHeHH:
2!, 22=4, 23=8, 2*=16, 2*=11, 2°=1(mod 21), u, Takum oCpa-
30M, Bce YHCJa BHAA 2° mpHHapJexar Kjaccam 1, 2, 1, 8, 11 16.

Teopema 165. P (a’)=P(a) moeda u moavko moaaa xoeda
(s, P(a))=1.

Hokaszatenbctro. 1) Ilycts (s, P(a))= 1. Haiinem HaumeHb-
11lee NOJOXHTENbHOE HeNoe 4Yucjo y, Takoe, uto (a’) =1 (mod m).
U3 nocaeanero cpaBredust nosydaeM a® == 1 (mod m), T. e. coriacHo
TeopeMe 161 pomxHO Onith P(a)|sy; HO, NOCKOABLKY (S, P(a))=1,
3T0 MOMeT OblTh TOJMBKO Tpu P (a)}y, U HauMeHblIee TOJOXKHTEb-
HOe 3HaueHue Yy, YAOBJETBOPSIOUEE NOCTABICHHOMY VCJOBHIO, paB-
Ho P (a).

P (a) s

2) llyere (s, P(a)) =d>1. Torma —~ u 7 —uenble YHCAA U

P(a) s
(@) @ =(@P@)d =1(modm), . e. P(a*) <"

dra TeopeMa NOKa3blBaeT, UTO CPelH CTeneHeﬁ nocJexoBaTeb-
HocTu (2) Bce creneHH a’, y KOTOPHIX S B3auUMHO npocTo ¢ P (a),
HMEIOT TOT JKe I0KasaTeJb 110 MOAYJ/IO fm, Kak H caMo 4.

NDpumep. [To Mmogymo m=19, P(5)=9. Cpemu creneHnei
ocHoBanua 5: 5!, 52, 53, b4 5% 56 57, 58 5% — noguepkHyTH Te,
YV KOTOpHIX noKasaTeJu B3aMHO ITPOCTHI C 9. ,H,JIH BCeX 3TUX CTe-
neHed H Bcex yuces COOTBETCTBYIOUWHX KA3cCOB 5, 52=6, b*=17,
55=19, 57=16, 5= 4 nokasaTeJu Takxe paBHbl 9.

Teopema 166. Ecau no modyaro m P(a)=*k, mo xaacce:

=

a, a® ..., a* 3)
npedcmasasiom co6oil pasaudrsle peulenis CPASHEHUS:
xF=1(mod m). (4)

HoxkasateancrBo. Eciu P(a)=+k, To a*=1(modm), n
TOrZa mpu moboM s =0 (2°)* = (a*)*== 1 (mod m), Tak uTo Bee uncaa
a’ YIOBJETBOPAIOT cpaBHeHHIO (4), T. e. Kaacch (3)— pelleHus
3TOr0 CPaBHEHHA.

Coraacuo Teopeme 164 Bce 5TH pelueHHs] pasJIHYHLL

NNpumeyaunune, Kpome kKaaccos (3), cpasHenue (4) Moxer, BooGme roso-
ps, HMeTb M _Jpyrue pewenns. Hampumep, npu m= 36, P (5)=6 xaacch 5,
50=05, 53=17, 5¢=13, 55=29, 58=1 smasiorcs pemenusmu cpasHemus 1®=s
== | (mod 36), no 9T0 CpaBHEHHE HMEET H ADYTHEe DElUeHL, a HMEHHO (KJIACCH)

7, 11, 19, 23, 31, 3.
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- OkasniBaercs, ¥ Mbl 3TO YCTaHOBHM B cJeiywoueli TeopeMe, B
ciyyae, KO'Aa MOAYJb m-—IPOCTOe YHCJO, KJjacch (3) Hcuepnbl-
BAalOT Bce pelleHHsi cpaBHeHHUs (4).

Teopema 167. Ecau no npocmomy modyao p umeem P(a)=k,
mo Kiaccot

a, a, ..., a (5)
npedcmagasuom cobol ece peierus CpasHeHUA
x*=1(mod p). (6)

JlokasarteabcTBO. B TeopeMe 166 yixe OblJIO yCTaHOBJAEHO,
YTO KJacchl (b) sIBJSIOTCS Pa3/MUYHbIMH pELICHHSIMM cpaBHeHHUA (6).

ITockosbKy MOAYyJb p—TIPOCTOE 4HKCJO, cpaBHeHHe (6) (Teo-
pemMa 148) ne Moxer uMerh OoJblie ueM R pelieHHH H, TaKUM
o6pasoM, Kaacchl (B) MCUepIBIBAIOT BCe BO3MOXKHBIE PEIEHHS 3TOTO
CpaBHEHHUA.

[Tpumep. 3Hadg, uTo 2 yAOBJETBOPSET CPaBHEHHUIO

x8=1(mod 17),

HAHTH BCe pELIEeHHs 3TOI'O CPABHEHHS.

Tak kak ¢ (17)=16, T0 P,,(2) HaxoxuTcst cpexd uucea 1, 2,
4, 8, 16. HemocpeacTeennasi mpoBepka nokasbiBaer, uto P (2)=8.
PemienuaMy JaHHOrO CPaBHEHHs SBJISIOTCH KJacchl:

2, 2=14, 3=8, =16, 2»=15, 2°=13, 27 =9, 28 =1,

’
2. YUCJO KJACCOB C 3AXAHHDBIM NOKASATEJIEM

Ecnu Mbl BO3BMEM BCe KJACChl, B3aHMHO NPOCTHE C MOAYJIeM m,
TO KaXIblil TaKOH KJIAcC @ NPUHANMEKHT HEKOTOPOMY NOKA3aTeso
k=P (a), npuuem (reopema 162) k| (m).

Mn 6yneM paccMaTpHBaTh NPH 3aJaHHOM M UHCHO KJAaccos,
IJS KOTOPHIX II0KasaTeslb MO MOAYJIO m paBeH k, H 0603Ha4yaTh

3T0 yucao uepes (k).

[Ipu ki@ (m) uncio k ne Moxer ObiTb 3HavenueM P (a), Tak
yro npu k4 (m) umeeM P (k) =0.

Mpumepn. 1) Ipu m=11 umeem ¢ (11)=10. BosmoxHsle
3HaueHUA k=P (a) gomxkuo ObiTh cpenn jeautened 10, T. e. cpenu
ygcesn 1, 2, 5, 10. CocraBum caenyomylo Tabjauny 3Hauenu#t P (a):

s MQ

1110

345‘6‘7 8'9 10

10 5

k=P (a)

5’5

5‘10'10

B nepBo#i CTpOKe BBIIHCAHBI MPEACTaBUTENM BCEX KJ4CCOB, B3a-
HMHO MpOCTBIX C MOAYJeM, a BO BTOPO# CTPOKEe —COOTBETCTBYIO-
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mue 3Hauenna P (a). Takum o6pasoM, mo mozmyso 11 umeercs oauu
Kjacc, MoKasaTtedb KOTOPOro paseH 1, OIMH KJacc, MOKasaTesib
KOTOPOTO paBeH 2, ueThIpe KJacca, NMOKasaTeJH KOTOPHIX paBHH 5,
U "YeThpe KJacca, [OKasaTeau KOTOpHX paBHbl 10, T. e. npu m==11

HMeeM:
p(D=1, @2)=1, $(B) =4, ¢ (10)=4.

2) Tlppn m=20 ¢ (20)=8. Bo3sMoxkHble 3nauerus k=1, 2, 4, 8.
CoorgeTcTBylol A8 Tabnuna GyneT UMeTb BUA:

13l17'19

1’3'7'9‘11

4 2

P (a)

IBREEE

P(1)=1, $(2)=3, p(4)=4, $(8)=0.
Teopema 168.
2 Y (k) =g (m).
ko (m)

I[ OKasaTeaAbCTBO. BbinuiieM Bce NOJOXKHUTEIbHbE JeaU-

Tenu ¢ (m), o6osHauas MX yepes By, =1, ky, ..., k=0 (m). Beero
MO MOAYJIO M HMeeTcsi @ (m) KJaccoB, B3aMMHO NPOCTHIX C M, H
KaXJAbl# W3 3THX KJAaCCOB HMeeT B KauecTBe MoKasartess ONHO M3

uncen: k,, ky, ..., k, (teopema 162).

Hexoropbie w3 3THX KJaccoB HMEIOT TNOKasaTeseM Fk;, NpuyeM
YHCJI0 TAaKWX KJaccoB paBHO VP (k;), HEKOTOpble MMEIOT NoKasaTe-
JqeM k,, IpHueM YHCJO TaKHX KnaaccoB paBuo P (ky), W T. A. O
ROC/AeHeH YacTH 3THX KJAccoB, B KOTOPYIO BOHAYT P (k,) KJaccoB
¢ nokasareJsmu, paBHbME k.. Cymma

P (k) + P (ko) 4o+ P (R)

paBHa ofieMy 4YHCJy KJaccoB, B3aUMHO MPOCTBIX € MORYyJeM 12,
T. €. paBHa ¢ (m) u, TakuM o0pasoMm,
kl% }P(k)=¢(k1)+1P(kz)+.-. + P (k) = ¢ (m).

Mpumep. B npumepe 1 K mpeiniaymeii Teopeme Gbl0 BHIYMC-

JeHo, uro mo moaymo 11 (1) =1, p(@2)=1,¢ (5)=4, ¥(10)=4,
k;ﬂw ()= (1) + P (2) + 9 (5) + P (10) = 10 =g (11).
Teopéma 169. ITo npocmomy modyso p 045 a0bo2o yerozo k=1
P (k) < @ (k).
JNlokasaTeabCcTBO. PacCMOTPHM KJacchl, AJsI KOTOPHIX MO~

KasaTeJu Ho Mojyaio p paBHb k. Ecam Takux Kjaaccos He cyiie-
creyer, 10 P (k)=0, 1. e. Y(R)<<@(k). Ecau cyuecrsyer Xorb
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OIMH TAKOH Kjace @, T. e. ecau P (a) =k, To coryiacHo Teopeme 167
KJ1acchl _ _
a, a2, ..., a (N

o6pasyioT Bce pelleHHs CPaBHEHHUS xf=1(mod p).

Ilo rteopeme 165 P (a’)= P (a) TOorxa ¥ TOJNBKO TOTJA3, KOTA4
(s, k)=1. Yncio Takux s (1 <<s<Ck) paBHO @ (k), TaK 4TO YHCJO
KaaccoB B (7), y KOTOpbIX MOKasaTelb paBeH k, TOXe PaBHO @ (k).

C npyroit CTOpOHH!, JIOGOH Kjacce b, y KOTOpOro nokasaresib MO
MOZYMIO p TOXe paBeH k, ZOJKeH YJOBJETBOPATH cpasHeHuio (6),
¥ TI0STOMY b JNOJIKeH HAXOAMThCs cpemu Kaaccos (7).

dro sHaudT, 4To, KpoMe ¢ (k) Kaaccos, umewomuxca B (7),
BoOOlle He CYHECTBYeT HPYTHX KJACCOB, Y KOTOPHIX TOKa3aTelb
paBusierca k, 1. e. P (k)=q (k). Mbl BuguM, TakuMm 06pasoM, uTO
P (k) MoKeT paBHATbC MO0 Hymo, anbo ¢ (k), T. e. BO BCAKOM
cayuae P (k) << @ (k).

Teopema 170. [To npocmomy modymo p npu k|ip—1 acecda
P (k) = ¢ (k).

NlokaszateabcrBo. CornacHo Teopemam 118 u 168 npu mo-
HyJe m, PaBHOM NPOCTOMY UHCIY p, HMeeM:

kl%}(p(k):p—-l, ®)
D k)=p—1. (9)
kip=1

[Mockonbky B GopMynax (8) u (9) k npoGeraer omuu u Te Xe
sHauenus, 1o, Bhiuntas (9) u3 (8), MoxHO 06BEJUHUTH NONAPHO
cjaraeMble ¢ OJHHMH M TeMH ke 3HAUCHHMAMH k, TaK 4YTO

2 ot ()} =0. (10)

CoraacHo Teopeme 169 ¢ (R)<<@(k), T. e. BCce ciaraeMbie B Jie-
Boii yacru pasenctBa (10) HeoTpunatenpnbl. CymMa HeOTpHLATEJb-
HbIX cCJaraeMbplX MOMKeT PaBHATLCA HYJIO TOMBKO, €C/lM BCe cna-
raeMble paBHbl HYMO, T. €. IpH BCex k{p—I1

@ (B)—p (k) =0, P (k)= (k).

MMpumep. Hdas mpocroro Mofyns 11 B mpumepe Ha CTpaHH-
e 143 6wito mafizeno, uro (1) =1, P(2)=1, $(5)=4, P (10)=4,
M JjeficTeuTeaqbHO HMeeM Takxke @ (l)=1, ¢(2)=1, ¢ (5) =4,
¢ (10) =4.

FJTABA 18
NMEPBOOGPA3HLIE KOPHH
1. IEPBOOBPA3HbIE KOPHU MO MPOCTOMY MOAYJIKO

Oupepenenne 49. Kaacc a, 20e (@, m)=1, Hasvieaemcs nepeo-
006pasHbLM KOpHEM NO MOOYaio m, €cAl nokasameib a RO 3momy
MOOYM0 pager @ (m), m. e. ecau P (@)= ¢ (m).
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Bmecre ¢ xnmaccoM a Mol GyaeM ‘Ha3bnBaTh NePBOOGpasHHIMH
KODHSIMH H BCE YHCJAA 9TOTO KJacca.

flpu (a, m)=1 a®m =1 (mod m) u (reopema 162) P (a)| @ (m),
NI03TOMY, ecli Bce COOCTBEHHBIE NeJIUTENIH @ (1) He ABMASIOTCS SHa-
ueHusMH P (a), 1o P (a) MoxeT paBHSITbCA TOMLKO ¢ (m). Takum
o6pasoM, uTobnl yGemuThcs, uTO @, rae (@, m)=1,—mnepBoobpas-
Hbifl KODeHb HO MOLYJI0 /M, JOCTATOUHO IIPOBEPHTH, 4TO0 a* =&
# 1 (modm) npu Bcex k| (m), takux, uro 1<<k << (m).

[Tpumep. Ilo mopymo 54 kmacc B—nepBooGpasubii KOpeHb.
Heticreutensto, @(54)=18. CoGcrsennsle nenurean ¢ (54) pasubl
1, 2, 3, 6, 9. Jlerko npoepurb, uto 5%z 1(mod 54) npu k=1,
2, 3,6, 9.

Hans npocroro Moayast m=p umeeM ¢ (p)=p— 1. [TlepooGpas-
HBIMH KOPHSMH MO IPOCTOMY MOXYJIO p SIBAAIOTCA KJAcChi, NOKa-
3aTeJM KOTOPbIX IO 9TOMY MOAYJIO paBHEl p—1, T. e. KJacchl
@, nast Kotopeix P(a)=p—1.

ITpu pfa (1. e. (a, p)==1) xanacc @ 6yxer nepBoOGPa3HLIM KOP-
HeM [0 MOAYJI p, ecau Npu BeeX k|p—1, takux, uro l<<k <<
<p—1, a*# 1 (mod p).

[Tpumep. Ha crpanune 144 OwiiiM yKasaHel MoKasaTesad 10
MoayJo p=11 ajas Bcex Knaccos, He Aensmuxcs Ha 11. [lokasa-
Tesu, paBHee p—1, 1. e. 10, umelor uetslpe KJaacca: 2, 6, 7, 8, as-
JA0LHecs, TaKuM o06pasoM, IHepBOOOPA3HBIMH KODHSMH MO MOAY-
ao 1. ;

[lepBooGpasneplx KOPHEH NO MOAYJIO m MOMKET COBCEM He ObiTh
M, TakuM 00pa3oM, HHCJI0 NepBooGpasHbBIX KOpHefl MOXKeT pas-
HATbCsl Hymo. Tak, Hanpumep, na crpanuue 144 Oblin yKasaHbl
nokasarenu no MoAymo 20 JJsi BceX KJaccoB, B3aHMHO IIPOCTHIX
¢ MozyJeM. JlJisl BCeX 8THX KJAacCCOB [OKasaresb oTJuueH oT ¢ (20) =
=8, T. e. mepBooOpasHBIX KopHel mo moaymaio 20 He CyilecTByer,

Teopema 171. [lo awbomy npocmomy moOyrwo p cyujecmsyern
¢ (p— 1) Kaaccos nepsoodbpaswelx Kopreil,

IHokasateancTso. IlepBooGpasHble KOPHH MO MOAYJIO p—
KJIacChl, Y KOTOPBIX NOKasatensb k paseH p— 1. CorJyacHo Teopeme 170
npu k=p-—1 dncao (k) Takux KJaccoB paBHO ¢ (R)=¢q (p—1).

Ecnu @ —kaacc nepBooOpasHbIX KODHEH O IPOCTOMY MOAYJIO p,
To corjtacto Teopeme 165 Bce Kaacen @° npu (s, p—1)=1,
l <<s<<p-—1 umeloT Mo MOAYJIO p TOT XKe MoKasateab p—1, T. e.
TakKe ABJIAIOTCS KJjaccaMu HepBooGpasHeiX Kopaeit. [Ipupasas s
3HayeHMsl, o0pa3yiollde NPHUBEIEHHYIO CHCTEMY BBIUETOB 110 MOAYJIO
p—1, moayuum ¢ (p—1) xaaccoB nepsoofpasHbIX KOpHeH, T. e.
BCe TepBOOGpasHblE KOPHH [0 MOAYJIIO p.

IMpumep. [lo mopymo 13 kmacc 2 sBaserTcs nepBooGpasHbM
KOpHeM, Tax Kak npu k=1, 2, 3, 4, 6 (cobcrBennnle AeauTean 12)
2% 2 1 (mod 13).
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‘Mbi nosryunM Bce nepBOOOpAasHEIE KOPHH MO MOXYJIO 13, ecan
BO3bMeM KJjacchl BHAa 2°, mpuiaBasi s 3Hauenus 1,5, 9, 11, obpa-
3ylomue NpPUBEJEHHYI0 CHCTeMy BbeTOB o MoAymo 12. Haxonmum
yeTHpe NepBOOGPASHEIX KOPHSA HO MOAyJw 13:

Ne=2, B=6, 27==11, 21 =7,

Teopema 172. Eciu a~— nepeoobpasuoil Kopens no modyawo m,

mo uucaa
a, a®, a3, ...,a*"™ )
06pasytom npueedennyro cucmemy 6viemos no modyao m.

JokaszaTeabcTBo. Ecau a—nepBoofpasHHil XOpeHb IO
MOZyo m, T0 P (a)= ¢ (m), 1 Torja coraacHo Teopeme 164 uucna (1)
NONapHO HecpaBHUMbI 10 MOAyJo m. M3 (a, m)=1 cnenyet (Teope-
ma 43), uto Bce uucaa (1) B3auMHO IPOCTHL C MOAYJEM.

TakuM obpasom, cucteMa @ (m) umces (1), nmonapHo HeCpaBHH-
MBIX [0 MOAYJIO M ¥ B3aHMHO IPOCTHIX C 3THM MOAyJeM, o6pasyer
(teopema 110) nmpHBeIEHHYIO CHCTEMY BBIYETOB.

3ameuaHue. B uactHocTH, ecid a—nepBooOpasHbA KOPEHb
o MPOCTOMY MOAYJIO m==p, T0 @ (p)=p—1, ¥ uyHcHa

a! azv a0 ey aP—l (2)

06pasyioT NpPHBEJEHHYIO CHUCTEMY BBIUETOB 1O MOAYJIO p.
[Mpumep. Ilo mogymo p=11 uncno 2-—nepoobpasnbiii KO-
pens. CreneHu 2 oT mepBod J0 [ecsToH, T. €. 4HcJa:
o1 924, =8 =5 ¥=10, 26=9, 27=7, 28=3,
2°==6, 21%=1 (mod 11),
06pa3yioT NPHUBEIEHHYIO CHUCTEMY BHLIYETOB HO MOJYJIO 11.
st HAXOMACHUsI NepBOOOGPAs3HBIX KODHEH MO IPOCTOMY MORYJIIO
MOJKHO MOJIb30BAThCS CJEAYIOMHUM KDPHTEPHEM.
Teopema 173. Ecau p% pl: ... pls—KQHOHU4ECKOE PA3AOJEHUE

yucra p—1 u
p-1 p=1

a? #1(modp),...,ars #1(modp),

mo a— nepeoobpasHelil KOpers Nno npocmomy modyao p.
IloxasaTeabcTBOo., JIoGoll cOBCTBEHHBIH JenuTeNb k2 4YHCHaA

—1
p-——l ABJAETCS AeJiUTeJIeM XOTH Gl OJJHOTO M3 YHCeJ &;)— H TOorja
i

p—;—l=kl. Ecau 6 ans Takoro k(l<k<<p—1) Obuoa*=
=1 (mod p), TO

p-1

ar =a*=(a*)"=1 (modp),

YTO MpPOTHBOPeuHT yciaosmio. Takum o6pasoM, AJsi BCeX COGCTBEH-
npIX peawutenell k umcna p—1 umeem a® %% 1(mod p) u, cierosa-
TeJbHO, a— [ePBOOOPASHEIM KOPEHb MO MOAYJIO P,
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p-1
OueByano, UTO YCJIOBHe a P = 1 (mod p) Ans BcexX MPOCTHX p;,
BXOASIIHX B KaHOHHYECKOE pasjoxenue p-—1, sBASETCS HE TOJbKO
JOCTATOUHBIM, HO ¥ HEOOGXOJIHUMBIM YCJIOBHEM TOTO, YToOH @ OBLIO
1epBoOGPA3HBIM KOPHEM IO NIPOCTOMY MOAYJIO p.
[Mpumep. IlokasaTb, uTo 2 ecthb nepBoOOPasHLI KOPEHb IO
Mopymo p=>53.

B2
p—1==52=22.13. Umeem: 273 =24z | (mod 53),

82
2% =22 (8192)2 = (30)2=—1 (mod 53)

H, TakuM obpasoM, coriacHo Teopeme 173 umcjao 2—mnepsooGpas-
HHI KOpeHb 10 MOZRy.Jawo 53.

2. IEPBOOBPA3HBIE KOPHH MO COCTABHBIM MOAVYJISM

PaccMoTpum Temeph BOMPOC O CYLIECTBOBAHHHM NePBOOGPA3HEIX
KOpHeil no coctaBHOMY Mmoayuw. IIpexne Bcero OTMETHM, YTO MEPBO-
o6pasnble KOpPHH 1O MOAYJIO p* HAXOAATCA CPefd HepBoobpasHbX
KOpHell 1o MoAyJio p.

Teopema 174. ITycme p— npocmoe uucao. Jlwbod nepeoobpas-
Holil Kopeno no modyawo p* (o= 1) seasemcs maxoce nepsoobpasHbli
KOpHem no mooyaw p.

HDoxkasateabcTBo. Ecau a He nepBooOpasuplii KOpeHb MO
MOLYyJI0 p, TO cymecTByeT k. Takoe, yto l<ck<p—1 n ak=

=1 (modp). Torpa a*=1--pt u, pasnaras a’;li-lil(l—i—l?t)p“"
10 cTenensm pf, nodyuaem ate’ =14 p* 1 pt- p———(—f@:*—)(ﬁ)z'i'

+...=1(mod p%), rae kp* ' << p*" Y (p—1)=q(p"), Tag uTO @ HE
neproobpasHelil KOpeHb MO MOAYJIO p”.

Takum cOpasoM, 3ajadya OTBICKaHHs NepPBOOGPasHLIX KOpPHEH IO
MOLyJio p* mpH a>>1 CBOAMTCA K TOMY, uTo6bl cpeiu nepBooGpas-
HEIX KOpPHeH Mo MOAyJM0 p oTobpaThb uHC/Ad, ABJIAIONHIECS TaKKe
nepBOOGPA3HEIMYE KOPHSAMU ¥ IO MOAy.JO p°.

Teopema 175. Ecau a—nepsoobpasubili KOpeHb no npocmomy
Mmodyato p u

a¥* "2 -1 £ 1 (mod p*),
ele oo ==2, mo aq ssAdemca MaKoge nepsoobpasHbLM KOPHEM 1O MO-
Oyaro p*.

Jlokasateasctso. [lyers mo moavmo p* P(a)=k, Toria
a*=1(mod p*) u k| p*~! (p—1) (Teopema 162). Bmecre ¢ Tem GyAet
cnpaselJuBO ¥ cpaBHeHue a”=1 (mod p), TaK 4TO MOCKOJNBKY & —
NepBo06pasHLt KOpeHb N0 MOAYJIO p, TO (Teopema 161) p—1]%,
k=(p—1)t,(p—1)t|p*-* (p—1), | po-1, t=p? rae O<<Pp<a—1.
Takum obpasoMm, k=pé(p—1),

aPB(P-“ =l(modp) O<P<a—I)
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Ecan 6u 6biio 0<<P <<oe—2, TO, BO3BOAS Ofe 4acCTH CpaBHEHHSA

@’ v =1 (mod p*)

B creneHb p°~2-f, noayuunu Obl
a-2
ar” (-1 =1 (mod p"),
YTO MNPOTHBOPEUUT YCJOBHIO TeopeMbl. Takum o6pasoM, f MoOmxeT
PaBHSITbCA TOJbKO o.— |, TaK 4TO

P@=p"t(p—1)=9(p"),

T. €. @—IepBoOOpasHbi KOPeHb 10 MOAYJIO p.

Teopema 176. Ecau a nepsoobpaswbiii KOpeHs 1o npocmomy Mo-
Oyaro p=>>2, mo u3 0syx uucer a u a-+p no kpatueld mepe 00HO
s6ASIEMCA NepsoobPAHbIM KOPHeM MO mo0yao p2.

[HokasaTteJabcTBC. a--p BMecTe C @ TaKkKe sipjsercs nep-
BOOOpa3HLIM KOPHEM 1O MoAyJio p, mpuueM p4a. [Ipepnonoxum,
YTO @ H @ -} p He SIBJASIOTCSA NepBooGpasSHBEIME KOPHSIMH 1O MOAY MO p2;
TOrJia COTJIaCHO MpeiplAyLiell TeopeMe:

a’ =1 (mod p?) u (a+p)’ =1 (mod p?),
(a+pyft—a?1=(p—1)a? 2p-+Cro1a”? p24 ... =0(mod p?),

Tak uto pl(p—1)a’~2p, pl(p—1)a’"?, 4TO NPOTHBOPEUUT TOMY,
uro p{p—1u pfa.

[lockonbky yxe panbuie (Tteopema 171) Oblo yCTaHOBJEHO Y-
IeCTBOBaHKE NePBOOOPA3HBIX KOPHEH MO J060My MPOCTOMY MOAYJIO,
Teopema 176 poxasbiBaer CYLIECTBOBaHME NepBooOpasHblX KOpHef
10 MoAymo p?, rae p-——HedeTHOE NPOCTOE YHUCIO.

Teopema 177. Ecau a—nepeoobpasnbiti Kopews no modyao p2,
20e p—Hedenmnoe NPoCMoe HUCAO, MO Q ABAAEMCS NepeoobPASHBIM
KopHeM no modyaro p* npu awobom o =2.

HoxasaTtenbcTBo. JloKaxeMm cHayajaa, 4To NpU n=p*~2,

n!
s=2,

Tje p-—HeueTHOe NPOCTOe UHCJO, o =2, C::m ,

Oyzet
A ®
HeficTButenbro: 1) npu s=2 p“‘zjn%—l, T.e. p*"2|C5;
2) npu s=>=3 p“~? sipaserca HesiUTeseM YHCJHTENS BbIpaXKeHH:
Cs _n{n—1)...(a—s+1)

n 1-2...s ’

71+ [#]

+l=l+...

a p[” P €CTh HaWBRICIIAS CTENeHb p, Aeisilas 3HaMeHa-
TeJb (TeopeMa 52), MOITOMY

o[- [3]

Ct.
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Ecau s=3, 10

s s m_o_ |3 - P

== [5] ~[g] = meme 3] rsmem
aecau s=>=4, 10

a_z_[g]_[;]_...%_g_ Shst )=

T. . p"~°|Cs.
IMepefifeM Temepb X JOKa3aTeJbCTBY TOrO, 4YTO @ SBJAETCH

nepBoOGpasHEIM KODHEM M0 MOAYJIO0 p*.
p4a, rak uto coraacHo teopeMe Pepma af~'==1 (mod p),

af~l=1+4pt 4)
H BMECTE € TeM UOCKOJIBKY Pp:(a)=p(p—1), 10 ptt.
Bossoxa (4) B creneHp n=p"" 2%, rje o >>2, nojgyyaeM

aP" R -0 = (14 pt)* =1+ npt+ Ch (p) %+ . .. +Ch (pt)".
U3 (3) npu s=2 noayyaeM p*“|Crp° M, CleI0BaTeJIbHO,

p*|Ca(pt)2 ... +Ca(pt)™.
Bmecre ¢ TeMm npt=p“~'{ He neaurcs Ha p°, TaK UTO

@~ (-1 £ 1 (mod pY),

H corsacno teopeme 175 g—mepBooGpasHbll KOPEHb O MOZYJIO p*.
[Ipumep. Haiitu nepBoo6pasublit kopenb no moxyimo 625. ITo
Moayiio 5 kjaacc 2 siBasiercsi nepBooOpasHBIM  KOPHeM, TaK 4To
(reopema 176) us nByx uucen: 2 u 2+45=7-—no kpaiiHeli mepe
ONHO JOJKHO OHITh NEepBOOGPAa3HBIM KOpHeM N0 MoAyaio 52
243 1 (mod 5%), Tak uro corsacHo TeopeMe 175 2 —mepsooGpas-
HBI KOpeHb 110 MOAyJI0 5%, HO Toria (reopema 177) 2—mepso-
06pasHblli KOpeHb ¥ 10 MOLy/Mo 5%=625. :

Teopema 178. [Han aoGoco modysra p*, ede p— redemmuoe npo-
cmoe wucao w yewe o==1, cyuwecmsyom nepgoodbpasuvie KOPHU.

JNoxasaTteabcTBO. TeopeMa siBasieTcsl HeNOCpeJCTBEHHBIM
cregcrsreM TeopeM 171, 176, 177.

Teopema 179. [To modyamo m=2p*, ele p— aoboe Hevemroe
npocmoe uucio u o==1 yeoe, cyujecmeyrom nepeooOpasHLIE KOPHU.
J1060ii Heuemmbill NepsoobPasHoLll KOpeHo Ho MOOYmo p* ABAAEMCA
makoice nepsoobpasHbLM KOPHEM no moOyno 2p°.

JlokasateabcTBo. Ecan a meuerno u af=1 (modp®), To
a*=1 (mod 2), a caegoBaresbro (Teopema 91), af==1 (mod 2p").
Ws af=1 (mod 2p®), ouesnamo, creayer a*=1 (mod p®). Taxum
o6pa3soM, Aas HEUETHBIX @ TOKas3aTe]u Mo MOAYAsM p* U 2p* paBHbI,

T. €.
Pspr(a) = Pp« (a).
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Tlpn HeyeTHOM p B JIOOOM KJjacce M0 MORY/IG p* H3 ABYX CO-
CCIHHX UMCeNl OfHO HeuertHoe. B3siB M3 kJjacca nepBooOpasHbiX
KOpHeHl Mo MOAyMIO p*, CylleCTBOBaHHE KOTOPOro OblI0 JOKa3aHO
(Teopema 178), Taxoe HeyeTHoe UHCJO a, OyAeM HMeTb

Pypa(a) =Ppe (@) =0 (p") = 9(2p°),
7. e. a 6yzer nepBooGpasHbLIM KOPHEM M 1O MOAYJIO 2p*

[Ipumep. Haiitu nepsooGpasueiii xopenb no Mogymo 50. .

B npumepe K TeopeMe 177 Oblio HalifeHo, 4TO 2 €CTb NepBC-
ofpasublii  KopeHb mo MoxyJio 25. JlioGoe HeueTHOe YHCJO, CPaB-
HEMOe ¢ 2 1o MomyJio 25, 6GyneT nepBooOpasHbiM KOPHEM 1O MO-
aymo 50. Hanpumep, Takum nepsooGpasnbiM KopHeM OyJeT uncio 27,

Teopema 180. IIpu 24 a, a==3 umeem Mecmo HepaseHCcmeo:

Pye (@) < 2*-2. (5)

IloxasareabcTBo. [lyers a—mo6Goe HeweTHOE uncno. Jloka-
JeM HepaseHCTBO (5) MHAyKLHed no a. [Ipu o=3 HepaseHcTso (5)
BepHO, TaK Kak M3 a==1--2{ ciexyer, 410

@t= 144t (t+1)=1 (mod 2%, 1. e. Py(a)=<2.

HonyctuM, uro HepaBeHcTBO (5) BepHO MpH o =n=3; Toria
" =1 -+ 2%, (6)
BosBoasi 06e uacru paBeHcTBa (6) B xBajgpar, nojydaem

@ = 1 on 922 == 1 (mod 2711,

1. €. (B) BepHO M mpn a=n-1.

CorsiacHO TNpHHIMIY MaTeMaTHyeckoil MHAYKuuH (reopema III)
TeopeMa JOKasaHa Ansd Bcex o ==3.

3aMeyanue. [ockonbry @ (2%)=2""1, TeopeMa NOKa3bLIBaeT,
yro no Moxymo 2° npu a=3 P(a)=%=¢(2"), T. e. 10 TaKoMy
MOJLYJII0O HE CYINECTBYeT nepBooGpasHbiX KOpHEH.

Teopema 181. Ilepeoobpasubie KopHi 1o MoOYAO M CYWECMBYIOM
moeda u moavko moz2da, Ko20a:

1) m=p* 20e p — a0boe Hedemnoe nPocmoe Hucao, o — aoboe
2) m=2p*

3) m=2"nmpn O<<a=<<2.

JlokasateabcTpo. CyllecTBoBanWe NepBOOGPa3HBIX KOpHeH
B cayyasx 1 u 2 npu o >>0 GblI0 fokasaHo (Teopembl 178 u 179).
B ocraBmuxcsi caydasix m=1, 2, 4 MOXHO HENOCPEACTBEHHO YKa-
3aTh NepBooOpasHble KOPHH, paBHble cooTBeTcTBeHHO I, 1, 3.

JlokameM Tenmepb, YTO NpH BCEX IPYFHX m nepBooGpasHbIX
xopHeft Her. B ciyuae m=2%, a3 nepBooOpasHbIX KopHeil He
CYIecTBY€T, COTJIacHO 3aMeyanuio K Teopeme 180.

Ecau m uMeeT XOTd Obl JBa PasJHUHbIX HEUETHHIX MPOCTHIX Je-
JuTeas py ¥ Py, TO, MOCKOABKY p;—1 U p,— l—He B3auMHO npo-
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cTeie urcna, Qopmyaa (6) raaeut 11 nokasmsaer, uro L (m) << (m).
L (m) << (m) u npa m=2" pf, a>1, p=1. B ofoux szrux cay-
gasix corgacHo Teopeme 162" P (a) <<¢(m), T. e. IO MORYJIO m HE
CYIIECTBYeT NepBOOOpPAsHHIX KOpHeH.

I'JiIABA 19
MHAEKCHI

1. OBIUUE CBOWCTBA

O6men3BecTHo, Kakoe 0oablloe 3HaueHNe B PasaHYHBIX pasjenax
MaTeMaTHXH M B OCOOEHHOCTH B BBIUHCJMTEJNBHOH NpPaKTHKE HMEKT
Jorapudmbl. B Teopus uucesq BBOAMTCS CXOAHBIA C JOrapupmamu
anmapar, KoTopulii Mb GyjeM HaseBaTh uHAexcamu. Jlorapudmom b
[0 OCHOBaHMIO ¢, KaK M3BECTHO, Ha3blBaeTcsl NOKa3arelb CTENEHH 4,
paBHblit b. B Teopun ynces1 aHaOTHYHO 3TOMY PaccMarpuBaloT NOKa3sa-
TeJb CTENEHU a, CPaBHUMOH ¢ b NO paccmarpUBaeMOMY MOJYJIO i,
U Takol TOKaszaTesb HA3bIBAIOT HHAEKCOM b 1O MOAYJMO m H OCHO-
BaHUIO 4.

Onpenenenue 50. [Tycme (a, my=1, (b, m)=1, uucsro s nasvi-
eaemca undexcom b no moOyao m u OCHOBAHWIO 4, eCAl

a®==b (mod m).

Jlns xpatkoctd npH (UKCHPOBAHHOM MOAyJe m Mbl Oyjiem 3a-
NMHCHIBATL 9TO B BHAe s=ind, b, a eciu GQUKCUPOBAHO TaKXKe H OCHO-
BaHHe @, TO ellle Kopoue, B Buie s=indb.

Takum 06GpasoM, COrJacHO OIpeAe/ICHHUIO:

ai™a b= p (mod m). )

Ecau b, €b, 1o u3 a*=b (mod m) caepyer rakxe a’=b; (mod m),
T. €. HHIEKC uYHCia b ABJIAETCS TaKXKe HHJIGKCOM W BCEX UMCEJ M3
b, W Mbl MOKEM TaKoe UHCJIO0 § HAsbIBaTh MHAEKCOM KJjacca b.
Onpenenenue 50°. [Tycme (a, m)=1, (b, m)=1. s naseisaemca
undexcom Kaacca b no moOyso m u OCHOBAHUIO @, €CAU NO 3IMOMY
M00YAt0 s
a‘=b.

Npuwmepr. Ilycrs moxyapr m=13, ocHoBanue a==2, Torja
26=12 (mod 13), 1. e. ind, 12=6, u m1a moboro b= 12 (mod 13)
Gyner Takxe ind, b==6,2"=2 (mod 13), 1. e. ind, 2= 13, u Bmecte
¢ TeM, MOCKOJBKY 2'=2(mod 13), umeeM Takxe ind,2=1.

[ycrs Moayab m =21, ocuoanue a=5. Torna 5% =16 (mod 21),
58==1 (mod 21), 1. e. no wmoxymo 21 ind;16=4, ind;1=6. Ilo
sToMy Mogyusio indy; 2 He cymecTByeT, TaK KaK He CYLIECTBYET $§
rakoro, yro 5°=2 (mod 21).

Ecau B KayecTBe OCHOBAHHS B35Thb UHCJO @, He SIBJAIOLIEECS
nepBoOoGpa3HEIM KOPHEM MO MOAYJIO 711, TO HHIEKCH OyayT Cyute-
CTBOBATh He IJisl BCeX YHCeJ, B3aHMHO IPOCTbIX € MOJAYJeM .
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HeiicrButennuo, ecau P (a)=Fk<<¢(m), TO corjacHo Teope-
Me 164 cpeau crenemefl a uMeeTca TOJAbKO A DASJHYHBIX, H AJd
yuces1, NPUHAAEKAUUX OCTAJBHBM ¢ (m)—Fk KJaccaM, HHAEKCOB He
cymectByer. Knaue oOCTOMT Jesio, €C/H OCHOBAHHE ecTb MEpBo-
o6pasHblil KOpeHb 1O MOAYJIO m. B sTOM cityuae, Kak Mbl JOKaxeM
B clefylomell Teopeme, J060e UHCJIO, B3AUMHO IPOCTOE ¢ MOAYJeM,
uMeeT GECKOHEUHOE MHOXKECTBO HHJEKCOB.

BygeM B 3TOH rJaBe NepBooGpasHble KOPHU [O MOAYJNIO M
o6osHauaTh 6yKBOH g, 4TOGBI OT/IHYaTh HX OT JAPYFHX OCHOBaHHI.

Teopema 182. ITycmb g— 21060ti nepgoobpasubill Kopers 1o mody-
ao m. Han kawcdozo wucsa b, e3aumuo npocmozo ¢ molysem m,
cywecmsyrom uHOeKcol N0 OCHOBARUIO g, M. €. cyuecmsyrom s ma-
fue, mo g°=0b(mod m).

M~rooicecmnso scex makux urOexcos 8 042 OanH020 QuKCUPOBAH-
Ho20 b cosnadaem ¢ HEOMPUYAMEALHOIMU HUCIAMU HEKOMOPO2O KAACCA
no modyao @ (m).

HoxasarennctBo. CorsacHo Teopeme 172 crenmeHH nepso-

ofpasHoro KOpHS g: g, g ..., g™ 2)

— 06pasyoT NpPHBEJEHHYI0 CHCTEMY BHIUETOB IO MORYJIO 1.

Ecau B3aTh moboe uucgo b, B3aHMHO NpOCTOE C 1M, TO B NpUBe-
JeHHON cucreMe BblueTOB (2), KOTOPYIO MOXKIIO 3aMeNHTh TaKke
cucremoll g°=1, g, g% ..., g""™}, cymecTByeT YHCJIO U IPHTOM
TONLKO OJHO, TNpHHAJJEKAlee TOMY 3Ke KJaccy, uTo H b, T. e.
cpaBHEMOe ¢ b mo moayJsIO m.

Taxum  oOpasoM, 1npu  HekoropoM s (0<<s<<g@(m)—1)
g*=b(mod m), 1. e. CyliecTBYeT N0 KpafHeli Mepe ONMH MHJEKC b
0 OCHOBaHHIO g, NPHUEM 3TOT HHIeKC He OoJpiue uem @ (m)—1.

JloxameM Tenepb, YTO Yucaa s Takwe, uto g*=b (modm) cos-
NajalT ¢ HeOTPUIIATEJIbHEIMH YHCJIaMH HEKOTODOFrO KJjacca IO MO-
Aymo @ (m).

Ecnu s u s,—naBa uyucaa, Takux, uyro g'=b(modm) u
gsr==b (mod m), 1o g =g* (mod m), u Toraa, nockosky P (g) = ¢ (m)
corjacEo TeopeMe 163, s, ==s(mod¢ (m)), T. e. Bce HuHAEKCH b
NpHHAJIEKAT ORHOMY KJaccy IO MOAYJo ¢ (m).

Bce HeoTpHIaTesbHble YHCNA 3TOTO KJacca SIBJAAITCSA HHASKCAMH,
TAK KaK COrJIacHO TOH Ke TeopeMe H3 s, ==s(modg(m)) caeayer
gh=g"(mod m), u ecan g°=b(modm), To u gh=b(modm), 1. e.
JM060e HEOTPHIIATENbHOE §;, CPABHUMOE C S [0 MOAYJIO @ (m), TaKKe
SIBJISIETCST HHIEKCOM b.

Teopema 183. [Tycme g—nepeoobpasnoii Kopews no Modyiwo
m, (b, m)=1, cpasuenue

= b (mod m) (3)
umeem mecmo moz0a u moavko mozda, Kozda
ind, c=ind, b (mod ¢ (m)). 4)
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Mpumeyanue. Bouue GHIO OTMeYeHO, 4TO UKCAa ¢ W b, cpaBHHMbE MO
MOAYJIO n, MMEIOT NO 3aJaHHOMY OCHOBAaHHIO g OAHM U Te Ke WHjekcH. [1punu-
Mas 3TO BO BHHMaHue, Teopemy 183 MOXHO nosyunth M3 Teopemu 182.

JlanuM HeROCpeACTBEHHOE JOKa3aTesJbCTBO TeopeMmnl 183.

Hoxasarteancrso. 1) [Iyers ¢=b(mod m); Toraa coraacso
onpejenenuio uHiexkca (1):

gmd c__c_._b“'“gmd b (mod m)’
HO 1nockoabKy P (g)=q(m), To no Teopeme 163 u3
ind ¢ ind b

g =g (mod m)
cnenyer
ind, c=ind, b (mod ¢ (m)).
2) Iycere ind, c==ind, b (mod ¢ (m)); Torza coriacHo ToH Ke
TeopeMe

mdgc ____gind b

: (mod m),
T. e. ¢==b(modm).

INepexon or cpaBuenust (3) x cpasnenmio (4) Mpt 6yfeM Hasbl-
BaTh WHJIEKCHpOBaHMeM cpaBHenus (3), a mepexox or (4) x (3) no-
TeHUHPOBAHUEM.

Teopema 184. [Tycmo g— nepeoobpaswblil Kopent no modyao m,

(@, m)y=1, (b,m)=1.
Toeda
ind, (ab) = ind,a + ind ,b (mod ¢ (m)).

Hokasarteabcrso. CornacHo onpefeseHnio uuuexkca (1):

gi"dg(”b)‘f—_fabzgmdg" . gmd b ~g1nd a + ind b (modm),
HO TIOCKOALKY P {g)= ¢ (m), To coraacho Teopeme 163 us
gmdg(ab) gmdga+ md b (mod m)
Clexyer

ind, (ab)=ind, a+ ind, b (mod ¢ (m)).
Teopema 184'. TIlycte g— nepeoobpasuotd Kopews no mo-
Oyao m,
(@, m)=1, (a,, m)=1, ..., (a,, m)=1.
Toe0a
ind (a;-ay- ... -a,)=ind,a, +ind,a,+ ... 4 ind,a,(modg(m)). (5)

JokaszaTeabcTBO. YTBEepKIEeHHE TEOPEMbI BEDHO HpU n=1.
ITpeanonoxuM, yTO yTBEepPXKAEHHWE TEOPEMEl BePHO IPH HEKOTOPOM 7

(n=1). Bosbmem mobrie n--1 uucen a,, ...,a,, a,,,, B3aUMHO
npocThix ¢ MopayneM m. CoriacHo TeopeMe 184
indg (@ ... a,, a,,1)=indy(ay ... a,)+ind,a,,, (modg(m)), (6)

H NOCKOJBKY IO NPeRNOJOMeHHIO
ind, (g, ... a,)==ind,a, ... -+ind,a, (mod ¢ (m)), ™)
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To u3 (6) u (7) nonyyaeM CHpaBeANMBOCTb YTBEPIKICHHUS A YHCEJ
ay, Qgy <o 5 Qpyoyy-

CorslacHO MPUHHMNY HOJHON MaTeMaTHUYeCKON HHAYKUHH Cpas-
Henue (5) BepHO AnA JOOOrO YHCJA YHCEN @;, B3aHMHO IMPOCThHIX

C MOIyJEM M.
Teopema 185. Ilycmoe g — nepsoobpasuoiil Kopers no modyaw m,
(a, m)=1, n=0; mozda

ind, " =nind, a (mod ¢ (m)). (8)

HoxasarteascrBo. g°=1(modm), Tak uro indl:

=0(mode¢(m)), ind,a®=ind,1=0=0ind,a(mod¢ (m)),
cpapHenne (8) BepHO NpH 1= 0.

[Iprn n=1 nesas u npaBas 4acTH B CpaBHeHuH (8) COBmAjamoT,
a npu n>=2 Tteopema 185 mnpexncraBasier coGofi yacTHHIH cayuai
TeopeMbl 184" npn ay=a,=...=q,=a.

Onpenenenne 51. Ecau %Ek(mod m), (a,m)y=1, m>1, mo
nod indg% 6ydem nonumame ind,k, m. e. undexc atboeo 4ucia

us Kaacca k no modyato m.
Teopema 186. I[lycme g— nepsoobpasusil Kopews no MOOYAO
m>1, (a, m)=1; moeda

ind, 'b—Ein b—ind, a (mod g (m)).

Hoxasareascrtso. [lpu (@, m)=1 cymecrsyer (reopema i23)
eMHCTBEHHEIH KJace £ O MOAYJIO m, Tako#, uto a-k =b. Ungex-
cupysi cpaBHeHHe ak==b(mod m), moJjyyaem:

ind, a+ind, k=ind, b (mod ¢ (m)),
"M
b . .
mdgz=mdgkz1ndgb——mdga(mod(p(m)).

Teopemsr 184, 185 u 186 mokaswiBaioT, 4TO ONEpanHH C HHIEK-
CaMHu IpPOM3BOAATCS MO TE€M Ke IpaBusaM, YTO U ONepalud ¢ Jo-

rapupmamu.
B uwacTHOCTH, KOHEUHO, MOXKHO 6paTb TakHe 3HAUEHHS HHIEKCOB,

uro indab=inda+indb.

2, HHAEKCBI IO NPOCTOMY MOAYJIIO

Ocofenno OGoJblloe 3HaYeHHe HMeeT CJydall, KOTJa MOAYJb—
npocroe uucio. [Tockoabky, Kak GbI0 noxasaHo Bolie (Teopema 171),
no Jmio6oMy IPOCTOMY MOAYJK P CYIECTBYIOT IepBooOpasHble
KOpPHH, TO, B35IB 32 OCHOBaHUE KaKON-IMOO M3 HHUX, MOJYUHM CH-
CTEMY MHJAEKCOB, B KOTOPOM KaxKJoe YHCJIO, HE JeJisileecs Ha p,
6yJeT HMeTb CBOH HHJAEKCEHI
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HMunexcrr KamJoro Taxkoro 4mcjaa cornacHo teopeme 182 mpen-
CTaBad10T cOOOH HeoTpHLaTeNLHBIE YHCJAa HEKOTOPOTO KJacca Mo
MOJLY IO “p——l a teopeMmnt 183—186 palor caexpyiomue npasuna
onepamufl ¢ HHIEKCaMH IO MOAYJIO p.

1. Ecan a=b(mod p), 10 inda=ind b (mod p—~1), u, xaoGo-
por, u3 inda=ind b (mod p—1) caenyer a= b (mod p).

2. ind(a,...qa,)=inda,+ ... +indq,(mod p— 1).

3. inda*=ninda(mod p—1).

4. ind %Eindb——inda(modp——l).

Jns KpaTKoCcTH 3fech Beslle ONVINEH 3HAUOK g, VyKasbiBaomuit
OCHOBaHHe, KOTODOe NpPEeAnoJiaraeTcs OJWHAKOBBHIM B JIEBOH M mpa-
Bo#l uacrsix. Bce uHAeKcHpyeMble WHcJa HPEANONAralOTCs HE JEJIsi-
wuMucst Ha p. ITo mpocToMy MoayJ/io p sl KamkJAOro 4Yucja Cyle-
cTBYeT OeCKOHEUHOEe MHOXKECTBO HHAEKCOB, CPABHHMBIX IO MOAYJIO
p—1, u B KauecTBe MHJeKca MOXHO GpaTh Joboe u3 Hux. OOBMYHO
M3 BCEX BO3MOXHBIX 3HauYeHHH HMHJAEKCa 1[0 JaHHOMY OCHOBAHHIO
OepyT HauMeHblee, NPH TAaKOM BHOOpe HHIEKCOB OHH MMEIOT 3Ha-
YyeHHs, MeHbliIne 4eM p— 1.

Tabauupl HHAEKCOB AJsl NPOCTHIX MOAYJEl P COHepIKaT HHAEKCHI
ynces ot | jgo p— 1. Jlns KaxKHOro Takoro 4ucja H BCeX CpPaBHU-
MBIX C HHM 0 MOAYJIO p B TaGJHle YKasblBaeTCs HHAEKC, Hpel-
craBasiomui coboit ogHo us umceq: 0,1, ..., p—2. B HexoTOpHIX
Tabnuuax B KauecTBe HHAEKCA eIMHUIL! ykashiBaeTcd He 0, ap—1.
Tabaunbi HHAEKCOB COCTABJISLIMCH MHOTMMH asTopamu. B 1839 r.
TabMUIBl HIJEKCOB JJs1 NPOCTLIX uHces, Menbiiux deMm 1000, Onin
ony6aunxkosaubl Axobu (Jacobi | Canon Arithmeticos®).

B xounue xuuru (ctp. 372 —378) npupepensl TaOJUIBl HHAEKCOB
10 mpocTeiM MOAyJsM p =< 109.

3. HHJIEKCBI N0 COCTABHLIM MOAYJAM

Jlna cocraBHpiX MoayJieH BuAa p* M 2p%, rhe p—npocroe
uyuciao (p>2), kKak Obio JoxasaHo (Teopemul 178 u 179), cyme-
CTBYIOT mepBooGpa3Hbie KOPHH, M I[I03TOMY AJis Jio0oro uucha, B3a-
HMHO NPOCTOrO C TaKUM MOJYJEM, CYWECTBYIOT HHJIEKCHI.

[Mpumep. CocraBurh TabMUIy HHAEKCOB IO MOAYJMO 27 € OCHO-
BaHueM g =2>5.

Co6cTBennble  JeauTeaH uucaa ¢ (9)=6 pasun 1, 2, 3.
TMockoabky 5%, 52, 5% HecpaBHuMH ¢ 1 no moaymio 9, To 5—nepBo-
obpasHpiit KopeHb 10 Mopyswo 9 ==32, a cjiexoBaTenbHoO (TeopeMa 177),
u no Mopymo 27 =33. TlonyuaeM nocaeRoBaTesbHO:

5=, 5l==5, 52=25, 6*=17, b*==4, B*=20, 6°=19, 5"=14,
58 =16, 5°=26, b0 =22, b =2, 5%==10, 6¥=23, SM=T7T,
516=8, 51%=13, 5!7=11 (mod 27).
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Ta6auua MHACKCOB 10 MOAYJO 27 HMeeT BHA:

T

15

lll 13‘14'16!17 19‘20l22
17‘ 16’ 7 3 ’ 5

Teopems 183— 186 ycramapaMBalOT mpaBuJia OnepanHuil ¢ HHAEK-
caMM 1O TaKUM MOAYJSM, HpHYEM B 3THX cAydasx

¢ (p*) =@ (2p*) =p*~1 (p—1).

HocratouHo wuMeTh TaOJKIE MHACKCOB 1O MOAYJAM p® C OCHO-
BaHHAME g, TNpeJCTaBAAIIMEME Cco0Of HeyeTHHE I1epBOOOpa3HbIe
kopuu. Kax Obio noxasaHo B Teopeme 179, ecim HeueTHOe OCHO-
BaHHe g SIBJISAETCS NMepBOOOPasHBIM KOPDHEM IO MOAYJWO p%, TO OHO
ABJSETC NMepBooGPasHEIM KOPHEM M 1O MOAYJIO 2p%, mpHYeM, Kak
MHl JOKarKeM, NIPH TAKOM OCHOBaHWHM WHJEKCHI YHCeJ IO MOLYJIO 2p%
Takye e, Kak ¥ MO MOAyJIO p%.

Teopema 187. IIycmo g— Hewemuoil nepsoobpasuili KopeHs No
Mmodyao p* (p>2), (a, 2p)=1; moeda kancOui undexc duciaa no
MOOyAte P* U OCHOGaHWIO & AGAsIemcs utdexcom a no modyio 2p* u
OCHOBARUI Z.

HJoxasartenbcTso. Ilycrh s— HIICKC @ N[O MOAYJIO p* H
OCHOBAHHIO g, T. €.

ind a 1 8

T
|

W
|

10’13’2

| 6

Ll

g°==a(mod p%).

ITpu 24a, 2fg umeem g*=a(mod 2), Tak uro g=a(mod 2p),
T. €. S—HHIEKC @ U N0 MORYyJIo 2p%.

Tabauuel UMHAEKCOB MO COCTABHOMY MOAYJIO BUJA #1=p% WJH
m=2p®, The p—HeUeTHOe NPOCTOE YHCJO, COAELPIKAT MHAEKCH BCeX
yxcesa @, Takkx, uto 1=<<a=sm—1 (a, m)==1. MHgexc Takoro
qycaa @ SBJAETCH TaKiKe MHJCKCOM BCEX YHMCCJ, CPaBHUMBIX Camo
MOAYJIIO .

B ra6annax Sxobu Janp HEAeKCH 1 MOAYAeil Biia m = p*<1000.

B Tabauibl HMHAEKCOB, KOTOphieé NOMELEeHH B KOHLE KHHUIH,
BKJIIOYEHBl MHAGKCH 1O COCTABHBIM Mopyism m=9, 25, 27, 49, 81.

Mpu o=2 pmia MOAyJAst m=2% cymecTByeT nepBooGpasHplil
KOpeHb g=3.

Ipr «=3 aast MOxy/ad m=2° He CYHECTBYeT NePBOOGPasHBIX
Kopueit (teopeMa 181), m mosToMy cTerneHu OJHOTO OCHOBAaHHS He
MOTYT SIBJIATbCS NPEJCTABHTE/ISIMM BCEX KJacCoB, B3aHMHO IPOCTHIX
C MOJIYJIEM.

[lousThe HHIEKCAa MOXKHO 000OIHTb, BBeist MHAEKCH H AJd MO-
AyJelt Bupa m=2° npu o=>3. MHAeKCH 1O TakKUM MOAYAAM GyRyT
npefcTaBasTh coGoit yke He uHcaa, a napsl unced. s moctpoe-
HUA TAKOH CHCTEMBl MHIEKCOB HaM NOHAaJ0OUTCH cIelyIolas TeopeMa.
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Teopema 188. ITpu o=2 dsa uucra euda (—1)*5° u (—1)*'5%
(v, v'=0) cpasrumol no modyao m=2% meeada u mMoALKO moz2da,
Koeda ,

u=u'(mod2) u v=o'(mod2%"?).

HorkasartenbcTBOo. MeTofoM nosHoil MaTeMaTHYECKOA HHAYK-
OMY JOKameM, YTO Npu Jw060M 7 ==2 HMeeT MecTO PaBEeHCTBO:

5 =142, rae 241, 9)

Hpu n=2 paeencrso (9) BepHo, Tak Kak 5=1422.1. IlycTp
paBeHcTBO (9) BepHO IpH HEKOTOPOM rn (n==2), Torjpa, BO3BOAs 00e

YacTH paBeHCTBA B KBaApar, NOJYUYHM

1
B =12, 4 2 =142,
rae
toe1=1,+2" "5,

NMockosexy npu n=2 2| 2"1, 24¢,, 10 2{t,,,, T. e. u3 cupa-
BEJUJIHBOCTH paBeHcTBa (9) MiIst n CJeAyeT €ro CrpabefIHBOCTb
H pas n-+ 1. CornacHo npuHOHUNY MOJHOH MaTeMaTHUeCKOH HHAYK-
nun paBeHcTBo (9) Bepno npu Bcex n. CooTHowense (9) noxkasbl-
BaeT, 4To NpuH n=2 Py (5)=2""2

PaccmoTpuM cpaBHeHHe

(— 1)"5° = (— 1)*'5% (mod 29). | (10)

Ecim wu=u'(mod2), 10 cpaBrenue (10) npuHuHMaeT BHJ
57=5"" (mod 2%), uT0, NOCKOJBLKY :

Pza (5) = 2“"2,

cOrJIacHO TeopeMe 163 MOXeT HMeTb MeCTO TOTAAa H TOJbKO TOria,
Korpa v=v’ (mod 2%-2).

Ecan xe u = u’ (mod2), 1o cpaBuenue (10) HeBO3MOXKHO HH NpH
Kakux v Mv’, Tak Kak npu o == 2 u3 5% ==—5%" (mod 2%) caenosano Oul

1=—1(mod4),
YTO HEBEPHO.
Takum o6pasoM, cpaBHeHne (10) mMeeT MeCTO TOTAZ H TOMNBKO
torma, korga u=u'(mod2) u Bmecte ¢ TeM v==0v  (mod2%-2.)
Teopema 189. Ilpu az==2 awboe Hedemuoe HUCAO CPABHUMO NO
MoOyato 2% ¢ 0OHUM U MOALKO OOHUM HUCAOM U3 MHONCECIEq:
2 -2
s ee.,—b%,—b5,5, 82, ..., 5% . 11
HoxazaTteabcTBo. Yncna (11) umetor Bun (— 1)*6°, rae u pas-
Ho 0 mam 1, 1<<v =<2 2% CorjiacHo npeiplAylied TeopeMe OHH NO-
napHO HecpaBHHMBI 10 Moaymio 2°. Bce aTu uMcaa npuHajsexar,
TakuM 06pasoM, DasIHUHBEIM KJaccaM HedeTHBIX YHCeJ M0 MOnyJio 2°%,

—52%7
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B TaK Kak HX uucjio 2.2°72=2%"1 paBHO YHCJIy HEYETHBIX KJIACCOB
no Momaynwo 2%, TO COMJIacCHO IPUHUANY SmMHKOB® B cHcTeme (11)
UMEECTCH MO OLHOMY H TOJIBKO OAHOMY HpPEeACTAaBUTENI0 KaxJIoro
TaKoro KJjacca.

Onpenenenne 52. HuOexkcom Hewemuoeo wucaa a no modyaw 2°
npu o= 3 Hasvsaemca napa ducea ((u, v)), edev =0, maxas, 4mo

(—1)*5” =a (mod 2. (12)

Takyio napy ((u, v)) 6yzeM HMHOrja 3alHCHIBATH TakKike B BHJE
inda. Teopema 189 nokaseiBaeT, 4To HpH @ =>3 Jiofoe HeyeTHOE
YHCJI0 HMMeeT HHIEKC Mo MonyJio 2%

I[MTpumep. Mapa ((0, 0)) ssaserca mHIekcoM | mo JoGomy
moayaio 2%(o = 3). Heitcrureanto, (—1)°-52=1 (mod2").

Onpenenenne 53. [Hee napet: ((u, v)) u ((u', v')), rae v=0,
v’ = 0—Ha3o6aomes cpasrnumoimy no 0solinomy modyao ((m, n)),
ecau

u=u’ (modm), v="0v'(modn).

Cpasuumoctb nap: ((4, v)) 1 ((u', v'))—no naBOJHOMY MOLYJIO
((m, n)) 6ylaeM sanuchiBaTb B BHIe:

((u, v))=({u', v"))(mod ((m, n))).

OueBUAHO, YTO JBE Mapbl, CPaBHUMblE 10 JABOHHOMY MOZLYJIO
C ONHOH M TOH e TpeTheil, CpaBHUMBI MeXAY COBOH.

B cpapuennn (12) uucjIO @ MOMHO 3aMeHHTb 4HCJIOM b, CpaBHH-
MBIM C ¢ TIO MOAYJIO 2%, TaK UYTO MHJEKC @ 1O Mony o 2° ABnseTCA
BMECTE C TeM MHJAEKCOM BceX umces Kjacca a. Teopema 188 moxa-
3bIBaeT, UTO MHAEKCOM JAHMHOTO 4YHCJaa BMecTe ¢ napo#i ((¢, v))
ABASIETCH Takke gobasf mapa, cpaBHuMas ¢ ((#, v)) no JABOHHOMY
mozyao ((2, 2*7%)). Teopemy 188 mpH o= 3 MOXKHO [10O3TOMY 3aMu-
caTh B Cjieayiomei ¢opme.

Teopema 188'. [Ipu o=3 a=b(mod2") mozda u moreko
moeda, Kkoeda undeKc a cpagHum ¢ unoekcom b no 0souHomy mo-
Oyaro ((2, 2°77)).

Onpenenenne 54, Cymmoii undexcos ((uy, vy))+ ..Uy v,)

nasvigaemcn undexc (U, -+ ...+, vi-F.. +0,)).
Teopema 190. [Ipu o.=>3 043 modyas 2* undexc npoussedenus
HEUEMMbIX HUCEA CPASHUM C CYMMOL UHOEKCO8 COMHOdNCUmMeneld ho

dsoiinomy modyso ((2, 2°~%)).
Hokasarteanctso. Ilycrs a,, a5, ..., @,— HEUeTHBIE UHC/IA.

(—1)*%.5% =aq, (mod 2%, ..., (—1)*-5==a,(mod 2°%).

nepeMHO}KaH 3TH CpaBHEHU S, noJqiyuaem:
(__ l)ttl+. . -+un50t+ “e .+U"~______a1' . .an (mod 21)' (13)
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ITycrs uHAexe a,...a, pased ((4, v)), T. e.
(—1)*-57=gq,...a,(mod 2%, (14)
Coraacuo teopeme 188 wus cpauennii (13) u (14) caepyer, uro

((u, V=uy+...+u, v,+...+v,))=
=4y, v+ ... H (U v,) (mod((2, 2°79))).

B cayuae, Korga a;==...=a,, BMecTo ((¢;, U3))+...((4,,0,))
6yaeM JJis KPaTKOCTH mucath £ ((uy, vy)).
Mpbl moayumaH, TakuM o006pasoM, 4TO AJs Mopyas 2% (a==3)
HHJEKC cTeneHH a" cpaBHuM c ninda nmo moaymawo ((2, 2°7%)).
Tabauubl HHAEKCOB MO MOAYMAM BUAA m=2" rje « == 3, naworcs
B BuJe mnap ((¢, v)). Tabnuia MHIEKCOB IO TAKOMY MOAYJIO YKa3bl-
BaeT AJIsT KayKJOro KJ/acca HEeUeTHBIX YHCes COOTBeTCTBYIOLYIO NapY,
npejcTaBasomyo cofofl MHAEKC Yuces] IaHHOTO KJacca.
IIpumep. CocraBuTh Tabuully HHJICKCOB MO MORYJW =04,
64 ==2% gnag uncen supa (—1)*bH% rme u pasro O umm 1, a v
npoberaeT NOJAHYIO CHCTEMY BHIUETOB 110 MOAY 0 2% = 16 (0 << v << 15),
HaXoJuM:
+8=-41, £56'=405 1 5%=425 -4 5%=461,
+5'=+49, £=5°=53, 4-58%=419, - 57= 45,
4 58= 433, +5°=437, &-5¥=-+457, £-5t=-29,
4512 =417, 58 == 21, L5 =4 4],
=+ 518 = -I- 13 (mod 64).

Tabnuua unjgekcos mo mMoayJio 64 6yner uMeTb BHA:

a inda a inda a inda a inda
1 {(0,0)) 17 1((0 12)) 33 1(0,8)) 49 !((0,4))
3 1((1,3)) 19 |((1,7) 35 ((1,11)) 51 1((1,15))
5 (0, 1) 21 1((0,13)) 37 1((0,9)) 53 1((0,9))
7 1((1,10)) 23 1((1,14)) 39 [((1.2)) 55 [((1,6))
9 1((0,6)) 25 1((0,2)) 41 K((0,14)) 57 1((0,10))
11 [((1,5)) 27 1((1,9)) 43 4((1,13)) 39 1((1,1))
13 {((0,15)) 29 {((0,11)) 45 ((0,7)) 61 ((0,3))
15 1((1,4)) 3 ((1,8)) 47 |((1,12)) 63 1((1,0)

HHjeKcs MOXKHO NMPUMEHATH AJIS BBIUHCJACHHS OCTATKOB OT JEJie-
HHS Ha 3aJaHHBIE MOAYJb /1 NDPOH3BEJEHHH C ABYMS HJIH HECKOMb-
KHMH COMHOXKHTEJNSIMM M, B YaCTHOCTH, CTeneHed,

ViMes Tabauny HHAEKCOB 1O MOAYJIO m, Y4ToOb Ha#TH OCTaTOK
OT JdCJICHHA al. . .an Ha m, rae BCeE a[ B3aHMHO HpOCTbI c m, MLl
HCKOMBII OCTaTOK 00O3HAYaeM 4epes X W NHIIEM

x==a,...a,(mod m). (15)
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Unpexcupys cpaBHenue (15), nosiyyaem:
indx=inda, -+ ... +inda,(mod ¢ (m)).
Haxoxum B Tabauue MpaekcoB s=inda,-+...-+inda,, TaKuro
ind x == s (mod ¢ (m)).
HaxoiuM uHcno, HHAEKC KOTOPOTO paBeH s, T. €. r TaKoe, YTO
s=indr. Torza
ind x=ind r (mod ¢ (m)),
oTKyna (teopema 183)
x==r (mod m).
B uactHOCTH, €C/iM @, ==...=d,=a, Mbl NOAyYaeM NPHeM Ansd
BLIYHCJIEHHA OCTATKa OT JEeJEHHS Ha MOAY/Ab m cTenenu 4’
Npumep. Honpaysce Tabnuleil MHACKCOB, HAHTH OCTAaTOK OT
zenenus Ha 61 umcna 3720.231%
x==3720.2312(mod 61), ind x==20ind 37+ 12 ind 23 (mod 60).
B rabaumax mo moaymo 61 c ocHOBaHHeM g =59 uaM g= -2
naxozuM ind 37 =9 u ind 23 =27, TaK uro
ind x == 504 == 24 (mod 60).
Ilo 3HaueHHIO MHAeKca HaxoguM x. Yucno 24 spasercss HHAEK-
coM 20, Tak uro indx==ind 20 (mod 60), x=20 (modGIl).

Ecau m==p{ ... p¥, To A4g NaXOXKACHHs oCTaTka OT JAeJIeHHs
lia m TIPOM3BENEHHS MJH CTeneHH HaXOMMM OCTATKM fy, ..., FsOpH
JeNeHHH Ha MONYJM pi*, ..., ps°¥ 3arTeM pellaeMCUcTeMYy ypaBHEHHIT:

xX=r (mod p1 )

x==r, (mod ps®).

Ipu p,=2, @, > 1 ocratok OT JeJeHHs Ha 2% HaXOAUM APYTUMH
Merolamu (6e3 MpuMeHeHMs TeODHH MHAEKCOB) W/IH paccMaTpHBaeM

HHJGKCBI 10 MOAYJIO 2% (onpeiejenue 52).
Ilpy p;=2, a;=1 ™Mb MOXeM MNpeACTaBUTbL M B BUJE

(2p%%), ..., p¥ M HaXONHTb C IOMOLIBI0 HHAEKCOB OCTATKH OT JeJe-

nusd Ha 2ps*, ..., pee.
ITpumep. Hafitu ocratok or jeneduss Ha 1242 uucaa 35109

1242 ==2.33%.23.
Haxoaum ocrarox r; or penenns 35!%° na 2.3% =54:

r; == 3519 (mmod 54), indr,;==100ind 35 (mod 18).
B Tabauue HHIeKCOB Mo MOAYJMIO 27 ¢ OCHOBaHHEM g=0 Haxo-
o ind 35 = ind 8 = 15,
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TaK YTO
ind r; = 1500 =6 (mod 18).

[To monysro 27 waxonum, uro 6=ind 19, rax uro
ry= 19 (mod 54).
Haxoxum ocTtatox r, or jgenenus 359 na 23.

ry = 35100 =12100(mod 23), indr,==100-ind 12=100-10=
= 10 (mod 22), r,==12(mod 23).

Pemast cucremy x==19(mod54), x==12(mod 23), Haxozum:
x==127 (mod 1242). Ocrarox paseH 127.

Hemopuneckue rommenamapun w 17-i, 18-it v 19-it znasam

|. Teopusi cTeneHHBIX BHIUETOB BO3HMKJAA Ha 6ase wMeMyapa
dinepa [ Teopema o BplYeTax, NONYYAIOWMXCH OT JeJeHUs cTemne-
ped” (1755). Tlonartue nokasarensi AAHHOTO OCHOBAaHHMA OLLIO BBe-
neno [ayccom.

2. Tlousrne nepBooOpasHOro KopHs OblIO BBEAEHO DHJEpOM.
Teopema O CYHIECTBOBAHHH NEepBOOOPA3HOrO KOPHA IJsa  Jioboro
npocToro MoAayJas Owbla BbicKasano 0es nokasaresnbcTBa B 1769 r.
JlamGeprom. JlokasaresbCcTBO 3TOH TeopeMbl BCTpeyaeTcss y Ditiepa,
OJIHAKO OHO He OBJIO JAaHO HM B JIOCTaTOuHO ueTKol ¢opme. [ayce
Jiajl iBa Pa3JIMYHBIX I0Ka3aTeJbCTBA CYIECTBOBAHUSA NEPBOOGPAa3HBIX
Kopuell 1o mpocToMy MoAyJaio (Teopema 171).

3. T1. JI. UYebbies B psjie TeOpeM yKa3al HEKOTOPHIE KJ/IACCHl
IPOCTHIX YHUCEN, MJsl KOTOPBIX MOXHO JITKO HafTH 1epBooGpasHbii
KOpeHb.

4. V1. M. BuHorpanos jaj OUEHKY BeJHUYHHBLI HAUMEHbUIETO Nep-
BOOGPA3HOrO KOPHS MO HpocToMy Moayawo. OH JoKasan, 4YTO ecqu
06o3HauuTh uepe3 g(p) HaMMEHbUIMH NepBOOGPa3HBII KOpEHb IO
MOLYJIO p, TO HpU J0OOM CKOJb yrofHO ManaoMme >0

Lse
g(}f))=0(p2 )

CyuiecTByeT NpeatofoxeHne, YTo HPOCTHe YUCa p, Al KOTO-
poix 2. siBssieTcsl epBOOOPA3HBIM KODHEM, HMEKT IOJOXHTENbHYIO
IJIOTHOCTh B - MHOXKECTBE , IPOCTHIX 4HCeJ, IDTO 3HAUMT, YTO €CJH
o6o3HauuTh yepes T (x) UMCHO TaKHX p=CXx, a yepes . (x) — obutee
YHCJO ITPOCTHIX P << X, TO NPH HEKOTOpoM o >0 mis Bcex x (x = 1)
BBIOJIHSICTCS HepaBeHCTBO T (X) == am (x). DTO HPeANnOOKeHNe NOKa
He yHaeTcst HU Ji0Ka3aTb, HHU ONPOBEPrHYTh.

5. Teopema 181 Bcrpeuaercst Buepsbie y Faycca B, Disquisitiones
arithmeticae“.

6. TlousiTue MHJEKCA, OCHOBHble CBOHCTBA HHJEKCOB OBLIH JaHbI
Tayccom.
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FJTABA 20
ABYHYJIEHHBIE CPABHEHM A
1. JBYYJIEHHBIE CPABHEHH A 1O MPOCTOMY MOAYJIO

Onpenenesive 55. [8yujennoim CPASHERUEM HA3bIBAEMCA CPABHE
nue suda )
Ax" = B (mod m).

Mgl paccmoTpuM AByusIeHHBlE CPaBHEHUS 110 HPOCTOMY MOLYJIIO
p>2 Buua
x"=a (mod p). (1)

Teopema 191. 1) Ilpu pYa cpasnenue (1) no npocmomy modyswo
p>>2 2ubo coscem He umeem peileHull, AUO0 HUCAO DelieRUll pPasHo
Hauboabemy obwemy Oeaumesio n u p—1.

2) Cpasnenue (1) ne umeem pewenuil, ecau oan 8= (n, p—1)
8tinda, u nmeer 8 pewennit, ecan §8|inda.

Hoxasateabctso. Ilyers (n, p—1)=48. [To npocromy
Mmopymio p (reopema 171) cyumecrsyeT nepBooGpasHhlii KOpeHb.
Hupekcupys cpaBHenne (1) 10 HEKOTOPDOMY OCHOBaHMiO g, Npeacra-
BJsIIOIEMY cO00# nepBooOpasHEIl KOPEHb, NOJyuaeM

nind x=ind a (mod p—1). (2)

Cpasnenusa (1) u (2) cornacno Tteopemam 183 n 185 susuba-
nentHol. Ecau o6osnaunts indx=z, inda==0, 10 113 ReusBect-
HOH 2z NOJYyYHM CcpaBHeHKe l-il cTemenu:

nz="b(mod p—1). 3)

Itpn 8finda, 1. e. 84b, cpaBHenue (3) He nMeeT pemeHni
(reopema 130), HO Torga He CYLIECTBYET W 3HAUEHMH X, YAOBJETBO-
psaiomux cpaBHeHusm (2) u (1). ‘

[Ipn 8|inda, T. e. §|b, cpasuenne (3) umeer O peweHnnit (Teo-
pema 135). 3Hauenus indx, YHOBJETBOpSIOUiNE CpaBHeHuio (2),
npusapiexar 6 kaaccam no Mogymaio p—1, a ciejosartesbHo, H
sl X CYIeCTBYeT & KJiacCOB 10 MOAYJIG p, YAOBJIETBOPAIOMIKX
cpaBHeHuio (1).

Mpumeuanne. Ilpu plae cpaBHenue (1) MOMer 6bITh 3annCado B BUAE
%"=0 (mod p) u B 370M cayyae OHO HMeeT OAHO pelleHne: x =0 (mod p).

Onpepenenue 56. 1) a nasweaemca eviuemom n-ti cmeneHu no
npocmomy moldyao p, ecau pfa u cpasHenue x*=a(mod p)
umeem peutenusl.

2) a Hasvisaemcs Hesuemom N-li  CMENEHU NO  NPOCMOMY
modyato  p, ecau cpderenue x"==a(mod p) He umeem pewienuil.

B uacTtHOCTM, BbYeTHl 2-# CTEmeHH MO NPOCTOMY MOAYJIO p Ha-
3bIBAIOTCS’ KBaJADPAaTHUHLIMYM BhblUETAMH 10 3TOMY MOAYJIO, BBIYETHI
3-i1 cTeneHM — KyOHYeCKHMM BblY€TaMH, @ BbYeTHl 4-# creneHu—
OuK BaJpaTHUHBIMU.
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3amensin B cpapuedun (1) @ MoOOLIM YUC/IOM, CPABHHMBIM C HUM
10 MOAYJIO p, Tofiyunm (Teopema 129) cpaBnenue, sxpuBajenTHoe (1).

Ecau a mpexcrasiisier co6ofl BeYeT #-fi CTeneHH NO MOAYJIO p,
TO BEChb KJacC & COCTOMT M3 BHIYETOB M- CTENEHH 10 MOAYJIO p,
4 eCJi @—HEeBBUEeT, TO H BeCh COOTBETCTBYIODIMH KJiacC COCTOUT
#3 HephiyeToB. MOMKHO [MO3TOMY BMECTO OTHEJABHBIX BBIUETOB U He-
BBIYETOB n-H CTENEHW pPacCMaTPHUBaTh COOTBETCTBYIOMHE KJacChl.

Onpepenecupe 56", @ == 0 wnasvieaemes  KAQCCOM  6viHemos  n-u
cmenexny no npocmomy modymo p, ecau cpasrerue x"==a(mod p)
umeem peileHus. @ HQB3LIBACMCA KAQCCOM HESHMEmOs Nn-i cmeneni,
ecau cpasuerue x"=a (mod p) He umeem peierull,

Mmes Tabaumy MHAEKCOB 10 MORYJIO p, JerKO HalTH BCE KJACCh
BBIUETOB CTEMEHHU 7 MO 5TOMY MOAYJIo. JJeHCTBUTENbHO, TeopeMa 191
[OKA3KIBAET, YTO BblUeTaMu n-fi CTeNeHM [0 MOAYJIO p SBJSIOTCA
TOJIBKO Te Ykcaa @, Aad xoropux (n, p—1)|inda. Pacemarpusas
Tabaully MHAEKCOB 0[O MOAYJIO p, MOXHO OTOOpaTe BCe TakKHe a.
TMoabaysich 9THM 3Ke CBOHACTBOM, JeTKO ONPEIEJNHTh YHCJIO TaKUX
KJIacCOB.

Teopema 192. [To npocmomy modyaro p>>2 4ucio Kiaccos
gblyemog n-t cmeneHu pPasHo E%—l , 20e d=(n, p—1).

JloxasaTeabcTBO. Bcero mo Moxymo p umeercs p—I
KJaCccOB, B3aHMHO NPOCTHIX € MoayJeM (kaacc 0, COCTOSIIHHUA U3
unces, JEJSIHXCH Ha p, COIVIACHO onpefeenuto 56° He npuyuc-
JfeTCH K BhlYeTaM n-#i CTeneHH).

Wugexcsl 3THX KJaccoB 0o06pasyioT MOJAHYI0 CHCTEMY BHIUETOB M0
Mogyalo p—1, T. €. KaXIOMy TaKoMy KJjaccy (ecjaH B3sTb
ind1=p-—1) MOXHO CONOCTaBHTb HHAEKC, paBHbIil OAHOMY U3
HHCeJ:

1,2, ..., p—L 4)

BosbmeMm 8= (n, p—1). Cpean nepsbix p—1 uncen (4) umeercs

—1
-’3—5— yyces, gedsiiuxcs Ha 8, T. e. coryiacHo Teopeme 191 cye-

—1 "
CTBYeT ’f—a—— KJIACCOB BBIUETOB M-il CTENEHH N0 MPOCTOMY MOZAYJIO p.

IMpumep. INoapsysice Tabnuueil UHLEKCOB, HAHTH KJIaCChl BbI-
ueToB 6-ff cremeHd no moAyawo p=11.

3nece 8=(6, 10)=2. B rabmuue HHACKCOB No Moxymo 11
HAXOMKMM, YTO MHJEKCH, feJsiyecs Ha 2, HMEIOT CJelyIoiite KIacchi:
1, 3, 4, 5, 9. 311 xaaccH ¥ OYAYT KAacCaMH BLIYETOB 6-1i creneHu
no moxaymo 11.

Teopema 193. Ecau &=(n, p—1), mo eviemovr n-ti cmenen
no npocmomy modyao p>>2 cosnadaom c Guemamu cmenenu §
no amomy modyao.

NoxasateabcTBo. Ecau (n, p—1)=0, To OyneM umMeTs
takke (8, p—1)=06. Ilpn pfa cpasuenus x"=a(modp) u
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x"=a(mod p) cornacHo Teopeme 191 HmeIOT pelIeHHSt NPH OAHHX
H TexX XKe 4HCJAaX a, TakHX, uyro Oinda.

ByzeM nosToMy B JaJbHeHRueM pacCMaTpHBaTh BblYeTbi H HEBBI-
yeThl n-fi CTeNMeHH TOJNBKO IS TaKHX 1, KOTOPHle SBJISIOTCS AeJH-
TelsIME p— 1, W paccMatpuBaTh cpaBHenus Buja (1), rie n|lp—1.
[lpu n|p—1 Teopempt 191 u 192 npurnmawT CAeNYIOIHH BHI.

Teopema 191°. ITpu pXa, n|p—1 cpasuenue x"==a(mod p) no
npocmomy MmoOyato p>>2 aubo coscem He uMeem  peweRul,
aubo umeem n pewenut. o makomy modyao a a8asemcs eovide-
mom n-ii cmenenu moeda u moasko moeda, koeda n|inda.

Teopema 192'. [To npocmomy modysmo p>2 u n|p—1 aucro
KAGCCO8 BbI4EmMO08 N-ii CMenenu pasHo 3—'-’:—1 .

B cienyioiiell TeopeMe Mbl YCTaHOBUM HeoOXojumoe H JOCTa-
TOYHOE YCJOBHE TOTO, YTOOB a npu n|p—1 OCblIO BBIUETOM f-i
CTENMeHH MO MOAYJO p.

Teopema 194, [Ipu n|p—1 a ssisemca eomemom n-i cme-
newu no npocmomy modymo p>>2 mozda U mMoLbLKO moeda, Ko20a

p—1
=

a " ==1(mod p). (5)

NokasaTeabcTBo. Hugekcupys cpasHenue (D), nosyuaem,
YTO 3TO CpaBHEHHE HMeeT MeCTO TOorja H TOJbKO TOTIa, KOrja

L:—linda:—:—O(modp-——l) HJH p%—‘inda:(p—l)t,
inda=nt, ({—uenoe),

7. e. cpaBHenue (5) WMeeT MeCTO TOrZa H TOJIbKO TOrla, Korjia

n|inda.

Mpumeuanue. JIeTko NpoBepHTh, YTO TEOPEMH 191 u 192 cnpasenauBnl
Takme H MpH p=2. B sroM cayuae a€l n p—I=1, TaK uTO yTBEpKAEHH
STUX TeOpeM TPHBHAJBHHL.

CpaBreHue "= 1(mod p), oueBnmuo,  HMeeT  pelleHMe

x==1(modp). Cornacio Tteopeme 191 310 cCpaBienue 6yner,
BooGmie TroBopsi, HMeThb O8=(n, p—1) pewenuil, a npu n|p—1
(reopema 191")—n pemwennil. EcTecTBenHO KJacCh, yAOBJETBOPAIO-

[n¥e 5TOMY CpaBHEHHIO, HJH, YTO TO e caMmoe, YPaBHEHHIO @ =1,
Ha3LIBaTh KODHSMH 71-fi CTENeHU U3 eJUHHIB N0 MoxyJaio p. Anano-
THYHO 5TOMY KJlacchl (ecju OHM CYIIECTBYIOT), YAOBJIETBOpSIOLLHE
cpabuenuio (1), T. e. ypapHeHHIO (¥)'= d, €CTeCTBEHHO Ha3BaTb
KOpHSAMH n-§ CTENEHH M3 @ [0 MOAYJO p.

Onpeneaenne 57, Kopuem n-ii cmenesu u3 Kiacca a no npo-
cmomy moOyalo D HA3LIGAEMCA KAGCC HUCeA N0 IMOoMY Mooy,
y0084eMBOPAOUUX CPABHEHUIO

x" =a (mod p). 6)
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Ilo npocromy wmoaymwo p, ecau njp—1, naunGo He cymecTByeT
HI OAHOTO KOpHSI n-iI cTemneHH, Jjub0 YKCa0 KOopHefl paBHO n (Teo-
pema 1917).

Teopema 195. [Ipu njp—1, pta ece pewenus cpasuenus (1)
Nno npocmomy MoOYao P> 2 MONHO NOAYYUMb, YMHOKAA O0HO
peulente 3MmMo20 CPABHEHUS. HA PAAUMHbIE  PEUIeHUS  CPABHEHUS.
x"=1 (mod p).

HpyruMu cjoBaMHu, BCe KOPHHU n-H CTeNeHH H3 @ IO MOAYJIO p
MOXHO MOJYYUTh, YMHOXas OSHH M3 3THX KOpHell Ha pas/HyHble

KOpHU n-fi crenmenu us l.
HoxasartenbcrtBo. [lockoampky ind1=0 u n|0, cpasHenne
x"==1(mod p) umeer n peweHnii. OO03HAYUM 5TH pelUIEHUS uepe3

Ly oony by, TRe t £ E (mod p) n op{t;. Tlyets X, ygRosaetBopsieT
cpaBHenmo (1), Torza

(%t =x0 ti =a-1=a(mod p)

npu i=1, 2, ..., n, T. €. KJacCh! Xyty, ..., X,f, MPEACTABJAAIOT
cobofi peweHus cpaBHerua (1).

[Tockonbky pXa, 10 pfx, (x,, p)=1, u, ciegosarenbHO, YHCIA
Xolys - vy Xot, ABAdOTCS (Teopema 111) uyacTbio TPUBEJEHHOH cu-
CTeMbl BBIYETOB 1O MOAYJIIO p; Xof(, ..., X,f, IPEICTABAAIOT COOO
7 pasJM4HBIX peuleHUE cpaBHeHus (6) n-f cTemeHM M, 3HAUMT,
HCUEDIILIBAIOT BCE PRIUEHHST 3TOrO CpPaBHEHH.

CpaBHeHHE 110 [POCTOMY MORYJIO

Ax"=B(modp) (7N

npu p{A 3KBHBANEHTHO CPaBHEIHHIO
x"=a (mod p),

rae Aa==B(mod p) (teopema 144). Ilpu pk¥B Gymem umerb TaKxe
pfa u, creposatesbHO, coryiacHo Teopeme 191 cpaphenne (7) nnbo
COBCEM He WMeeT pelleHuit, aubo uuciao peweHuil pasHo §, rue
6=(n, p—1). ‘

Vimes Tabauny uHAEKCOB MO MOAYMO p, cpasHeHHe (7) MOXHO
peuwinThL M He npeo6pasoBmiBas ero K BuAy (6). Munekcupys cpas-
nenpe (7), nosmydaem: )

nind x=ind B—ind 4 (mod p—1), 8)
T. €. cpasHenue l-if cremenu C HeusBecTHOH z==indx.

Pemass 210 cpasHeHue . OTHOCHTeNbHO 2z=ind X, HaxXoiuM Bce
sHayeHust indx, ypoBaerBopsiiomMe cpaBHeHHIo (8), a sarem mo
TabJinlaM HaxO[KM M 3HAYEHHS X, YIOBJETBOPSIOLMe cpaBHeH O (7).

[Tpumep. Ilonbsysice Tabnuuell HHICKCOB, PEWIHTh CPABHEHHUe

13x2t =5 (mod 31).
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VIHjekcHpysl, HaXOQuM:

11421 ind x == 20 (mod 30),
7ind x= 3 (mod 10), ind x==9 (mod 10),
indx==9, 19, 29(mod 30), x=12, 21, 29 (mod 31).

(Mnnekcel B3t B Tabunue ¢ ocHoBanheM g=3.)
Oreer. Kaacew 12, 21, 29 no moaymo 31.

2, ABYYJIEHHBIE CPABHEHHK S 1O CGCTABHOMY MOAVYJIIO

COBepIﬂEHHO 4aHaJJOTHYHbIM 06p830M MOXKHO [IIDHMEHATHL Teo-
PHIC MHACKCOB H MJd pelleHUus CpaBHeHI/II’I

Ax" == B (mod m) (9)

B CJyyae COCTABHOIC MOLYJS m, ecad AJdd 3TOr0 MOAYJAS CyUlect-
ByeT xoTd Obl OJUH RepBOOOpAa3HBI KOpEHb, B3fB KOTOPHIH B Ka-
4eCTBE OCHOBAHHS, MOXHO NOCTPOHUTH CHCTEMY HHJEKCOB.

[Tpn m>2 nonyyaem B sTOM cJaydae cpaBHenue l-f crenmenu
¢ HemspecTHo# indx: nindx=ind B—ind A (mod ¢ (m)), u3 xo-
TOPOTO B CJlyyae CYMECTBOBaHHSA pelueHHH HaXOAMM 3Hadenus indwx,
a N0 HUM H 3HAUEHAS X.

CpaBuenre (9) HMeeT HJH He HMEET pelleHHs B 32BHCHMOCTH
or rtoro, 6yner au (n, ¢ (m))}ind B—ind A. B uacTiocTi, MOXKHO
BPHMEHHTb 3TOT KpHTepu#t AJs MomyJed m=p" npu p>2 u
B npejenax HMEIOIMMXCs TalJHL OTHICKMBATh pelleHusl CpaBHeHUH
suna Ax"= B (mod p*).

DT0 103BOJSIET, MEXKLY NPOYMM, BHISICHHTHL BONPOC O CYIIECTEO-
BAHMH A5 33JaHHOTO NPOCTOTo p>>2 uucja @, TaKoro, uTo

a’~l=1(mod p?) (10)

{cm. crp. 100). [leficTBuTenbHO, Takue uueja @ YAOBJAETBOPSIOT
cpaBueHnio x¥~!==1(mod p?), KOTopoe IKBHUBaJ/IEHTHO CpaBHEHHIO
(p—1)indx=0 (modp(p—1)), e. ind xz==0(mod p). [To mo-
pymo p{(p—1) 6ymer p—1 KJacCOB TaKHX HHUEKCOB, a CJeloBa-
TeJIbHO, IO MOZAYJIO p? cymecTByer p-—1 KJaccOB HCKOMBIX 3HZ-
vennii x. Ilpy p=5 Oynmem uMeThb He MeHee deThpeX TaKHX
KaaccoB. Mpr BuauM, uto ANt moBoro p==5, KpoMme uucen g,
CPaBHMMHIX € =1, CyIlecTBYIOT M JApyrue 3HauyeHHUs @, YIOBJIETBC-
pstomue yeaopuwo (10). Jhoboe uncio @, MHIEKC KOTOPOTO AEAUTCS
Ha p, OyJeT yROBJAETBOPATH cpaBrHenmio (10), npuuem Bce 3TH 3Ha-
yeHHss @ OYAYT o0pasoBLBaTh p— 1 KJA4CCOB 1O MOAYJIO p2.

IMpumep. Moabsysicy Tabauiell uEACKCOB, HaliTH Bce uuc/a a,
Takue, yTo a®=1 (mod49).

3xech p=7. B rabiuue HuaecxcoB 1Mo MOAyJ©w 49 naxoium
WeCTb  KJIAaCCOB YHUCEN 0O 3TOMY MOJAYJIO, MHAEKCH KOTOPDLIX je-

JATCA Ha 7; a UMEHHO KJaCCHI: 1 18, 19, 30, 31, 48, 1. e. a=--1,
+ 18, =4 19 (mod49).
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JLnst cocTaBHOTO MOAYJS m = pi*...ps* Mbl 3aMEHSEM CPaBHEHHE
(9) cucremoit:

Ax" = B (mod p%)
Ax" = B (mod p?’).

Ipu mopyne m=2%, «==3, njs pelesus cpasHeHus (9) MOxkHO
BOCIOJIB30BaTbCs Teopemamu 188" u 190 Jiisi BEIYHC/IEHHS HHJEKCA X
B Buge nape ({u, v)) ¢ TeM, YTOOEl NOTOM IO 3HAYEHHSM STOrO
HHJEeKCca HaAHTH M BCe 3HAUEHHsI HEH3BECTHOH X.

IIpumep. Iloapsysicy Tabauuefl HHAEKCOB, PEHINTb CpaBHEHHE

7x%= 23 (mod 64).
Pemenue. 64=2% lMuaexkcupys cpaBHEHMe, IOJyuaeM:
ind 746 ind x = ind 23 (mod ( (2, 16))).

O6osuauas ind x uepes ((4, v)) H noabaysce Tabjunedl HHIEK-
coB o Monymo 64, cocraBjieHHOH B mpuMmepe Ha crpanuue 160,
HaXOJUM I10CJIe0BaTebHO:

((1, 10) +6((u, v))==((1, 14))(mod ((2, 16))),

((6u-1, 6o+ 10))=((1, 14))(mod((2, 16))),

6u-+1=1(mod?2), 6v+4 10=14 (mod 29),
=0,1 (mod 2), v=06, 14 (mod 2%).

B kauvectBe 3HaueHuH HHZAeKca ((u, v)) HMeeM YeTbipe napel:
((0, 6)). ((0, 14)), ((1, 6)), ((1, 14)).

B rabaune HHIEKCOB HAXOAMM COOTBETCTBYIOMIME 3HAYEHHS X 1O
moayaio 64, a mMenHo: x=9, 23, 41, 50 (mod 64). CpaBuenue

HMeeT yeThipe peulenus: kaaccw 9, 23, 41 u 55 no moaymo 64.

3. KBAJIPATHBIE KOPHH K3 EJHHH LI

IlousiTHe KOpHSI n-#i CremeHH MOXKHO pacnpoCTPaHHTh Ha mpo-
H3BOJIbHBIE MOAYJIH.

Onpenenenne 58. KopHem n-ii cmenenu u3 Kaacca & 1o mody.nio
m HQ36I6AEMCS KAQCC Hucen, YO0BACMBOPAIOUWUY CPABHEHUIO

x" = a (mod m). (1

PaccmoTpuM KBafpaTHble KOpHM 1O J060MY MOAYJO H3 eju-
HHIBI M ONpejieJiuM MX uMcJo. HauneM co caydas, xorza m= p*,
rge k=1, p—npocroe uyucio.

Teopema 196. [lpu mobom wHewemHom npocmom p u k=1
uucao K6aodpamuolx KopHell u3 edunuybi no modyao p* pasno 2.
Hpu p=2 uucio xeadpamnoix xopreti us edunuyst no modymo 2%
pasro coomgemcmeenno: 1 npu k=0 u 1, 2 npu k=2, 4 npu
k= 3.
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NoxazatenbcTso. 1) Cpasuenue x2==1(modp*) npu He-
YeTHOM TNIpOCTOM p 3anuilieM B BHJe (x—1) (x+ 1)==0(mod p".
O6Ga MHOXHTEJIsI TIPH OJHOM H TOM XK€ 3HAUYCHMH X He MOryT Je-
JHTbCS HA p, TAK Kak u3 x—1==0(mod p) u x-+1=0(mod p)
caefosano 6ot 2=0(mod p), 4TO NpPH p>>2 HEBO3MOKHO.

[Tostomy cpaprenme x2==1(mod p¥) npu p > 2 momer yaOBJIET-
BOPSITBCH TOrJA M TOJbKO TOrAa, KOrJa x—lEO(modpk) HJIH
x+1==0(mod p*), 1. e. npu x= 4 1(mod p*). Mu BHAUM, TaKKM
06pasoM, 4TO NpPH HeYeTHHIX p CYIIECTBYIOT JBAa KBaApaTHLIX KODHS
U3 eJUHHLbI 110 MOAYJIo p-.

2) BosbmeM Tenepp p=2, k==3. OGosuauum uepes ((4, ©))
HEJeKC mo MOmymo 2° umcea X, yIOBJIETBOPSIOMHX CPaBHEHHIO

x2= 1 (mod 2%). (12)

ITockonmbKy, Kak OblIO OTMEYEHO paHbllle, MHAEKC | mo Mo-
. aymo 2% papen ((0, 0)), uHIeKcHpya cpasHenue (12), moayuaem
cormacio Teopemam 188" m 190:

2((«, v)=((0, 0)) (mod ((2, 2*~2))),
wan u=0(mod 1), v==0(mod 2F-3), last u no Mopyso 2, U s
v no moaymo 2%~% mosydyaem COOTBETCTBEHHO:
u=0(mod 2), u=1(mod?2), v==0(mod 2*~?), v=2*-3(mod 2%~3),
T. €. 4eTbipe 3HaueHus HHAEKCA X, a HMelllio:

(0,00, (1,0, ((0,2*7%), (1,22,
KOTOPBIM COOTBETCTBYIOT YeThipe KJacca pelleHni cpaBrenus (12), sta
KJIaCChl U sIBJISIIOTCS] KBAAPATHBIMU KOPHAMH U3 €AHHHIIL 0 MOZY Mo 2%,

B cayuae p=2, k=0 unu | HenocpeiCTBEHHO HAXOXHM, YTO
CyIIeCTBYeT OJMH, a npu p=2, k=2—pBa KJjJacca pemleHHl
cpaBHenus (12).

Teopema 197, Ilycme m=2kpt . p¥, 20e p,>2—rKanonuue-
cKoe pasiosgerue MOOYAs m; mo20a H4ucA0 K8aOpamHolx KopHeid u3
edunuybl 1O SMoMY MOOYA0 PABHO:

1) 2° npu k=0 uan k=1,

2) 2°*! npu k=2,

3) 2°2 npu k=3.

HoxasarteabcTpo., HaM Hajo onpelesuTb YHCJIO peIIeHHH
‘cpaBHeHHa x%==1(modm), KOTOpOe 3KBHBa/JeHTHO (Teopema 156)
cucTeMe:

x2 = 1 (mod 2%) |
x2=1(mod P
‘} (13)
x2==1(mod p¥*). }

CorjiacHO npejplayulelt TeopeMe KaKAOe M3 ITHX CPaBHeHHi,
KpOMe MepBOro, WMeeT jBa pelleHHs. Ecau o0603HauuTh yepes n
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YHCJIO pelleHMil NepBoro cpaBHeHMs, TO cucrema (13), a caenosa-
TeJIbHO, M cpasHenue x?2==1(modm) umeer mo Teopeme 157 n2°
pelieHuii,

B npeamaymeii Teopeme 6blio onpegeneno, 4to: 1) npm k=0
mk=1mn=1; 2) npu k=2 n=2; 3) npu 2>2 n=2% TtaKk uro
YHCJIO KBAAPATHHIX KOpHEH M3 eNHHMIB! MO MOAYJIO M B 3TUX Tpex
CJyuasxX HOJYYaeTcsl COOTBETCTBEHHO paBHmEM 27, 2°+1 u 22,

NMpumeuanne. Ilpu m > 2 KaKAOMy KBaAPAaTHOMY KOPHIO 7 H3 e.u-
HELE N0 MOAYJIO M MOXKHO CONOCTaBHTb OIJNMUHHEI OT r XBajpaTHHil Ko-

penb m—r.

JHefictButensno, ecan r2=1(modm), 10 u (m—r)®=1(mod m), npuuenm
m-——r # r, Tak Kax ecaum Gu GBI0 m—r==r, T0 WMeaM Obl m—r ==r (mod m),
9r =0 (mod m). Bmecte ¢ Tem u3 r2==1(mod m) Bumuo, uro (m, r)=1, rax
yto GB10 OBl M |2, 4TO TPOTHBOPEUUT YCJOBHIO m > 2.

fIpumep. Onpenesautb 4UCAO KBaJIPATHHIX KOpPHEH M3 eIHHHLK
no moaymo m=600.

MMockonbky 600=2%.3-52, 1, e. k=3, s=2, uHci0 Takux
KopHell 6yper paBHo 2%= 16.

Pesyaprat, nosyuennsiii B Teopeme 197, MOXHO NIpUMeHHTb A4
JoKa3aTeIbcTBA OfHOH Teopemwl [aycca, npexacraBJswoiell coboi
HenocpeacTBeHHoe o600lieHNe Teopembl Busbcona (reopema 153).
Jro ob6obmenne Obsio npuseneHo ayccom B | Disquisitiones arith-
meticae”

Teopema 198. [lycme ry, ry, ..., I, my—npusedennas cucmemna
goiemos no modyao m. Tozda

Iy ov. Ty um==1l(modm), (14)

20e l=—1, ecau m nPuUHAOIECHUM MHONECIEY, COCHMOAULEMY
u3 uucaa 4, ecex uucea euda p* u 2p%, 20e p—aoboe Hewemmuoe
npocmoe uucio, k=1, u l=1, ecau m He npunadiexcum smomy
MHOMCECMBY.
HdoxasarteabctBo. He orpanuumBas oO6IHOCTH, MOXHO
B KauecTBe
P=ryry .. Tom (15)

paccMaTpuBaTh IpOM3BeleHHe YHceJ, o6pasyioliuX INpUBEAEHHYIO
CHMCTEMY HaMMEBbIIHX HeOTPULATEJbHHX BbLIYETOB.

Tlpy m=1 1 m=2 Mb MOXeM B npaBoil uyactu (14) B2aTb
Kak [=—1, tak u [=1.

Ilyers m>2. O6beaunum nomapHo Bce uucna B (15) caeayio-
mym obpasom. Jlnd kaxporo r; peinaem cpapHenue r;x =1 (mod m),
(r;, m)=1, u HaXomuM r; TaKoe, 4TO rirjzl(mod m).

1) Ecam r;5=r,, cocTaBaseM napy ,nepsoro tuna“ ((r;, 7).
Bce Takme MHOXuTenu 7;, r; B (15) MOXHO OTGPOCHTb, TaK KaK
NpoUsBeleHHe KaXIbiX JBYX uHceJ, of6pasylomux Takyio napy,
JaeT NpH IeJleHMH Ha m OCTaTOK, paBHHI 1.
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2) Ecau r;=r;, T. e. ecau rf__l(modm), TO JJIS1 T4KOro f;
coCTaBJiAeM napy »BTOpOro THHA“ ((r;, M~—Tr)), TAE COTJACHO HpH-
mMeqaHHIO K Teopeme 197 (m—r)g'“l(modm) H m—r; OTJIH4HO
oT r;. s Kamporo M3 NPOU3BENCHH{l NBYX 4MCeN r; U m-——r,,
00pasyoluX Iapy BTOPOTO THUMA, UMeeM:

ri(m—r)=—r; =—1(mod m).

Takum ofpasom, P nmo moaymo m cpaBHuMO ¢ (— 1)?, rae n—
YUCJIO Map BTOPOrO THIIA.

IMockonbky B mapax BTOpOro THma o0befHHEHbl MOMAPHO pellle-
Bus cpasHenns x?=1(modm), uncao 3tux map Oyger paBHO I0-
JIOBHHE YHCJIAa KBafpaTHHIX KOpHeH us CIMHHMIL [0 MOAYJiO 1.

CornacHo Teopeme 197 npu m=4, m=p* u m=2p* umeem

n=7-2= 1,T. e. P=—1(modm). Ecau e m=2%.pk. . .p&—

KaHOHHYECKOe pa3JioKeHUe m, TO COIJIACHO TOW XKe Teopeme:
1
1) npu k=0 u 1, s=2, uucao n:—Q—QS YeTHO;

1
2) npu k=2, s=1, uucao n=-2—2erl 4eTHO;

3) npu k=3, s=0, uucno n—:%Q“’+2 YeTHO.
Takum o6pa3zoM, BO BCeX 3THUX TpexX CaAyuasx
P =1 (modm). (16)

Hemocpencrsennasi 1poBepka IMoKa3blBaeT, 410 cpapHeHue (16)
BEPHO ANt Mm=1 U m==2, COOTBEICTBYIOUIHX 3HaueHHsIM k=0
H | mpu s=0, 4TOo BMecTe ¢ paHee pPACCMOTPEHHBIMH CHydasaMu
HCUEPMbiBACT BCE BO3MOMKHDLIE 3HAYEHHS M.

CpaBuuBasi pesysawrtarsl, nojydeHusie B Teopemax (98 m 181,
MOXHO Teopemy 198 samucarh Takke B cienyioumedt dopwme.

Teopema 198°. [Tpoussedenue wucer, o6pa3yOUUX npPUBEOCHHYIO
cucmemy eoiuemos no modyao m>>2, CPABHUMO MO IMOMY MOOYAD
¢ —1 moeda u moabko moeda, Ko20a NO MOOYAIO M CYUECTBYIOM
nepeoobpasnsie kopru. [as scex ocmasbuvix modysel amo npousse-
Oenue cpasHumo ¢ -+ 1.

[Mpumeps. a) m=18=2.32 3pecy Ilr;=1.5.7-11-13-17 =
=(5-11)-(7-13)-(1-17)=1-1 (— 1)=—1 (mod 18).

6) m=30=2.3.5. 3pece Ir;=1-7.11-13.17.19.23-29 =
=(7-13)-(17-23)-(1-29) (11:19) = 1.1 (— 1) (— 1) =1 (mod 30).

4. NOKA3ATEJIbHbIE CPABHEHU I

Tabuunsl HHAEKCOB MOMHO MPUMEHSITH W AJIA PEHIeHHS MOoKa-
3aTeNILHBIX JABYUJICHHBIX CpaBHEHHH BHJAA

¥z=bh (mod m). (17)
171



Ecan no moaymo m cymecTByioT IeprooGpasHble KOpHH, TO,
HHAEKCHPYSl cpaBHeHHe (17), mojiyuaeM cpaBHeHHe

xind a = ind b (mod ¢ (m)), (18)

npeAcrasasioumee cofofi cnencTsue cpaBHeHusi (17). Bee 3Haue-
HUSl X, YROBJeTBopsiouiHe cpaBHenuio (17), HaxoasTca cpeau 4H-
cel x, yHuoBJeTBopstioiinx cpasHeHuio (18). C apyrofi cTropoHwl,
KaXJ0e HeOTpHHaTe/llbHOe 3HaueHHe X, YJOBJIETBODAIOllee CpaBHe-
guio (18), ynosjerBopsier Takxke H cpas Henuio (17).

B cayyae cpaBHenus Buja

a’ ¥ = b& (mod m), (19)

rre f(x) B g(x)—MHOTouJeHB C LeJNuMH KO3(ppHIHEHTaMH,
a4 m-—MOAYJb, IS KOTOPOTO CYILECTBYeT IepPBOOOpAasHblil KOpeHb,
HHAEKCHPYS, TOJYyYaeM CpaBHeHME BHJAA
F (x)=0 (mod ¢ (;m)), (20)
rie
F (x)={(x)inda—g(x)indb.

3HaueHua x, yjosJjersopsiolivie cpabHenuio (19), cosnagaioT

€O 3HAYEHUAMH X, YJOBJETBOPAIOIIME cpaBHerHio (20).

FJTABA 21
CPABHEHMS 2-it CTENNEHHU 10 TPOCTOMY MOJRYJIIO

1. KBAJAPATHYHBIE BbIYETbI # HEBBIYETbH]

O6wuft BUI cpaBHeHHMs 2-H CTeNeHH MO TNPOCTOMY MOAYJIO p

HMeeT BHJ:
CyX% -+ €y X - ¢y == 0 (mod p). )

B kauectee Moaynsi p Mbl OylleM OpaTh HeueTHsle NpPOCTHE
yucja. [lpn p=2 pemenns, ecnn OHH €CTb, HaXOAATCS HCHBITa-
HueM KJyaccoB 0 u I. Mp GyAeM paccMaTpHBaTh TOJIbKO CJAyyai
p ¥y, Tak Kax mupu plc, cpaBHeHHe (1) S5KBUBAJIEHTHO CpaBHEHHUIO
1-#t crenmenu ¢,x-+c,==0(mod p).

Teopema 199. lipu p>2, ptc, cpasuenue (1) sxeusaremmuo
KEKOMopoMYy CpasHeHuo euoa

(x4 ¢)?=a(mod p). (2)
Hoxasateancrtso. Cpasuenne (1) npu p4c, MoxHO (reo-
pema 144) cHavaja npuBecTH K BHAY

x24-bx 4 b, =0 (mod p), 3)



Paccmorpum Ba BO3MOMKHBIX Cayuas:
1) Ecau 2|by, To cpaBueHHe (3) MOMKHO 3amucath B BHAE:

b b
(x +-2£) =(—1) —b, (mod p).
2) Ecim 24b,, To cpaBHeHue (3) 3aMeHseM 3KBHBAJICHTHHIM

cpaBHexmeM
X2 (b, + p) £+ by == 0 (mod p),

KOTOpOe, MOCKOJNBKY p HeueTHO H, CJeJoBaTesbHO, 2|by 4 p, MOXHO
3anucatb B BUAC

(x+b1+p) = (b1+p> —b, (mod p).

Takum obpasom, B ofoux cjayuasix Mbl NOJyuYaeM CpaBHeHHe
BHAa (2), 9KBHBAJCHTHOS IEPBOHAYANBHOMY.

Ecan o6osHaunTh x--¢ uepes z, TO BONPOC O CYIIECTBOBAHHY
pelueHHHl W HAXOMAEHHM 5THUX pelleHHfi AJaA J1060ro CpaBHEHHS
2-# cTenmeHH CBOAMTCA K MCCJeNOBaHMIO cpasHeHHs 22==(mod p).

B atofi rnase Mbl 6yJeM paccMaTpHBATh TOJNBKO TaKHe CPAaBHEHHUS,
3alHChIBAsi UX B BHIE

x2=a(mod p), (4)

npuuyem OGyleM cuyHTaTh @ He NPHHANIEKALIHM HYJEBOMY KJaccy,
T. €. TakuM, 4to pfa.

B cayuyae, Koria a €0, oueBHAHO, 4TOo cpasheHue (4) umeer
TONLKO OfHO pemieHne x==0(mod p), Tak kak npu x # 0(mod p),
a=0(mod p) Oyzer Takxke x?z% g (mod p).

CpaBHerme (4) siBRsIeTCSt YACTHBIM caIydaem (npu n=2) cpasHe-
Hus x"= a(mod p), paccMorpenHoro B 20-#i raaee.

Hexompme U3 Pe3yJbTaTOB HACTOsILlEeH TIJaBbl ABASIOTCS HacT-
HBIMH cnydyasmu TeopeM 20-# raase. YtoObl clenaTb H3yueHHe
cpaBHeHHH 2-# CTeleHH He3aBHCHMBIM OT ofmell TeOpHH IBYUYJIeH-
HBIX CpaBHeHHH, GyReM Hapsly CO CChIIKaMi Ha paHee yCTaHOB-
JIEHHBIE PEe3yJbTaThl JIaBaTh H HOBblE J0KA3aTe/IbCTBa, INPOBOAS UX
CenHadbHO IS PaccMaTpHUBAeMOro cjyuas.

ITpun pia cpasenue (4) moxer He uMerh pewmlennil. Hanpumep,
JIEFKO NMpPOBEPHTb, YTO CpaBHenHIo x?==2(modb) He yRoBaerBOpseT
HH OAMH W3 KJacCOB N0 MOAYJO 5.

Bmecte ¢ TeM ecam npm pda cpasHeHne (4) HMeer pelle-
HHE X,, TO pelleHHeM OYJIeT TakKKe KJacC— X, OTJHYHBIE OT x,.
IefictButennHo, ecau xs==a (modp), To H (—X,)*==a(mod p),
upHYeM MOCKOJBKY pXa, To pix;, a, ClefoBaTeNbHO, A4S p>>2
Oymer 2xy # O (mod p), x, & —x,(mod p), T. e. pelleHHA X, H—X,
pasynyHbIE.

C ppyro#t cropobl, cpaBHeHue (4) He MoxKeT (Teopema 148)
nMeTb Oosiee JABYX peiteHuil. Takum obpa3oM, eciiH HCKJIIOUATH U3
paceMOTPeHHs, KaK Mbl 3TO CJe/ajy, 3HAYEHHA @, KpaTHble p, TO
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cpaBHenHe (4) nubGo WMeeT LBa pelleHHd, JHOO He MMeeT HH OZHOTO
pemenusi. Ecau npu HeXoTopoM a cpaBHeHHe (4) HMMeeT ABa pelle-
Husi, 10 H Aas Joboro b==a(mod p) 370 CpaBHEHHE HMeeT XEBa
pelleHus, MOSTOMY eCTeCTBEHHO paccMaTpuBaTh cpabHeHHe (4) He
Ansi OTHENBHHIX YHCEJd @, a IJsT COOTBETCTBYIOLIHX KJaccoB.

Onpenenenus 59, 1) Kaacc uucer no modyao p Hazvieaemcs
KAQCCOM KBAODAMUUHOLE B8bIMeMO8 1O 3MOMY MOOYA0, ecau OAf qucea
Q, npuxadsexcauiux 3momy rKaaccy, cpasHerue x* =a (mod p) umeern
dsa petenus.

2) Kaacc uucea no mo0yaio p HA3bIEAEIMCA KAQCCOM Keadpamud-
HbLX Hesvitermnos, ecauw OAfL HUCeA A, MPURAOAEHAULUX MOMY KAaccy,
cpasrenue x*=a(mod p) He umeem petueruil.

CoOTBETCTBEHHO 3TOMY BCe UHCAa, NPHHajJeXaulde KJjaccam
KBAJPATHUHBIX BBIUETOB, T. €. BCe uucJa @, IJsi KOTOPBIX CpaBHe-
Hue x%==q(mod p) uMeer IBa peweHus, OyleM Ha3bIBaTh KBajipa-
THYHBIMHA BblYETAaMH [0 MOAYJIO P H aHAJOTHYHO BCe YHCJIa @, AJd
KOTOPbIX 5TO CpaBHEHHe He MMEeT pelleHufl,-— KBaApaTHUHBIMH He-
BHIMETAMH IIO 3TOMY MoxyJso. Umcaa @, npuHajiexamue kiaaccy 0,
JUIsT KOTOPBIX CpaBHeHUe (4) UMeeT OHO pellleHHe, He MPHUHCASIOTCS
HH K KBaJ[paTUYHBLIM BbIYETaM, HH K KBaJAPaTHYHBIM HEBblUETAM.

Ecnu cpaBuuTh onpezenenus 59 ¢ onpepesenusimu 56 u 56°, to
JErKO BHJIETH, YTO NOHATHE KBaJPATHYHOIO BHYETA (HEBLIYETA) MO
MOAYJIC p COBHAJaeT C IIOHATHEM BblueTa (HeBhiueTa) 2-ii cremeHM
N0 TOMY MOZRYJIO.

Teopema 200. Heobxo0umum u OGocmamounsim ycnoeuem moeo,
umobor @ 6bia0 KBAOPAMUHHLIM B6IMEMOM NG NPOCHOMY MOOYAO
p(p=>2, pta), ssraemca cnpasedaugocme cpasHerus

p—1
a? =1 (modp). (®)

HoxaszateabcTBo. 1) Ira TeopeMma ARNAETCS YAaCTHLIM CJy-
yaeM TeopeMbl 194 npu n=2.

JlapguM eme OJHO NOKAa3aTesJbCTBO 3TOH TEOpeMEL.

2) Cormacio teopeMe 150 HeOOXOAMMBIM M IOCTATOUHBLIM YCJIO-
BUEM TOTO, uro0hl cpaBHeHue (4) MMen 0 JBa pelleHHs, SABAAETCS
IEJHMOCTb Ha p BCEX KO3(HIMEHTOB oCTaTKa OT jejeHns x’~1—1
Ha x?——q. Ha@gem 3TOT OCTaTOK.

ITo Teopeme bBesy ocratox or ZAesdeHus [(2) Ha (z—a) paBen
f(a), Tax uro

p-1
27 —l=(z—a)g@+r, ©)
p—-1
rie r=a? —1, a g(z)—MHOTOWICH ¢ HeAHMHA KO3huuHEeHTaMH.
3amenasi B (6) z Ha x?, nmoJyuaem:

p—1
St @ma g+ (T 1)
CJIelOBATENbHO, HEOOXOAMMBIM M JOCTATOUHBIM YCJIOBHEM TOTO,
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4yro0bl CpaBHeHHe (4) HMeJoO JBa pEIUCHHA, SBAACTCA OEAMMOCTb
p—1
a? —1 Ha p, T. e. BHIIOJHeHHe ycJoBHs (D).

Teopema 201. HeobxoOumeim 1 O0CMQAMOUHBIM  [CAOBUEM  ITO20,
4moGsl a OvLA0 KEAOPAMUUHBIM HEBbIMemOM N0 NPOCMOoMY MOOYAo p

(p>2, pia), asasemca
p=1
a® =—1(mod p). (7
HokasartenbctBo. CorgacHo Teopeme Pepma npun pfla
nMeeM:

<ap_2:1—‘1> (a%l_+1)=a”'1-——150(modp), 8)

Ecaun a-—xBaapaTHuHBId HEBBIYET [0 MOAYJIO p, TO IEPBLIA
MHOKKTENb He JejuTcs Ha p H, cjejoBatenbHo (Teopema 1057),
Ha p JeNUTCA BTOPOH MHOXKHTeJNb, T. €. BLUIOJNHEHO ycjoBue (7).
O6a MuoxuTtess B (8) HE MOTYT OJHOBPEMEHHO JEJHTHCS HA P, TaK
KaK TOra HX pasHocTh 2 ToXe JeJHjiach On Ha p >> 2, YTO HEBO3MOXK-

p—-1
no. [Tostromy ecnu BrimosiEeHo ycgoue (7), 7o a * = 1 (modp), 1. e.
cornacio Tteopeme 200 a—xBaZpaTHUHBIE HEBHIYET 1O MOAYJIO p.

Teopemsr 200 u. 201 MOxHO OOBEIMHMTh B BHAE CJELVIOLIErO
KpuTepusl, NaHHOro BrepBhle DfiepoM; 5TOT KpHUTepHH mo3posser
CYIUTb, SIBJASETCS JH LeJoe HHCJIO @, He Jensileecs Ha IpocToi
MOAYJb p>>2, KBaApaTHUHbIM BbIUCTOM MJM IEBBLIUCTOM MO 3TOMY
MOJLY JHO.

Kpurepnit Jitnepa. Yucao a, He Oeasiyeecs Ha npocmoe 4ucio p

(P > 2), f6a2emcA KEAOPAMUMHBIM BOIMEMOM UAL HEBLIYEMOM NO MO-

p—1
Oyaro p 8 3asucumocmu om moezo, 6ydem au a ®  cpasrumo ¢ -1
uau ¢ —\1 no amomy mooyaro.

[Mpumepsn. YHucho 2-—kKBagpaTHUHbl HeBBIYET [0 IPOCTOMY
monymo 11, Tak kak 2%=32=-—1 (mod 11).

Uucno 3J—xkBaapartuuHbil BhiueT no wmoaymio 11, T1ak kaxk
35 =243=1(mod 11).

Teopema 202. ITo awbomy npocmomy mo0yao p = 2 4uca0 Kaaccos
Keaopamu4Helx 8biMermo8 PABHO HUCAY KAACCO8 KBAOPAMUMHOLY Heaol-
4emos.

JokasaTenbCcTBO. YCTaHOBHM CHAauasa, YTO YHCJIO KJaccos
KBaJIpaTHYHBIX BLIYETOB 110 TZKOMY MOAYJIO p pPaBHO ’7;21.

310 yTBepXKAeHHE SBJSIETCS YaCTHBIM CJydaeM Teopemnl 192°
IpU n=2; MBI MOXEM TaKXKe Jerko J0KasaTb 3T0, NOJL3YsCh TeEO-
pemoii 200.

HeilicrButesipHo, corsaceo teopeme 200 kjaaccsl KBaApaTHUlbiX
BLIYETOB 10 MOAYJIO p NPEACTABJAIOT coOOH peILeHHs CPaBHEHHs

p-1
x* =1 (modp), ©)
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H, CHeJIOBATENLHO, SHCJO KBaApAaTHURLIX BHYTOB PAaBHO WHCTY
pewiennii aToro cpasHeHusi. Mmeem:

“l_1= (xpT--l—1> <x112;1+ 1) .
p-1

IMockonbky ocTaTok oT genedust x"~'—1 Ha x* —1 pasBen
—_1 -
uyJo, To (reopema 150) cpaBHenne (9) umeer ”—2~ pElUeHHH, T. e.

: —1
[0 TPOCTOMY MOAYJIO p =2 CYWEeCTBYET 3—2— KJIACCOB KBajpaTHU-

HBIX BHIYETOB. Bcero no Moxaymwo p cymecTtsyer p—1 Kaaccos

YHCceJl, B3AaHMHO IIPOCThIX C MO,ZIyJIeM, H, TaKuMm 06pagov YHuCJI0
—1 p—1
KJaCCOB KBaJApAaTHYHBIX HEBbLIYCTOB paBHO p-— ——E-Q—- = 2 , T. €.

CTOJIbKO K€, CKOJIbKO KJaCCOB KBaApaTHYHBLIX BBIYETOR.

—1\2
Teopema 203. Jucaa 12, 22, ..., (p—é——) obpasyrom cucmemy
npedcmasumenetl 6cex KAACCO8 KBAOPQIMUYHBIX BbiHEMO8 HO NPOCIOMY

nodyao p > 2.
JokaszareanncTBo. KaXpaoe M3 3THX YHCEN INpEACTaBJAseT
coboli KBaZpaTHUHBEIl BhLIYET NHO MOAYJIO P, TaK KaK CpaBHEHHE

~—1
x?=s2(mod p), rae l<s<P 5— » HMEeT JBa TaKMX peLIeHHS:
x=+4s(mod p). Bce 3TH uucja NONapHO HECPABHUMBI N0 MOAY-
o p. JelcTBHTENBHO, €CJH B3ATh Jiofble ABa M3 HUX: §? H {2
—1
(1<t<s<’i—2—>, TO

l<<s+t<<p—I1, pfs—t, pYs+t,
H, cjefoBaTesibHO (Teopema 1057):
(s+1) (s—1?) = 0(mod p), s* & 2 (mod p).

Takum o6pasom, uncsa
o2, ()

1) mpuHaj/eXAaT KJaaccaM KBajpaTHUMBIX BbIUETOB,
2) HHKaKHe JIBa H3 HHX He NDHHAAJCKAT OXHOMY H TOMY XKe
KJjaccy,

—1
3) YHCIO0 3THX YHCeN ’37— PaBHO YUCAY KJIACCOB KBaApaTHUHBIX

BBbIYETOB.

CorJyiacso ,IPHHLKNY SIIMUKOB® (TeopeMa V) MOXHO YTREDHAATH,
49TO 9TH uHcJa o0pasyloT CHCTeMY IpeicTaBHTeNiell 3THX KJacCoB
[0 OAHOMY H3 KaxXJOro KJjacca.

ITpumep. HaliTu Kiaccel KBaApaTHUHBLIX BBIYETOB 10 MOAYJIO
p=1T.

Bepem uncma 1%2==1, 22==4, 3*=9, 42=16, 52=8(mod 17),
6%=2 (mod 17), 72_15(m0d17) 8= 13(mod 17).
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KnaccaMu KBajpaTHYHBIX BHUYETOB N0 Mmoaymo 17 siBasiorcs
KJIacChl: :

MMes Tabnuiy HHIEKCOB IO MOAYJIO p; MOXHO HailTH KBaipa-
THYHBlE BBHYETH, OTO6paB HYHCJa, y KOTOPHIX WHIEKCHl UYeTHbie
(reopema 191°).

2. CHMBOJI JIE)XAHJPA

IMpu wusyueHud cpaBHeHuil 2-ff cTereHH yHOOHO NOJb30BAThCs
TaK Ha3blBaeMHIM CHMBOJIOM Jlexanznpa. Beelenue 3TOro CHMBOJA,
Kak OyJer BMAHO M3 JaJbHelllero, SHaYMTENHHO YNPOILAET 3AMUChH
MHOTHX pe3y/bTatoB H obnerdaer Bbumcienus. Cumsoa Jlexaunnupa
IJsi UHCJA @ No TPOCTOMY MOAYJIO p =>2 NPHHATO 3aNHUCHIBATHL

Q .
B BUJC (73_>’ npuyeM 3TOT CHUMBOJ ONPEACAA€TCs  CaAeLYyIomuM

obpasoMm.
Onpenenenue 60. [Tycme p—npocmoe 4ucao, p>2 u pfa.

a
Cumsonrom Jlexwandpa (;) obosnavaemes -+ 1 uwiw —1, cmompsa

no momy, Gydem AU Q KBAOPAMUHHbIM B6IMEMOM UAL HEGOLIMEITIOM NO
nodyaw p, m. e..

(g) [+, ecau a—xeadpamuuneli biem no modyao p,

P *{—1, ecau 0— K8adpamuuHblLl Hesoidem no Mooyaio p.

a 3
JIpyruMd  CJIOBaMH, (;}—) paBHO -1, ecam cpaBHeHHe

a
x?==a(mod p) uMeeT IBa peleHud, H (;) paBHO —1, eciau 370
CpaBHEHHE He HMeeT pelleHHH.
3 .

Mpumepsn. 1) (TT =1, Tak Kak cpaBzenue x®==3(mod 1)

MMeeT 1Ba pewleHus: x== -+ 5(mod 11);
2

2) (—5—>:—_-——1, Tak Kak cpastenue x?=2(modb) He wumeer
pelleHuH.

3anuuieM psf CBOMCTB CHUMBOJa JlexaHjipa, 1enocpeiCTBEHHO
BHITCKAIOLIMX M3 ONpelesieHUss M paHee YCTaHOBJEHHBIX CBOHCTB

KBaJpaTHYHbIX BBIYETOB I HeBbYeTOB. IlOCKO/IBKY CHMBOI (g-)
onpefesieH Y HAC TOJNbKO s NPOCTHIX MOAyJIeH p>>2 u pfa, To
a

3aMUCh (;) BO BCEX cJjenyiomux teopemax 204—212 6yrer osna-
a)
/e

a "

HNoxasareabcTBo. Ecan (}7 =1, T. €. a—KBaJpaTHUHbIHA

BbIYET N0 MOAYJIC p, TO H JioGoe b €@ ToXe OyJeT KBaipaTHYHBIM
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b 3 a
BHIUETOM [10 3TOMY MOAYJIO, H (?)=I. Ecan (;):—— I, Ton
BeCh KJaCC @ COCTOMT M3 KBaJPaTHUHBIX HEBBLIYETOB N0 MOAYMO p,
T. e. npu b=a (mod p), (%)z——l.
Teopema 205. (£>=1

HoxrxasareanctBo. CpaBrenne x*=a?(modp), pfa, umeer
IBa peluedus: x=--a(mod p).

B uacrrocTH, (-;—) =1.
Teopema 206 (xpurepnit diinepa).
p-1
a> E( )(mod D). (10)
INoxaszareabcTBo. Ecau (%)sl, T. €. ecJdd a-—XBaipa-
THYHBIH BbIYET IO MOAYJK p, TO corsacHo Teopeme 200 umeem:
p-1

a? === (-g—) (mod p).
Ecan <%>=—~1, T. €. €CJAH (—KBaJApPaTHUYHbIA HEBbIYET IO
MOAZyJMo p, TO coraacuo teopeme 201 umeem:
n—1
a E-l:(%) (mod p).

Takum obpasom, cpapuenue (10) BepHO Ajda MoOOTO @, He gesi-
merocst Ha p.
I[Ipumepn.

1) (13>536;—.72951(mod 13), Tax uto (%):1.

2) (L>—109 (—2)* = 16=—1(mod 17), TaK 4ro (T(i)):_l‘

-+ 1, ecau p==1{(mod4),
Teopema 207. (p ) {__1 ecau p=3(mod4).

JoxkasareabctBo. CornacHo Teopeme 206 umeeM:
p—1

(—_p——l) =(—1)2 (modp).

B seBofi M npaBoOfl YAaCTAX 3ITOrO CPaBHEHUS! CTOAT BEJIUYHMHBI,
no abGco/IOTHON BeauyuHe paBHble 1. J[Be TaKHe BeJIUYHHB! MOTYT
6bITb CPaBHUMBI MO MOAYJIO p > 2, TOJLKO €CJH OHH PaBHLI, T. €.

] (:pl>=(~1)p;—l. (11)

(—1)* paBio +1 mam —1, cmorps mo TOMy, OyLer Ju
p=1(mod4) unu p==3(mod4).
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IMockospky cpaBHenne x%2==—1(mod p) MOXHO 3anucaTb B BHIE
x2+4-1==0 (mod p), T0 TeopeMy MOCKHO 3anHcaTb elle B CIefyiomel
dopme.

Teopema 207'. Leavie 3nadenus x, npu komopeix xt-+1 deaumes
H@ NPOCIOe HUCAO D, CYWECMBYIom mo20a U MoAsKo mozda, Ko2oa
p=1(mod 4).

ITpumep. CymecTByloT Ju 3HaueHHus x, Takue, urobn x*-+ 1
neaunock Ha 127? Ilockoabky p=127=3(mod 4), Takux 3HauYeHMH

He Cyu.IECTByET.
(252)=(5) - (3)
p p A\p )

Teopema 208.
JdoxkasaTteanctso. CornacHo teopeme 206 nmeem:

a a g:._l E:_l. _p_:} a a
<_——1'l')‘ ")E(al...an) P o= ... a? E(;‘) (p—"> (mod p).
(al.;).a,,) H NpoK3BELeHUe (%) (%) no abCoOJIOTHOH BeJIHUKHE

paBunl 1. Boluie 66110 OTMeUeHO, YTO ABAa TAaKMX 4YHCJAA CPABHHMBI
00 MOAYMO p >>2 TOJbLKO TOrJa, KOTJa OHM PaBHbLI, C/IeJOBATENbHO,

(2)-(3) - (7).

B wactHoCTH, (a—b> = (%) (%) , M, TakuM ofpasoM, ecau
a b ab a b ab
(?)—b(p)’ w ()=t e e (£)=—(3). © (7)-

= ——-(-’7) =-—1, T, €. NpoN3BEAeHHEe ABYX KBaApaTHUHbIX BLIYECTOB
WA ABYX KBaApDAaTHUYHbLIX HEBLIYETOB IO MOAYJIO p NPEeACTaBAdET

cobolt KBaJpaTHYHbLIA BhIYET MO 3TOMY MOAYJIO, a NpPOU3BeleHHe
KBaJPATHYHOIO BHIYETA Ha HEBBIYET NpeAcTaBJsieT coboil KBazpaThi-
Hbl HEeBLIYET.

N3 teopemn 208 caenyer Takxke, uTo ecau /i>: 1, To u npu

\p

as
no6om s =0 nmeem (7): 1, 1. e. mobasi cTenenb KBaAPaTHUHOTO

BHUeTa NpeAcTaBiseT co60d XKBaApaTHYHLIH BLIYET 1O paccMaTpH-
BAEMOMY MOZYJIO.

MMpumep. 52=2(mod23). Ilonbayacr TeM, uYT0 2 sBAsAETCA
KBaJpaTHUHbIM BLIYETOM N0 MOAYMIO p==23, HalTH Bee KJacch
KBaJApATHYHBIX BBIUETOB IO 3TOMY MOZAYJIO. ’ :

Bepsi crenenm 2, HaXxOAUM NOCHEJIOBATE/ILHO TaKUe KJacChi KBaj-

paTHYHBIX BEIUETOB MO Mopymo 23.

9,4, 816, 2.16=9, 2.

=3, 2.3=6,

©
f
N
o
®
I
_
0o
—
[J%]
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23 —1
Mgl Haiiu 11=—2—— KJacCOB KBaJpaTH4YHbLIX BBIYETOB, T. €.

BCe TaKue KJacChl.

OrTser. 1, 2, 3, 4, 6, 8, 9, 12, 13, 16, 18.

Cnenyromufi kputepuli, ycraHosjeHHnH Buepsrie ['ayccom, Aaer
HOBBIA, OTVIMYHBIH OT KpUTEepHs Dfinepa, criocol BbISICHATD, SIBJSETCS
JIi HEKOTOPOe YHCJO 0 KBaJpPATHYHLIM BHIUETOM HJIH HEBBIUETOM [0
IPOCTOMY MOZAYJIO p.

Teopema 209 (xpurepuit I'aycca). Has awbozo a, ne Oessuje-
eoca Ha npocmoil modyre p (p =2), umeem:

()=

20e |—4ucao uuces MHoYCECMsa:
—1
a, 2a, ..., Ba, (12)
Y KOMOpoix Haumerbwul 1o abCoMOMHOL erutUHe 8bi4LM NO Npo-
cmomy mMoO0ymo p ompuuamene.
HoxasartenbcTBo. Kaxgoe yucio u3 (12) cpaBHUMO ¢ OgHUM
M TOJbKO OAHHUM YHCJOM IPHBEJCHHOH CHCTEMBl BHIYETOB IO MO-
Ryno p:
1

p—1 -
e P R T T A a1 (13)

TaK UTO KAXKJAOMY UHCAy sa u3 (12) Mbl CONOCTAaBHM WYHCJIO H3 (13)
suga (—1)br,, Takoe, uto sa==(— 1)sr (mod p), rae lérssag—l
u I, paBuo O niu 1, npuuem ;=1 Torjga ¥ TONBLKO TOTZAa, KOTAa
HauMeHbHE 1o abCoIOTHOH BeJuuMHE BbIYET SA MO MOAYJII0 p
oTpuLATEEH.

Ecnau B3sATh JBa TakMX uHcaa: sa U fa (Ss=1), TO COOTBETCT-
BylomHe r, U r, TaKKe OYAyT He paBHH ApYr ApyTry. HeilicTBHTENBHO,
ecqii 66l OBLTIO £ =1, T.€. sa==(— 1)lsr (mod p) 1 ta=(-— 1)% r(modp),
TO Mbl HMenu Obl sa@==-ta(modp), p|(sF ¢)a. ITockombry npu

—1 —1
1<s<-——p2 , l<t<p—-2 , s==t, umeeM 0<<|sf|<<p—1,
TO p{s-k! U, cjeloBate/bHO, p|d, UYTO NPOTHBOPEUHT YCJIOBHAM
TEOPEMBL.

p—1

TakuM o6pasoM, npuaasasi s sHaueHus, pasHpe I, 2, ..., 5
fyzeM IOJYYaTh B KauecTBe 7, TaKXKe pasHble 3HAUEHMS M3 4HcHa
—1
ueent 1, 2, ..., ’—7—2— H, TaKuM O06pasoM, 7y, Fy, «.., fpey H
2
—1
1,2 ... ,’—’7~ MOTYT OTJ/IM4aThCH TOJBKO HOPSAKOM, TaK 4TO

A=riry oiirp=1.2... 32:1
2
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[epeMHOXKas CpPaBHEHHUS:
1.a==(—1)+r, (mod p),
2.a=(—1)4r, (mod p),
Coe .I.p_.‘.. R

E—E—laz(——l) ? rp-1(modp),

fnoJstyyaeM:
p-1 Litlg+..+lp_q

Aa? =(—1) 2 A (mod p).
Coxpamaem ofe yacTH cpaBHeHus Ha A, rie A, Kak mpousse-
JeHHe uYyces, B3aMMHO TPOCTHIX C p, TaKXKe B3aHMHO NPOCTO C i

-1 it b+. +Hlp oy

P
a® =(—1) 2 (mod p).
CorsiacHo Kputepuio Ditnepa (reopema 206) mmeem:
]_)—-_1
a? = (—;—) (mod p),

TaK 4TO
Ltlgt.+lp oy

a p-t
(7) =(—1) = (mod p). (14)

B sepofi M mpaBoil yacTAx cpaBHenusi (14) seanuuHsl mo a6co-
JIOTHOH BeJMYHHE PaBHBl 1; W3 CPaBHHMOCTM MX I10 MOZYJIO P BH-

TeKaeT HX pPaBeHCTBO, T. €.
Lt gy

(£)=(=p = (=)

rie [—umcao uMcen [;, paBHHIX 1, T. e, UHCNO yucesl BO MHOXKe-
crBe (12), Y KOTOpHIX HaHMEHbIIHHA 10 abCONOTHOH BeJHYHHE BBIYET
10 MOLYJIIO p OTPHUATeJNIEH.
ITpumep. Mmeer an peutenne cpasHenue x®=6 (mod 19)?
HaxopuMm HauMmeHnbiie no aGCOMIOTHONH BesHuKHE BLIYETH YHCEJ
6s (1 <<s=<9), moguepkuBas Te M3 HHX, Y KOTOPHIX Takoi BBHIUET
OTpHUIIAaTeJIeH:

6-1=6, 6-2=—17,

6 , 6.4=5, 6.5=—38,
6.6=—2, 6.7=4, 6 .
L]

=
=—09, 6.9=—3 (modl9).

3
8
3pech [=6, Tak uro (19>=(——1)“= 1, u, 3HauuT, CpaBHeHue
x2==6 (mod 19) umeer aBa pelnenus.
Teopema 210.
(2)__{-}-1, ecau p=1(mod8) us p=7(mod8),
p) = 1—1, ecau p=3(mod8) usu p==5(mod8§).
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Hoxaszareascrso. CornacHo kpurepuio I'aycea (Teopema 209)

2 Fi
> =(—1)°, rre [—uHCJI0 uKCes BO MHOXKeCTBe

12,22 32 ..., 500 2=p—1, (15)

T. €. Bo MHOXectBe 2, 4, 6, ..., p— | UeTHBIX uHCeN, MEHBHIHX
I PaBHBIX p—1, AAS KOTOPHLIX HauMeHbUIUH 10O abCoJoTHOM
BeJIHUMHE BbIYET 110 MOLYJIO P OTpPUILLaTeJeH.

Uucna, Jexamye B uHTepBaje ot | go p—1, uMeoT orpHua-
TeJbHBIH HauMeHbIIMH N0 abCOJIOTHOH BeJHYMHE BHIUET, €CJAM OHH

Goablie, uyeMm P Cornacro TeopeMe 49 YHCIO YETHBIX TOJOKH-

2
TEJbHBLIX YHCEJ, MEHbBUIHNX UJIH pPaBHBIX -—2p-, paBHO [—E] . Bo wmHo-

4
—1
xectBe (l5) Bcero umeercs pT unces, M, TakuM obpasom, uwcen,

Goabinx ueM =, Gymer

3
- [3)

p=8n-+1 [=4n—2n=2n,

p=8n+3 Il=HUn+1)—2n=2n-1,
p=8n+b [={ln+2)—2n+1)=2n+1,
p=8n-+7 l=@n-+3)—@2n+1)=2(n+1).

Ipu:

Takum o6pasom, <%>=(—1)‘ paBHO 1 AJIst TIPOCTHIX YuCeT p

Bufa 8a-1 uau 8n+47 u paBHO —1 AN OPOCTHIX YHCEN p BHJA
8143 u 8n--b.
Teopemy 210 moxXHO 3anHcaTb B BHje

()=
pi—

1
TaK KaK JIErKO NPOBEPHTh, UTO “—g— HETHO, eC/H p=8n-+1 wnau

8n--7, W HeueTHo, ecaum p==8n--3 win 8n-+5. Teopema 210
03HaYyaeT, UTO TPOCThle NEJNHUTENH uyucesn BHAA x¥2—2 MOTYT HMeTb
TOAbKO BUA 8n--1 uau 8n-7.

Hpumep. Cymecrteyer AU LeJjoe YHCIO X, TaKoe, yTo x2—2
Jesurcs Ha 797 ‘

2

IMockonpky 79=8.947, 10 <7§>=1, d, CcJejoBaTeNbHO, Ta-

Koe 1e/0€ YHC/I0 X CYIIECTBYeT.
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3. 3AKOH B3AHMHOCTH

Hns JABYX HEUYETHHIX NPOCTHIX YHCCJH p U § 3HAUYCHUA CHMBOJIOB

Jle)xa}mpa (%) H (-g—) CBs3aHbl 3aMedyareNbHbIM COOTHOIIEHHEM,

KOTOpoe OOBIUHO Ha3HBalOT 3aKOHOM B3aMMHOCTH KBaJApPaTHUYHBIX
BBIYETOB. 3aKOH B3aHMHOCTH Oblsl HalifieH eile DRJepoM, OJHAKO
1IepBOe JI0KasaTeNbCTBO OBLIO JA2HO I'ayccoM. 2TOT 3aKOH B coye-
TaHUM ¢ TeopeMamu 204, 205, 207, 208, 210, xax 6yzeT moKasaHO

o Q
Aanplle, faetT YROGHHI cnoco® BBMHCIAATL CHMBOJ Jlexanipa (—p-)

npu Jwobom a.
3aKOH. B3aMMHOCTM JlaeT HeINOCPEeNCTBEHHOE ¥ TPUTOM OYEHb

NPOCTOE BHIpAXKEHHE AJisi IPOU3BENEHNHs] CUMBOJIOB Jlemanapa (%)
H (—;L) , THe p ¥ g—rmpocThle Yyucaa. B TO BpeMa Kak cnocoGm

BHIUMC/IEHHS] KaXKJOTO W3 3THX CHMBOJOB B OTHEJbLHOCTH, HaHHLIE,
HanpuMep, B Teopemax 206 u 209, Tpebyior npu OOJNBIHX p H ¢
IJIMHHBIX BHIUMCJIEHHI, NPOM3BeleHMe 5TUX CHMBOJIOB BHIYHCJIAETCS
coBceM npocto. Mb jpafuM npeaBapuTesbHO CIEAYIOMYIO BCIIOMOTra-
TEJbHYIO TEOPEMY.

Teopema 211. Ilycmv p u g—Hedemuble npocmole 4ucAa U

g <<p, mozda
(3)(5)=

20e s —4ucA0 qucen x, npuHadiexauux mroxecrney 1, 2, ..., 5

u yoosremeoparOWUX Kakomy-a1ubo us cpasnenud suda gx==r (mod p),
4 q

2de — <r<.

HoxasaTteancTBo. CornacHo Teopeme 209 (—3—) = (—1)*,

rae s’ —4HcJ0 ypceJ X BO MHOMXeECTBe

—1
1,2, ..., 5=, (17)

AJig KOTOPBIX HaUMEHbINNH - 10 aOCOJIIOTHOR EBeJIHYHHE BHIUET gx 110

MOAYJIO p OTpHuATeNeH, T. €. YHCcJAy uHcea x B (17), Takux, 4ro
IPH HEKOTOPOM ILesIOM Y

—£-<gr—py<0. (18)

INockonpry 0<<x << —g— , JJI BO3MOXHBLIX 3HAUEHMH y noJyyaeMm
HepaBEHCTBA:

1 o1 1
y> %x>0, y<7(qx+%><—§—(q—5i+%)=q_2"’_,
M TaK KaK § HEUETHO, TO 1<y<1—;—1 .
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3ameHa y COCeZHUM C HUM UeJIbIM YUCJIOM H3MEHSIET BelUYMHY
gx~—py Ha -£p; ang xkaxjoro x B (17) moxer OuTb camoe 060Jb-
lee OJHO Y, NPH KOTOPOM gx—py nexano Obl B IHpejenax OT

,..% zo 0, 7. e. 8’ paBHO uucay map ((¥, y)), Tle ¥ BHIOpaHO H3

- —1
MHOXecTBa 1, 2, ..., B@——l, a y—wu3 MHOXKecTBa 1, 2, ..., i—g—

YAOBJETBOPSIOMUX HepareHcTBY (18).
[TomeHsiB MeCTaMu p U ¢ (2 TAKXKE X U Y), NOAYUAEM ( > (—1),
s"—uyucao nap ((x, y)), rie x u y—-Bce1303M0}KHbIe yycna, B3sIThie

TaK, 4YTO 1<x<£—2—:—1, l<y<q;1 H —~—<py gx << 0.
[Mockoasky p4g u mpu 1<x<~—— pXx, 10 pys&qx, Ta
4TO ycnosue ——~<py gx <0 MOXKHO 3anucarth B BHie 0 << gy —

—py << —2— . Ilpouspepenue

(2) ()~ b =,

The s=3s'-s", paBHO HHCJY BCEBO3MOXKHHIX nap ((x, y)), cocras-
JeHHBIX H3 uyHcea 1, 2, ..., p%l maxul, 2, ..., q—;— s Y,
TAaKHX, 4TO
p 9
—5 <gxr—py <5

ITpu g <<p ARA KaXIOTO HENOTO X MOMKET OblTh caMoe GoJibluee
OZHO Takoe y, TaK YTO YHCJAO 3THX N4ap pPAaBHO YHCJIY YHCEN X

—1
B MHOXKectBe 1, 2, ..., —p—2—, TAKHX, YTO §X== r(mod p) npu He-

KOTOpOM 7, YIOBJAETBOPAIOHIEM YCJIOBUIO ——2"- <r << 7- Ny

Teopema 212 (sakoH B3auMuoctH). [Has dsyx atoboix Heuemmuoix
npoCHbIX Huces p U G umeem:

—1, ecau p=4n-+3 u g=4n'-3,
(L> <~‘7—>= -1, ecau xoms 00HOo u3 wucea p uaru q umeem 6ud
q p 1 4n-+1.

HoxasateabctBo. [lycte g < p. O6o3nauum depes M MHO-

—1
JKeCTBO 4HCeJl X, TaKHX, 4TO 1<x<£2—— u gx=r(modp) npu

HEKOTOPOM r, TakoM, H4TO ——-—2p—-<l’<-g-

CorsiacHo Teopeme 211 umeem:

(£)(3)-:
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rae s-—uucao uucea x € M. Kaxpomy uuciy x,€M MOXHO como-

CTaBUTh YHCJIO x sz———xo, TakkKe Bxogsuee B M. HeHersu-

_ , —1
TeAbHO, U3 1<xo<—p—2—l crnenyer 1<x0<3—2—, H  eclH
gx,=r (mod p), ——%<r<-g—, TO

qx, ~(1<Ej:~-—x0> ‘7+1+————————r———q—2——~—r(modp)

O6osHauus 1;_;7 —r uepes r’, Oygem mMmers gx,=r’ (mod p),
rle, [GCKOJBKY —-f;— <r <—g— , Tojyuaem ——’2-'— <r'= -‘7—;13-—-
p+1

—-r<73-, TaK 4ro X, € M. Yucno x, o ="~ ¥, OTJIHYHO OT X,

1

32 KCKJIOUeHHEM CJayuasi, Korja x0~—’i
Of6vexunuM uuciaa M B napsl BHAA ((xo, ~p—'2*'—1——x0)>, rne
ﬁ—i‘—l He BXoAMT B M, To Bce uucna M pa-

1
300bI0TCSl Ha Takue napel, U s 6yJer 4eTHbIM, a ecnaH f—’%—- BXOLUT

Xo 5= B—;i~x0. Ecan

BM, O B M, KpoMe 4YHuCeJ, BXOASIIUX B 3TH Hapbl, OCTAHETCS

pt1 ,
ele OJHO YHCJO0 5 us 6y,1xe1 HEYEeTHbIM.

p1

Hawm ocraercst TOJIbKO BHISICHHTE, BXOIUT JIH 5 B M unu Her.
1) Ecmm p=4n+41, 10 pjl-——Heuenoe YHCJO, p—_t— He BXOJHT
B M, T. e. s OyJeT 4eTHo.
2) Eciu p=4n+3 u g=4n"-+1, 10
1 —-1 p+z/_ +q
g PR p Ity P PO (1pod p).
Mpu g<_p uMeeM %<f—“{—q< —g~ U p4 g HecpaBHUMO C UHCJIAMH 7,

JexaiiMi MeX Ay -——g—- 48 %, TaAK 4TO %_— HE BXOIUT B M,

T. e. §—YeTHO.
3) Ecu p=4n+3, g=4n"+3, 10

1 1 —
q_pj_ q+ +q - p(modp).

[TockoapKy __%_<i;:£<£27_ p+1€M § HEyeTHo,

Bsuny TOrTO 4TO BHIpaKeHHE <%> <%) CHMMETPHYHO HO OTHO-

WEHHIO K p H ¢, cayuall p<(g CBOAUTCA K YXKe PacCMOTPEHHOMY.
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—1 g—1
Jlerxo 1npoBepuTb, UTO BEIpaKeHHE P 5 ‘15— HEYeTHO, eCcJu
p=4n-+3 u g=4n"-+3, ¥ UeTHO, ecH XOTH GH OJHO M3 YHCE] p
WM ¢ uMeeT BUE 4n-}1; MOSTOMY JOKa3aHHEI HAMH 3aKOH B3auM-
HOCTH MOXHO JaTh Takxke B cjepyloled dopme.

Teopema 212’,

p-1 q-t
(!L) (_‘7_) =(—1® "=,
q p
(%) KaK BeJMUHHY, PAaBHYIO -1, MOXHO NepeHecTH B JPYTyio
CTOpPOHY M 3amucartb 3Ty (GOpMyJay TakxKe B BUIe

(F)-c 7 () &

p=1 4-1
Ilpumenss copmyay (19), snax (—1) 2 2 o6bYHO ompege-
JSI0T, KaK B TeopeMme 212, cMOTps 1O TOMY, KaKOBH OCTaTKH OT
JeneHnst p U g Ha 4.
83

ITpumep. (%):——(3@>, Tak Kak 959=14.443 u 83 =

= 20-4+4 3.
3aKOH B3aMMHOCTH BMECTE ¢ paHee YCTaHOBJAEHHBIMH CBOHCTBAMH
cumBosia Jlexanzapa (teopemb 204, 205, 208, 210) nossossieT Bhi-

a
9UCAATD (—p-) Insi JuoGkx a u p (p 4 a npocroe), T. €. ONPeResTh,
HMeeT WJIM HeT pellieHHst cpaBHeHHe x2==qa (mod p).
a
Beruncasin cumson Jlexanapa (—’-,— , MBI MO2KeM cunTath 0<<a< p,

TaK Kak ecau Obl UMCJIO @ He JexasJo B 5THX Ipejenax, ero
MOXHO OblI0 Obl 3apaHee 3aMeHHTb (Teopema 204) ocraTkoM oOT

JlelecHusl Ha p.
Ecin a=¢qf:...q%—xanonuyeckoe pasnoxenne a, TO (Teo-

pema 208)
F)=G) ()
p p/, "T\p/) "’
A\ 2
NpuueM, Tak Kax <%> == 1, MOXHO OCTaBHTb ¥ NPHTOM B NEPBOii

CTENEHU TOJbKO T€ MHOXHTEJH, Y KOTOPLIX «&; HECUCTHbI, 3aMEHAA
HeYeTHble o; €JHHHNAMMU.

2
Ecau Hexkoropoe g;=2, TO -~ ) BHMHCASETCS 1O Teopeme 210,

a K MHOXHTEJSM BMIA (i) , The g—HeueTHoe mpoctoe (g p),
npuMensiercsa QopMyaa (19), ceoasmas BHUHCHAEHHE (—Z—) K BH-

r
YHCJIEHHIO (—’;—):(7), rje r—OCTaTOK OT JeJICHHS p Ha ¢, Tax
uro r < q.
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HenocpeAcTBeHHO BHIHO, YTO 3TOT IPOLECC CBOJUT BbIYHCJACHHE

. 2
cuMBosia Jlexaunjpa <~p—> K BBIYHCJIECHUIO JPYTHX cHMBOJAOB Jle-
JKaHApa, B KOTOPHIX ¢ 3aMeHseTcst MeHbIIHMH yHcaamu. [Tpoponxas

3TOT Dpouecc, Mbl JOHAeM JIO CHMBOJOB BHMJAA (%):1 " (;) =
it
={—1) 8 (p’, p"—HEKOTOpHE [POCTHE).

[Tpumenende Tteopempt 207 4acTo CYIECTBEHHO OGJIEr4aeT Bhl-
YHCJIEHHUSI.

I[Tpuwmepnl. 1) Umeer nu pewtenus cpasHenue x% = 68 (mod 113)?

Mogyne 113—npocroe uucao. Haxogum:
(113) = (112) " (1m2) = () = () = (31) = (&) =
~(3) (3= (3)=() =)

CpaBueHMe He HMMeeT pelieHHl.
2) Hmeer su peiwenus cpasreHHe x2=310 (mod 521)? 521 —

NPOCTOE WHCIIO; <29>:<l> (i) (EL)=(5_21) (591>=
'\ 521 521 521 521 5 31
_(Ly (s _ /5
=(5) (1) = (1) =1
CpaBHeHHUE HMeeT JBa pelleHus.
3) Umeer s pewlenns = cpaBHeHue x2+4174:=0 (mod619)?

619—npoctoe uucao; <fﬁ%§> = <%) (%) (%) (%) -
= (a9 () =~ (5) (%) =—(5) (&) =— (%)

-(2)=(3)-t

CpaBreHue uMeeT IBa pellieHHd.

4, HEKOTOPHIE MNPUJOXEHUA TEOPUU KBAJPATHUHBIX BBIYETOB

3axkoH B3aMMHOCTH fO3BOJIAET OMpENeNUThb, NI KAKHX MPOCThIX
MonyJeél p(p >>2) paHHOE MPOCTOe 4HCHO0 ¢ (MIM —q) (g 5= 2) aAB-
AsfeTcd KBaJpaTHUHBIM BbiyeToM. JlefiCTBUTe/IBHO, NpPEACTABHM p
Buge p=4qt+r, rae 1<<r<<4q (r,4q)=1; Torga

r—1

(3= T (50
G)-G)E) - (5

q
T. e (~~] ¥ {—) He 3aBHCAT OT L.
(P ) <P )

187



Takum 06pa30M, q sIBJdETCA KBaApaTHYHBIM BBIYETOM NJs TeX H

r—1 g~1

=1, 471,
TOJBKO TeX MPOCTHIX UHCEN p, AAA KOTOpHIX (—1) * 2 (—‘-]-) =1,
a-—@g—KBaJpaTHYHBEIA BBIYET MNpPOCTHIX uHcCeA p, WIS KOTOPHIX

T (L)= 1.

! 11, g-1 o1 g4,
Ilpu panHoM g BelHuuHH (—1) 2 2 (7) n(—I1) 2 2 (7>
3aBUCAT OT r, T. €. OT TOrO, B Kakoii U3 Mporpeccuii no mopy/o 4q
JIEKHT p.
3aMmeuanue. BuactHom cayuae, xorga g=1 (mod4), npen-
cTaBHB p B Buie p=gqf-+r', rie 1 <<r' < g, 6yaeM uMeThb %) =
= (—Z-) = <%) Ilpu samaHHOM ¢ BesMuHHA (—ﬁ—) 3aBHCHT TOJBKO

or r', T. e. OT TOro, B KaKOH NPOTPeCCHH NO MOAYJIO § JEXKHUT p.
[Tpu g=2 cumBoa 2 paBen -+l uan —1, cMOTpPS 0O TOMY,
oyger au p=1,7 (mod8) maum p=3,5 (mod8) (reopema 210),

a <“T2)=<"-p—l) (—i— paBHo -1 uaum —1, cMorpsa mo Tomy, Gymet
an p=1,3 (mod8) mau p=5,7 (mod8) (reopemnt 207 u 210).

Takum o6pasoM, U B 3THX cJiyuasX 3HaueHHe cuMBoJsa Jlexangpa
3aBHCHT OT TOTO, B KaKOW M3 NpOrpecCHi Mo MOAYJIO 4 JEeXHT p.
AunaJjiornyHasi 3afaua onpejiesleHHs HeueTHBIX MPOCTHIX MOAY-
Jell p, AJAs KOTOPHIX JaHHOe @ SBJFETCS KBaJpaTHYHLIM BLIYETOM,
MOXKeT ObITh MNOCTABJAEHA M JJS COCTaBHHIX . JTa 3ajaya MOXKeT
ObiTh MOCTABJIEHA TaKXe B cJefylomeil GopMe: ONpenesnTb, Kakue
NPOCThie YHCJAA p ABASAIOTCS JeJUTENIMH yucesa BHIa xi—a.
MoKHO OrpaHHUYHTBCS CJy4aeM, KOTHAa BCe NPOCTble MHOXKHTENH

a
PA3JINYHBl, TAK KK NPH BHIUHCJEHHH cuMBosa Jlexauzapa (;}—) B Ka-

HOHHMYECKOM pas/IOKEHHH @ = q%...9% Kaxjoe «; MOXKHO 3aMe-
HUTb OCTAaTKOM OT JeJieHHs Ha 2.

Beps cayuait a=(4q,)-q,...q,, TAe Bce ¢,-—pasjauyHble MPO-
cThie HYHCJAa, Mbl JJf KaXAOrOo M3 3THX MHOXKHTeJeH OnpelesiuM
NPOTPECCHU 110 MOAYJIO 4q;, B KOTOPHIX HPOCTHIE YHCJAA P TAKOBbI,
4To ﬁi):l, H TpOrpeccHn MO 3TOMY 3Ke MOAYJIO, B KOTOPHIX
APOCTBIE UHCJA p TAKOBH, YTO (—‘1"— =] [B cayuae, korga a<<0,
npu i=1 BMecTO (%‘—) GepeM (:3‘71 }

[Tocne storo ocraercss onpegesuTb oOmHA BHE TeX MPOCTHIX
quces p, NPH KOTOPHIX

() (3)-

()1 e
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T. €. HalTH Te NPOrPeccHy MO MOAYJIO
M=14qy, 495, ..., 40,1 =40,9,. . .Gy

JUIS KOTOPBLIX B Npou3BeleHuH (20) uucno MHOXHTesel, paBHBIX —I1,
vetHo. [lpome, oAHaxo, mPeiCTaBUTH NPOCThie YHCAA p B BHAE
p=Mt+r{i<<r<<M, (r, M)=1) 1 1159 KaxJIOro r OIPEJENHUTD,
SIBJSIOTCS JIM NPOCTBIE YMesia HporpeccHd Mf -+ r KBajpaTHYHBIME
BHIUETAMH HJil HEBBIUETAMHU.

ITpumepun. 1) Oasg xakuX npocTblx uHcen p >>2 CpaBHEHHE
¥*=3 (mod p) umeer peiueHHs?

[MpencraBnsem p B Buge p=12f-+r, rpge r==1, 5, 7, 11,

=1 1 npu r=1,11
3 r ’ )
("p’)“_'("l) : (?)2{——1 npu r=5,7.
CpaBHeHHe uMeeT pellleHHs JJIsl MPOCTHIX MoAyJed p==1 (mod 12),
p==11 (mod 12) u He uMeeT peiueHuH J1a Moayael p==5 (mod 12),
p=T7 (mod 12).

2) Omnpefe/uTb, Kakue NpOCTble MHOXKHTENH MOTYT OHITh ¥ YHCEN

puia x?2-4-6. 3pecb a=-—6, M=24. [IlpeacraBisieMm p B BUIE
p=24t-+r, rge r=1, 5, 7, 11, 13, 17, 19, 23.

3
6\ _ (=2\ (8 _ (—-—) npu p==1, 11, 17, 19 (mod 24),
)= (”>_{ ~<§> npu p==5, 7, 13, 23 (mod 24).

[Toapaysich pesyjbTaToM DNpeablAylel 3ajaud, HaXOQUM, 4YTO
<:§>__; I nupu p=1, 5, 7, 11 (mod 24),
p /) | —1 npu p=13, 17, 19, 23 (mod 24),
T. €., KpoMe 2 H 3, NpOCThie MHOXHTeNH YHceJ BHAA x2 -6 HMeoT
sun 24¢--r, rge r—ofHo u3s uucen 1, b, 7, 11.

Teopust KBagpaTHUHBIX BBHIYETOB MOXKeT OHITh NPUMEHEH3 AJs
HAXOXJEHHS [POCTHIX JesuTeNiedl HaTypPaJbHBLIX UHCeN; HampuMmep,
cJeAyioasi TeopeMa HO3BOJISIET B ONpelieJIeHHBIX CJydYasix H3 MHO-
JKecTBa BCeX [IPOCTBIX HHCEN BbIAEJHTh NOAMHOMXKECTBO HPOCTHIX
yuces, KOTOpLIe 33aBeJIOMO He MOTYT ObiTh HeJIHTeNAMH 3ajanHoro N.

Teopema 213. [Tycme

N =ax?-+by?, 21

ede a, b, x,, Yo—ueavie uucia, {(ax,, byy)=1, 'p—newemnoid npo-
cmoti deaumenv N; moeda

ab it
()=nT. (22)
Hoxasareanbcrno. Us ycuosnit plax?-+by2, (ax,, by, =1
noJstydaeM p{a, p{b, p4ye axt+ by:=0(modp).
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(ax,)? = — aby? (mod p), T. e.— aby?—KBaJpaTHYBBIA BBIYET 1O
MOLYJIO p W, TakuMm o6pasoM,

(21 ()(3)-

[Monbaysice dopmynoit 11 (reopema 207), monyuaem:
p-1

(2)-(3) -

Ycaosre (22) cyumiecTBeBHO OTpaHHYHBAET BO3MOMKHBEIE JIPOCTHIE
Ienurenu yucen N suja (21).
[Tpumep. PasnoxuTe Ha UpOCTHE MHOXKHTENH YHCHIO

10541 =3.59% - 2.72, (23)

Cornacio Teopeme ecaun pjl0db41, To <7>m(——1)—‘7=
=Y. (=5 =
“(7)’ (p)*l’

B npumepe na crpannne 189 Mel BUAERH, YTO (—;—6)=1 npu

p=1, 5, 7, 11 (mod24), Tak YTO npocTele AeJUTENH p <V 10541
naxomaTcs cpemd uucen: 5, 7, 11, 29, 31, 53, 59, 73, 79, 83, 97, 101.
M3 (23) cpasy sugno, wro 5, 7, 59 ne meauTesny 3TOro YHCIA.

3.592+2.72=3.42 4 98 2 0 (mod 11),
3.5924-2.72 =398 = 0 (mod 29),
3.502 4 2.72 =3 (—3)2+ 98 £ 0 (mod 31),
3.592 4 2.72=23.62-1-98 2 0 (mod 53).

HenocpeACcTBEHHBIM JeJIeHAEM HAaXORUM:
73410541, 794 10541, 8310541, 10541 =283-127.

YacTHLIMH  CJIy4asiMM TeOpeMbl SIBAAIOTCH CJAEAYIOILKE YTBEPK-
Jenus: v
1) Heuetnbe npocTeie fesuTenu p uyucen Bujga x*-+y?, rhe
(x, y)=1, nmeor Bua: p=4n-1.
Jeiicreurensno, npu N =x2+ y? ycaosue (22) npuHnHMaer BHA:
p-1
(—1) 2 =1
2) HeueTHpe npocThie AelnTeNM p uucen Bupa x*+2y%, rie
(x, y)=1, nmeror Bup: p=8n-4-1, p=28n+3.
Ieiicreurensno, npn N=x2-2y%, 24 x ycnosue (22) npuuu-
MaeT BHA!
9 p-1 pP=1 p-1
(2)==n", =D " ==,
YTO MOMET HMETb MeCTo Toabko npn p==8n-+1 nan p=8n-+3.
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Mpu x=2x,, 24y, (x;, y) =1, N=2(2x +y?) nonysaem tor
e pesyJnrar. ’

3) HeueTHble mpoOCTHE JeUTENH p yuces BHAA 2x*—y? u x*—2y?
u (x, y)=1 umewnor Bux: p=8n+1, p=8n—+7.

JHeiicrBurensro, npu N =x2—2y2, 24X x ycaosue (22) cBomuics

p—1
(:p—g> ={— 1) 2, %) ==1, 4TO MOXKET HUMeTh MEeCTO TOJBKO NpH
p=8n-+1 uan p=8n+7.

Mpu x=2x,, N=—2(y2—2x1), 24y, (y, x,)=1 noayuaem
TOT e pe3yJbTarT.

Pacemorpenne umncen Buga 2x%2—y?=—(y2—2x*%) cBogurcs
K pasoOpaHHOMY CJy4ao.

Teopema 202 moxassiBaet, 4To cpeiy yuces or 1 o p—1 kBag-
paTHYHble BBLIUETBI MO MPOCTOMY MOLYJIO p COCTABJSIOT IOJIOBHHY
TUX uuces. ECTeCTBEHHO NOCTABHTh BOMPOC, KaK pacupejeseHsl
KBaApPATHUUHbIE BHIUETHl U HEBBIYETHl 110 MOAYJIO P B HEKOTOPOM
uurepBase or 1 o Q, rue Q@ <p—1.

M. M. Bunorpapos u [loiia HesaBucumo Apyr ot apyra B 1918 r,
JIoKasanu CJACAYIOUYIO TeopeMy, KOTOPYIO Mbl IPHBOJHM 0e3 JoKa-
3areJibecrna.

Teopema 214. O6o3nauumn wepe3 R wucao K6aOpAMUUHbIX 8bi4em08
no npocmomy mooyawo p, Haxodauwuxca cpedu uucea 1, 2, .., ,Q.

Toz0a

R=4Q+6Vplnp,

1
20e }61<7.
DTa TeopeMa I0KasbiBaer, 4TO NpH @, GOJBIIOM MO CPABHEHHIO

¢ Vplnp, npumepuo nosnosuua Bcex wmcen or 1 g0 Q sBasioTCS
KBAAPATHYHBIMH BBbIYETAMH 110 HPOCTOMY MOXYJIO p.

Ananornunas TeopeMa 6bia ykasana M. M. BurOrpagosum mis
BLIYETOB M-U- CTENEHH.

Teopema 214°. Tycms n)p—1, R, —uucno soivemos n-ii cmenenu
no npocmomy modyaw p, Haxodauuxca cpedu wucer 1, 2, ..., Q.
To20n

R,=+Q+8Vplnp,
20e |0] << 1.

5. CHMBOJI IKOEH

O6o6wenuem cumBosta Jlemanjapa siBASETCss CHMBOJ, BBejeHHBIR
S kobu.

Onpenenenne 61. ITycme netemuoe m=p.p, ... p;, TAE p;—
npoctmble 4ucaa, cpedu Komopoix moaym Goume odunarosee, (a, m) = 1.
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o a
Cumson Hrobu <E> onpedeifiemcs PaseHCcMEoM

(#) =G - G
20e <£> npu i=1, 2, ..., s—cumeoaet Jexandpa.

!

a
Cumpon Jlexaunpa (;) ABJSETCS YaCTHBIM CJIyuaeM CHMBOJIA
Axobn.

IIpu m=p, TRe p—1npocToe 4HCI0, CHMBOJI Hxobu (pi) ABJS-

eTCsi MO ONpefeNeHuIo BMecTe ¢ TeM W cumBosoM Jlexanapa. Takum
o6pasoM, AJsi NMPOCTOr0 MOAyJsi m=p cuMmBon 5xobu pasen 4 1

WA — 1, B 3aBUCHMOCTYU OT TOTO, WMeeT JIi cpaBHenue x2==a (mod p)
a
/—”~> MOXKeT pas-
HATbCA -1 H Torma, xorja cpapHeHke x®=sg(modm) He HMeeT
pemeHui.

Hanpumep, cparHenue x2=2 (mod I5) He uMceT peleHHii,

a cumsoa frobu (—%): <—Z~) <—Z—) = 4 1.

CposicTBa cuMBogaa Axo6M anaJOTHUYHB CcBoiicTpaM cumsosia Jle-
wKauapa. B rteopemax 215—216, 218—222 mbl OynmeM, ne orosapi-
Bas 3TOrC KaXJblh pas, Oykeo#d m o6o3HauaTb NPOH3BOJLHOE He-
YeTHOE YuCJ0, OoJibuiee UeM elHHUNa, W, paccMaTpupas Kako#-nubo

a
cumpoJ SIkoOH BHaa (;};), Bcernga cyutath (a, m)=1. Ilycrm
m=pg ... ps THe p;— NPOCTLIE yNCJIaA.
a
Teopema 215. Ecau a==b (modm), mo cumeorer Hrobu (’—’7)

b
i (;ﬁ> pasHsi.
HoxasateasctBo. CornacHo onpefenennio 61 1 reopeme 204,

o (2= (3 (I3 (- ()

Teopema 216.
a2
<m > =

Jokazatenbcrtno. CornacHo onpegenenuro 61 1 reopeme 205

HMeeM: . . .
(&)=() - ()=

an JAoKasaTeqbpCTBe CIACAYIOUWHX TeopeM HaM noHanolHTCs BCMO-

MoraTeJibHad TeopeMa.
Teopema 217. Ilycmo n,, ny, ..., Hy—RNPOU3BOLbHBIE HEHENHbIE
uucia, k pasno 1 uau 2, mozda

(nf—1)+ (nE—1)+...+(nf—1)=(nyn5 ... n)*—1 (mod 2%%). (24)
192
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Hoxkazartensctno, Jaa moboro HeveTHoro n 2|n—1 u
4)n?—1, Tak uto npu k=1 u k=2 Gyzer 2*|n*—1. Tlpn s=1
cpaBHeHHe (24) BepHO, TaK Kak Jepasl M Ipapas 4YacTH TOrja
OJHHAKOBBI. '

Ilycrp cpaBHenue (24) pepHO Ans JoOHIX § HEUETHHIX UHce 1.
BosbMeM s+ 1 ODOH3BONBHBIX HEUETHBIX HYHCET Ay, ... , Mg, Mgiq.
[Nockoabky cpaBheHue (24) coriacHO NpPEANOJIOKEHHIO CIPABENJINBO
LAsl Ay, «.., g, TO

(ﬂlic“ 1)+...+(nf—1)+(nf+1“‘ 1)5:(”1 s)k—1+( >+1“‘1)

=(ny ... BNy ) =1 —=((ny ... 1)*—1) (ntsy— 1) (mod 22%),
Tockoabky 2%|(n, ... n)f—1, 28| nk,—1, 10
(ny ... n)*—1)(nf,, — 1) =0 (mod 22*), rax uro

(nf—1)+...+(af— 1)+ (nky— 1) = (ny...00n, ., )*— 1 (mod 22%).

CornacHo npuHnuny HHAYKHuH (TeopeMa III) cpasuenme (24)
npu k=1 u k=2 BepHo s NPOU3BOJLHBIX HEUETHBHIX UHCEJ

Ny, «.. , N, Kak Obl MHOTO HX Hu ObuIO.
m-1
1

Teopema 218. <——:n—)=(——- .
HokasateancTso. CornacHo onpefenenuo 61 ndopmyie (11)

(5)-G) -

—1 o Ttk
(Ps) ( D .
Teopema 217 npu k=1 paer

-———p‘2_1—|—...+p‘_lEp""2ps*l=m;1 (mod 2),

m- l
TaK 410 [ — | =(—1)" 2

Teopema 219. (al ”s)=. (ﬂ) <9—‘> .
m m m
HoxaszareascrtBo. Corsacuo oupegenenuio 61 u teopeme 208

< ) ( >”'(a1.p.s.as>=
() - () e ) - (2)-(2)

m’—l

)=

Hoxasareabctso. Cornacuo onpenenenio 61 u dopmyne (16)

(5)-6) - @)-e

)

Teopema 220,

—
S[m

2 2
py=1 pi=1

R
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Teopema 217 npu k=2 naer

Pi—l1 P5=l __ (py... pP—1 _mi—1
8 +-os+ 8 = 8s = 8 (m0d2),
TAK UTO * ' -

()=

Mn1 06061MM 3aKOH B3aHMHOCTH, PACNPOCTPAHHB €ro HAa 3Haue-
Hus cuMBojia SIkoOu. CHayasla pacCMOTPHM HYaCTHHIA cjiyuyail CHM-
BoJa Sxobu (;nq_) , The g —mpoctoe uucio, Gojbilee 2.

Teopema 221. Jas 106020 Hedemwuo20 NPOCmo2o 4ucaa q U He-
4emHo20 M uMeem:
m-1

() (5)= 0

HoxkasarteabctBo. Ilyctb m=p, ... p,, rie p,—OpoCTHe
ypcaa. CorsacHo ompefesiennio 61 u teopemam 208 u 212’

(£)(2)=2) - (2) () =(2) ) -

e (_{7_) (Eg)z(__l)plz—l'g—;—l_“ (_1)&;}'1—2_1 =

Ps/ \¢q
I’l—1+ +ps'1) g-1

I

TTockoabky (teopema 217 nmpu k=1)

—1 —1 oo ps—1  m—1
E%—+...+p32 = zp‘ =-—5—(mod 2),

TO noJy4vaem: m -
() (5) =0~

Teopema 222 (3aKOH B3aUMHOCTH AJsl CUMBOJIOB $1ko6u). ITycmo
m U n— HeuemHoe qucaa, Goasuwide 1, moeda

m—-1 n—1

() (5)-cn -

JokasarteasctBo. Ilycts n=gq, ... q,, e g¢;—npocThie
uycsaa. CorsacHo Teopeme 219, ompegmenenuto 61 um Teopeme 221
nonyuaem:

() ()= () ()= () ) -+ (3) (3=

mol (gl et
=(—1)

=\ et
HOC‘KOJIbe (teopema 217 mpu k=1)

—1 —1 oo 3—1__n—1
11_2_____{_.“+‘7t2 qu v2qt =25 (mod2),
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TO p-1 m-1 o
\ 1 ﬁ i (___1) 2 2

) m n *

BBeneHne CHMBOJIA ﬂKOﬁPl AaeT BOSMOXKHOCTE BO MHOTHX ¢JjlydasXx

3HauyUTeIbHO YIPOCTHTD BhIYHC/EHHe cuMBOJa Jlexanapa. Kak 6b110

a
yXe OTMEYEHO, CHMBOJ Jlemaﬂnpa (—— IIpH HEYeTHOM Q@ H Npo-

CTOM p COBHagaeT ¢ TAKHM XKe CHMBOJOM SIxo6u. Bruncnenue xe
cuMBosa SKoGu yupomaerca 3a Cuer TOro, 4To INpH COCTaBHOM
a<p MOXHO HENOCPEACTBEHHO NpPHMEHATb 3aKOH B3aXMHOCTH, B.TO
BpEMsI KaK, paccMarpuBast OAHH TOJNIbLKO CHMBOJILBI JIe)Kaana, HeoO-

a
XO0AHMO INpenCTaBHTb (;—) B BHJAC IIPOU3BECACHHUS CHMBOJIOB BHAA

(‘%) , FA€ ¢;— IPOCTble MHOXUTEJH YHCIZ Q.

[Mpumepr. 1) HMmeer su pewenus cpaBHeHHe xZ==506
(mod 1103)? ‘

506
1103—npoctoe uncno. Beuucnsem cumpoa Jlexanipa (Tlﬁﬁ)’
paccMaTpHBasi €ro Xak CHMBOJ $1KoGu:

(i) = () () = () = () = (57) =
- (-G @) - (8)-— () -
CpaBHeHHE He MMeeT pelleHMH.

2) Mmeer sn peweHus cpasuedue x2:=903 (mod2111)?
2111 —npocroe yncso. Beuncasiem cumsoa Jlexannpa, paccmat-

puBasi ero kak cumpoj Skobu:
W) _ (AU (8 (08 (=12
oMt/ — 7 \'903, T \803) — T \305/ 305 )
305\ 2\ _
P)=—(3)=

-~ (&) () --

CpaBHeHHe HMeeT ABa pelleHH,

no

Hemopunecrue xommenmapun k 21-is 2snase

a
- 1. CumBon (7) Obl1 HasBaH cuMmBoJoM Jlexauapa B UecThb

dpanuysckoro MmareMatnka Ajnpuana Jlexanapa (1752—1833). Jle-
KaHJp, NOMHUMO psja HCCJAEXOBAHHH B TEOPHH YHCEJ, MJIOAOTBOPHO
pafoTa] HaJ pasBUTHEM TEOPUH SJNIUNTHYECKHX HWHTErpPasios.
B 1798 r., Jlexaunp ony6iukopan counnenue ,Essai sur la theorie
des nombres“, B KOTODOM H3/1araloTcsi PasHOOGpasHEE PE3YJALTATH
N0 TEODHH YHCeN, NOJYYeHHblE K TOMy BpeMeHH. B 3Toll kuure
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JlexxaHnp BmepBEIE H BBEJI CHMBOJI, HA3biBaeMBIl HAMM Temnephb CHM-
BoJsioM Jlexanjgpa.

2. 3aKOH B3aUMHOCTH ObLI OTKPHIT aMnupHuecku Ditjiepom (L. E u-
ler, Opusc, analytica 1, St. Peterb., 1783, crp. 84). Jlexaunp
B ,Essai sur la theorie des nombres* nmpuBOIMT 32KOH B3aUMHOCTH
B HECKOJbKO HHOH (OpMyJHPOBKe H JaeT A0KA3aTe/bCTBO, HE SiB-
JISIONIeecs], OJHAKO, MOJHDBIM.

[MepBoe moJiHOE JOKa3aTeNbCTBO 3aKOHA B3aUMHOCTH OHLIO H2HO
Tayccom B 1796 r. B Bo3pacte 19 Jer u ony6JuKOBaHO MM BMeCTe
¢ IpyruM, BTOpeIM JokaszateabcTeoM B 1801 r. (Disquisitiones
arithmeticae). ®opmyanpys u JHokasbiBas 3TOT 3aKOH, OH He
none3dyercsi cumeosioM Jlexanzpa. B nocaenyiomue roam [Iayec
Hames M onyGJHKOBaJ €Hle NIeCTb IPYrHX J[OKAa3aTejbCTB 3TOrO
3aKOHA.

B XIX Beke Oninio onyGaukopano cshiule 50 pabot ¢ passuu-
HBIMH JOKa3aTeJbCTBAMH 33KOHA B3aMMHOCTH, a K HAacToseMy Bpe-
MeHH 3TO YHCJIO ele 3HAYUTEJNbHO BO3pocjo. KoHeuHo, MHOrHMe M3
STHX JOKA3aTeJbCTB OJNH3KM O CBOEH Hiee M OTJMYAIOTCS TOJBKO
B JeTajasix.

MurepecHoe [0Ka3aTeibCTBO 3aKOHA B3aUMHOCTH G6BLIO JAHO
p 1872 r. E. WM. 3osorapesniv B craree ,Nouvelle demonstration
de la loi de réciprocité de Legendre“. M3BecTHH HekoTopme 0606-
HIEHUS 32KOHA B3aUMHOCTH Ha CJyuaH BLIYETOB CTeNeHeil, OOJBLINX
yem 2.

3aKoH B3aHMHOCTH A/ OMKBAJpaTHUHLIX BHIUETOB Obll J0Kasai
K. §Iko6u B nexuusax, npountaHHuix uM B 1836—1837 rr.; opmako
Iaxe JJIs 3TOro caydast (pOpMyJHPOBKA 3aKOHA B3aHMHOCTH MOJY-
Yaercst AOBOJLHO CIOKHOR. 3aKOH B3aMMHOCTH KBaAPATHUHHIX BbI-
yeToB OblJ epeHeceH TaKKe Ha cayuall cpaBHeHuH, paccMaTpUBaeMblX
B [pOU3BOJILHBLIX KBaApDaTHUHBIX MoJsx. lHTepecuble pesyJsbraThl
0 3aKOHaxX B3aHMHOCTH BecbMa oOulero Buja Oblau LaHsl B psifie pa-
6or 1. P. Illapapesuya.

3. TeopeMm 207 u 210 yacTo HasHIBAIOT JOMOJIHUTEJNLHBIMH K 3a-
KoHy B3auMuocTH. Teopema 207 Onina usBecTHa emle Pepwma, a Teo-
pema 210 Opna noxkasana BHepBble DiJepoM.

Teopema 214 6vi1a onybaukosana M. M. Bunorpagosem B ,,)Kyp-
HaJe ¢dusnko-maTeMaTnyeckoro ofmecrsa npu [lepmckom yuuBep-
cutere”, 1. 1, 1918 r. JlokasaTeJbCTBO OCHOBAHO Ha TPUMEHEHHH
KOHEUHBIX TPHIOHOMETPHUECKHX cyMM. [loJb3ysick 3Tofi TeopeMoit,
V. M. BunorpajoB IOKasaJ, 4TO HAaUMEHBIIHH KBaJpaTHUHEI He-

1

BLIUET NPOCTOTO MOXYJAS p MeHbie ueM p%Ye In®p pasa Beex gocra-
TOUHO GOJBUINX 3HAUYEHHH p.

B 1957 r. Bepmxecc mokasat, uto npu Jobom &>>0 HauMeHb-
WA KBaIpaTHUHLIE HeBBIYET NPOCTOTO MOAYJISE p TMPEACTaBJIseT CO-

2ose
6oft BeauuuHy mnopsika O(pt ). OTOT pesyJbTaT NpeAcTaBlis-
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eT co6olf cymecTBeHHoe yJayulmenue pesyJerara M. M. Bunorpa-
JoBa.

BecbMa BepoaTHO, YTO Ha caMOM Jejie HAHMEHBIIHH KBajpartHu-
HBIl HEBBIYET MO MOAYJIO p NPH BO3PACTAOULEM p TNPEACTaBJSET
coboli BennuuHy mnopsanka O (p°) (rumoresa M. M. Bunorpagosa).

4. Cumsoa fIxo6u 6wbiar BBener uM B 1837 r. K, SIkobu (1804—1851)
H3BeCTeH TJIaBHBIM 06pasoM CBOMMH pafoTaMH B pasJiMuHbIX o6Ja-
CTAX MaTEMAaTHYeCKOTO0 aHaJH3a (3JJIHNTHYeCKHe (QYHKLUHH, ypaBHe-
HHSl B 4aCTHBIX NPOU3BOAHBIX, BapHAlHOHHOE HCUHCJEHME) H B MeXa-
Huke. PasBuras uM Teopus SAHNTHYECKHX GYHKUMH NpuMeHAJIACh
UM JJd [OJYYEHHS TeOPeTHKO-UHCJIOBBIX pe3yJbTaToB. B TeopHH
yncest flko6u octaBus GOJIBLIONH CJef CBOMMH padoTaMu IO TEOPHH
KyOHYHBIX M OGHKBaJpaTHUHLIX BHIYETOB.

F'JTABA 22

CPABHEHHUS 2-i CTEMEHHU MO0 COCTABHOMY MOJVJIIO
1. CPABHEHH S 2-# CTEIEHM 1O MOAYJIIO p*, TAE p — NIPOCTOE YHCJIO

PaccMoTpuM cHavaja cpaBHeHHsl 2-H CTeneHH MO COCTABHOMY
MopyJio BHAa p*,
Teopema 223. CpasHenue

x?=a (mod p¥), (N

20e p — newemuoe npocmoe wucao, k=1, pXa, umeem dsa pewenus
uAl HU 00HO20, CMOMPS MO moMy, paseH au cumeor Jlewaudpa

(%) +1 wru —I1.
HokasateascrBo. Ecan (%)=1,T0 cpaBHeHHe x2=a(mod p)

MMeeT ABa DELUeHHs: X, M —X,, IpHYeM BBUAY p{a Gyler Takxke
f x,. Tockomery Torma aas f(x)=x*—a umeeM p{f’(x,), TO
(reopema 158) u npu mo6oM k ==1 cpasuenne (1) Gyxer uMers ABa

a
pewenus. Ecan (;)-—:—l, To cpaBHeHue x?=a (mod p) He HMeeT

pelleHuHd, a, clejoBaresNbHO, NpH JMio6oM k=1 He OyaeT noxaBHO
HMeTh pelleHHH W cpasHeHue (1).

3Has peleHHsl cpaBHeHus x®=a(mod p), MOXHO HalTH pele-
Husi cpaBHenus (1) npu mobom k= 1.

B cayuae, xorga a €1, pewenusmu cpasdenus (1) npu JoGom k&
6ynyT (Teopema 223) x=+ 1 (mod p”).

Ecnn xe a € 1, To a1 HaxoXJeHHS pelleHHH cpasuenus (1)
MOKHO NIDHMEHHTb Cnocol, U3JoMeHHLIH B ryaBe 16 (Teopema 158).

MoxXHO TakKe NOJb30BATbCA Clefylolleli TeopeMoi,
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Teopema 224. Ecau x, ydosremsopsiem CPABHEHUIO RO NPOCMOMY
Modyaro p > 2:
o : x*=a (mod p),

rie pfa,
P,=xt 4 Cixt a4+ Cixg™ a+ ... @
Q,=Cixt ' 4-Cixt P a+Chxi ™ a2+ ... (k=1) } $
mo p& Q, u pewenus cpagHenus

x2=a (mod p*) 3
umetom 6ud x=- P,y,(mod p*), 2de y,— pewenue cpasrenus
Quy =1(mod p*).

JdoxasarteabcrTBo.
Po+V aQu=(x+V a)%, P,—VaQ,= (x,—V a)*,
TAK 4TO, NOCKOJABKY P |X;—a, HMeeM:
Pi—aQi=(P,+V aQy) (P,—V aQy) = (xs—a)*=0 (mod p),
Pi =aQj (mod pF). 4)
Tlo ycaosuio a==x; (mod p), Tak 410 M3 GopMya (2) noaydaeM:

P,=x;(1+ Ci+Ci+...) (mod p),
Q=+ (Ch+Ci+Ci+ ...) (mod p)
U, CJefOBATENbHO,
P+ xyQp == (2,)* (mod p). (5)

Hoxaxem, utro p4 Q,. Ecnm mnpemnonoxursb, uto p|Q,,to u3
cpaBrenuii (4) u () mocnenoBaTeNsHO modydaeMm: p|P,, p|(2x,)~,
a OTCIOAZ, MOCKOJbKY p>2, cjaepyer plx, (reopema 105”), Uucio
X,— pelenue cpaBHerns x?==a(mod p), 1. e. p|x;—a, oTKyaa no-
JydaeM p|a, 4TO HPOTHBOPEUHT. YCJOBHIO,

Takum obpasom, AoxasaHo, 4T0 p4{ Q, M, CleloBaTeqbHO, Cy-
IIECTBYeT Y, Takoe, uto Q.y, = | (mod p*).

YMHO®Kast o0e wacTu cpaBHeHHs (4) Ha yi, nOJydaeMm:

(Pey)? =a (mod p*),

T. . x== P,y, (mod p*) o6pasyoT ABa pelmeHusi cpaBHeHHS 3).

B npeppuiymeli Teopeme ObIO IOKa3aHO, UTO CpaBHeHue (3) He
MOXKET HMeTb APYTHUX pelleHHi.

Iipumep. Pemurs cpaBHeHue x%=3(mod 118).

Cparenne x2=3(mod 11) umeer pemenue x==5(mod 11).

Bepa x,=5, a=3, Bbluncasem:

P,=5%43.5-3="170, Q,=3-5243=78.

Pemas cpasnenne 78y==1 (mod 1331), maxomum y,=529, Ttak
uro x= 170-529 =753 (mod 1331).
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OrtBerT. x_;j:753(mod 1331).

PaccMoTpuM Teneps cayuait.p =2, T.€. CpaBHeHHUE x"':a(mod 2”),
rie 24 a.

Teopema 225. IIpu 24 a cpasuernue

x? = q (mod 2% (6
umeet: 1) npu k=1 cono pewenue; 2) npu k=2, a=1(mod4)—ara
peuwtenns; 3) npu k=3, a==1(mod 8)—uemoipe pewenus. Bo ecex
OCMAAbKBLX CAY4aAX CcpasHeHue (6) ¢ HedemuoiMU @ He umeenm pe-
weHul.

HoxasaTeancrBo. Ilpu k=1 u k=2 yrBepxjenue Teo-
peMbl NpOBepseTess HeNocpeACTBEHHO.

HYCTb Teneps k==3. O6osznavyum uepes ({¢, U)) HHAEKC NO MO-
xymo 2F umces X, yIOBJeTBOpAIOMMX cpaBHeHHIO (6), a HHAGKC a
0o 3TOMy MOAYJo 0003 HauuM dYepes ({¢, d}).

Unnekcupysa cpabHenue (6) noaydaem:

2((u, v)=((c, d))(mod (2, 2*°%)),

T 2u=c(mod 2) u 2v=d(mod2*"3),
Ecin ¢=1 uan ecnn 24 d, To cpasuenue (6) He HMeeT pele-
nuit, a ecad ¢=0 wu 2|d, 10 u=0, 1(mod?2), vzi

2 ’
d - -
7+ 288 (mod 2F%), 1. e. ungexc ((¢, v)) MMCET UCTHIpe 3HAUEHHS

d d B d d P
((0:%)). (0 5+272)). (L 5)). ({1 5+27)) w co
OTBETCTBEHHO MOJy4aeM HYeThIpe pelleHust cpapHenus (6).

Takum ofpasom, npu k==3 cpapHenue (6) uMeeT pelleHHs
TOrJla W TOJbLKO TOrJAa, KOrna mda—((c d)), rue c—~0 a d—uer-
Hoe UMCHO, T. €. d=2r, a==>52"(mod 2%).

Jlerko BHjeTb, uT0 52"==1(mod8), B TO BpeMs Kax —D5?,
53+1 B+l cpaBHMMBI O MOAYJIO 8 COOTBETCTBEHHO C YHCJIAMH
7, 5, 3, T. e. cpaBHenHe (6) uMeeT pelleHHMs] TOTAA H TOJNLKO TOTAA,
korjna a =1 (mod 8).

DU pellleHUS MOXKHO HaHTH, noAb3YACh Teopemoit 159 rnass 16,
a eClH 10 paccMaTpuBaeMOMy Moayaio 2° umeeTcs Tabuuua HHIEK-
COB, TO CpaBHEHHE NOPOMle pellaThb, MOJAB3YACh 3TOH Tabauued.

Hpnme p. Pemutbh cpaBHenue x2+471=0(mod 128).

[Monbsysce Tabauneii uHAekcoB mo moxpy/o 64 (ctp. 160), pe-
maeM CHavaja cpasnenue x?--71=0(mod64), T. e. cpaBueHue

== 57 (mod 64).

Hugekc 57 no moxymo 64 =2% papen ((0, 10)). OGosnauas uu-
JeKC X IO  3TOMY  MOAYJIO lvepea ((w, v)), nonyuaem
2((u, v))z:*((O, 10)) (mod ((2, 2¢))); 2u=0(mod 2), 20=10 (mod 16);
u=0, 1(mod?2), v=35, 13(m0d 16)

Hunexc x pasen omofi us caegyiomux map: ((0, 5)), ((0, 13)),
((1, 3)), ((1, 13)), oTkyaa HaxomuM pelieHds CpaBHEHMS
»*+71=0(mod64) B BHEe x= 11, =21 (mod64). Hmeem:
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12812124-71, no 1284 112-+71, Tak urto corsacho Teopeme 159
peiieHusa cpaBHeHHsa x2-+71 =0 (mod 128) MoxHO 3anucath B BHLE
r==4 21 (mod 64).

OrseT. CpapHeHMe uMeeT ueTblpe pelleHHR HO MOxyJo 128,

& HMeHHO KJjacch: 21, 43, 85, 107.

2, CPABHEHHE 2-fl CTENEHM MO NPOU3BOJILHOMY
COCTABHOMY MOAY/JIIO

Pacemorpum Tenepb cpaBheHHe x?=a(modm) OpH COCTAEHOM
Mopyne m. .

Teopema 226. ITycmo m=2" pt .., phs, 2de py, ..., p,—pas-
AUdHble Hewemmuole npocmoie uucaa (a, m)=1.

1) Cpasuenue

x?=q (mod m) @)
umeem pewieHus moeada u moavbko moeda, koeda a seasemcs Kead-
POMUKHOIM BbIHEMOM N0 6CEM MODYASM Py, ..., Ps U, KPOME MoO20,

ecau k=2, 10 a=1(mod4), a ecau k=3, To a==1(mod 8).
2) Yucao pewenuii cpasnenus (T), ecau pewieHus Cyuecmsyom,
pasno 2° npu k=0 u k=1, 2°*1 npu k=2 u 2°*2 npu k=3.
HokasarenbctBo. CpasHeHue (7) >KBHBAJEHTHO CHCTEME:

x?==a(mod 2%)
2 by
x*==a (mod p¥) ) ®)
x*=a (mod p}s)
Ecan <£)=... =<£)=1, TO!
P Ps
1) npu =0 u k=1 nepsoe cpaBHeHue B (8) HMeeT OJHO pe-
ieHie, KakAoe H3 CJAEAYIOUHX CPABHEHHH HUMeeT [0 ABa pPelIeHHs,
Cucrema (8) u cpasrenue (7) umeror 2° pemennii;
2) npu k=2, a==1(mod4) raxznoe u3 cpasHeHuii B (8) umeer
1o apa peumenusi. CrucreMa (8) u cpaBuenue (7) umeror 2°F! pemenuil;
3) npu k=3, a==1(mod8) nepBoe cpaBHeHHE COLJIACHO TeO-
peme 225 umeer 4=22 pemeHuil M, cAeJOBaTeNbHO, cHCTeMa (8)
v cpaBuenue (7) uMeloT mo 2°*+2 pemenuil.
Bo Bcex oOCTaNbHHIX cayyasXx, T. €.:

a
1) ecau XoTb OFMH M3 cuMBOJOB Jlexkannpa (—')=— 1,
92) ecay npu k=2 umeem a==3(mod 4),
3) ecau npu k=3 uMeem a=3, 5, 7(mod§),
B cucteMy (8) BXoauT cpaBHeHHe, He MMerollee pelleHHH, a caelo-

BaTeJbHO, He HMMeeT pemlieHHil M cpaBHeHue (7).
[Ipu HeueTHOM m, Kak OblI0 OTMedeHo pambme (cTp. 186),
cpaBHeHHe x2==a({mod m) MOXeT He HMeTb pelleHUH, HECMOTPsA Ha

a
TO, YTO CUMBOJ SIKOGH (Tn’) paser 1. OpHako, eciH 9TOT CHMBOI

200



pasen —1, Bompoc o HanuuUWM peweHHit cpaBHeHHus (7) pelraerca

OTPHIATENBHO.
Teopema 227. Ecau m Heuemnuoe, (a, m)=1, cumeor SHrxobu
a “
(ﬁ> =-—1, mo cpasnernue x*=a(modm) wne umeem pewenui.
HdokasateancTtso. [IycTh KaHoHHUYeCKOE pasiioKeHHe HeyeT-
HOTO M HMeeT BHI: m=p§CI ... pks; Torza
&)= G
P ) o \m)
a o a o P
Ecan (7) =—1, To cpeau MHOXKHTeNeH (;) mo xpaitueil Mepe
t

onun paseH —1, Tak uYTO NMpH HeKoTopoMm i(l=Ci=<s) cpaBHeHHe
x*==a(mod p;) He HMeeT peleHH#, a CJaelOBATENLHO, HE HMeeT
peiueHHit W cpaBHeHue x?==a (mod m).

rTABA 23
APUOMETUYECKHUE NPUJIOKEHUSI TEOPUHM CPABHEHWHA

[Tpu H3nOXeHMH TEOPHH CPaBHEHMH MBI yXKe BCTpeuYasiuCh C 3a-
JauamH, BO3HHKAIOMIUMH B paMKax 3JeMeHTapHOH apH(MeTHKH,
HanpuMep C 3afayed OTBICKAHHA OCTATKOB OT jcJjcuud. B 370l rnase
MBI DAcCMOTPHM elle HEKOTOphle Jpyrue BOIPOCH 3JeMEeHTapHOH
apupMeTHKH, H3yYeHHE KOTOPLIX YIIDOILAeTCs NpHMEHEHUEeM TEeOpHH
CcpaBHEeHHUH.

1, MPH3HAKH JEJUMOCTHU

PaccMoTpuM npHMeHeHHe TeOpHH CPaBHEHHH K Bonpocy of OTbl-
CKaHWH TPU3HAKOB JEJHUMOCTH Ha M, TAe /M —UHCJIO0, B3aUMHO Npo-
croe ¢ 10.

Teopema 228. [Tycme (m, 10)=1, P, (10)=%k «u N 3anucano
6 cucmeme cuucaenus ¢ ocrosanuem 10. Yucao N deaumcs wma m
moz0a u moavko mozda, koeda HQ M OeAUMCS CYMMA 4uUCer, KOmo-
pote noaysaromes npu pasbueruu cnpasa Haieso yupposod sanucu
qucaa N Ha epanu no k yupp e kaxcdoi epanu.

HorkasaTeabcTBO. 3annileM N B CHCTEMe CUHC/JAEHHS C OC-
HoBanueM 10%, T. e. B BHJe

N=c, (10%)°+c,_, (10914 ... 4,10 L ¢, (1
rae npu Beex i=0, 1, ..., s 0<<c;<<10F—1.
Ecnu P, (10)=k, 1o 10*=1(mod m), u Toraa
N=c¢Hc,_ +...+c¢ + ¢, (modm).

Ocratku ot fgenenuss HAa m uucen N u ¢+c + ... +¢+¢
paBHBI, cJaefloBatesibHo, N JesuTcs Ha m ToOrJa M TONBKO TOrja,
KOrja Ha m HeJdHTCS CyMMa Co+Co_y+...4-ci+¢,. Yneno ¢,
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KaK 370 HerOCpeNCTBEHHO puano u3 (1), pasHO: OCTaTKy oT- Iene-
s N mHa 10%, T. e. c,—uHCJIO, KOTOpOE B NECATHYHOH CHCTeMe
CUHCTeHus] HMMeeT LH(pPb, OXMHAKOBHE ¢ TOCIeJHMMH R HHudpamu
yucya N. -
—C.

. - N
OT6pocng 5TH UHQPE B sanuck N, MBI NONYYHM UHCIO e

OCTaTOK OT JeJeHMs 3Toro uMcia ma 10 pasen ¢, T. e. ¢,—YHCJIO,
KOTOpOe B JECATHUHON CHCTEME HMeeT UH(pH TAKHE XKe, KaK B Npel-
nocsejHell rpasyu us k umcen y uyucna N, u T. 4.

Takum' obpasoM, ¢,, ¢y, ..., C,—UHCIA, KOTOPbi€ TOJYYAIOTCs
TpH paséueﬂnn cnpaBa Hajepo uyucja N Ha rpaHH, NO B nudpp
B KaXJO# rpaHm.

Mpumepn. 1) Tlpuswak peammoctn Hna 9. P,(10)=1,
10*=1 (mod 9). Yucno genurca #a 9 Torza 4 TOJNbKO TOrAa, KOrjia
Ha 9 gmeauTcd cyMMma ero mudp.

2) Ilpusnak meaumoctd Ha 11. Py (10)=2, 102=1 (mod 11).
Yucao N pesnutcs Ha 11 Torma m Toabko. Torja, xorja Ha 11 ge-
JUTCS CyMMa uHCeJ, KOTOphle mnoJjyuarcss npu pasbuenun N Ha
rpagd no 2 uudpsl B Kaxaoil rpasu.

Hocxo.nbxy k=P, (10) Bcerza sBasercss jaejauTeseM @(m), TO

<< @ (m). Ilpusmax nennmocm Ha m, cQOpMyJHPOBAaHHBIH B Teo-
peme 228, Bcerma 6yher TAaKOB, 4TO KoJuyecTBO UMD B KaxIOH
rpann 6yner He Gojblue ueM @ (m). B dacTHOM caydae, NpH OThI-
CKaHHH NPH3HAKOB JENUMOCTH Ha mpocrtoe uucao p (p4 10), Oymer
Blp—1 n k<<p—1, 1. e. uncno uubp B Kaxioi rpann Oyner
ne 6oabiie yem p-—1. Haumenee ypoGeH 3TOT npuU3HAK TOrAa, KOTAA
k maxkcuManpHo, T. e. k=p—1, uau, HHaue TOBOPH, TOrAa,
xorga 10 npexcrasiaser co6oil nepBoo6pasHbil KOPeHb N0 MOAYIIO P.
Hanpumep, npu p=7, nockoabky P,(10)=6, cooTBeTCTBYOUIUH
NPU3HAK ACAUMOCTH Ha 7 OYAeT CJAeAyOUUH: YHCAO MACJHTCS WK
He JeNUTCs Ha 7, CMOTpPst MO TOMY, JeJHTCA JIM Ha 7 cymMma 4uced,
NOJYYAIOKXCS NPK pasGueHdH YuC/Ia Ha rpany, no 6 uudp B Kax-
JO# TpaHH.

[lpuMeHsiTh 3TOT NpPH3HAK HMEET CMBICA TOJBKO TOTHA, KOria
HCIBIThIBaeMble YHCJA OYeHb BEJIHKH.

. B nmomosnenne K TeopeMe 228 nanuM NpPHU3HAK JEJHMOCTH Ha
2" n 5",

Teopema 229. [Iycmoe N 3sanucano 6 Odecamu4rol cucmene.
N Jeaumca wa 2" (na 5") moezda u moavko moeda, koeda Ha 2"
(coomsemcmeenno wa 5°) Geaumcs uucao, umerouiee me e yugpel,
4mo u nocieOnue n yupp wucaa N.

HoxasarteabctBo. Ilyctb N=10"¢+r, 0<<r << 10". Ecan
2" |N, 10 2| r, B, HaoGopor, ecan 2" | r, To 2" | N. Touno Tax xc
5" |*N Torza ¥ TOJIBKO TOTJa, Korja 5° | r.

Ecan N sanucabo B cucTeMe cuuc/ieHdd ¢ ocHoBaHueM 10, T. e.

€cJId . ,
N=cl0°+ ...+, 10" 4c,_ 10"+ ... F¢,,
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rae npu Beex { 0<<¢; <9, 10 r=cC, 10" 1. . ¢y T. €. r—
YUCNO, IHOPBE KOTOpOTO TaKHe Xe, Kak M nocjaeifue n uudp
yucgaa N )

Mpumepn. 1) 73571625 pemurcs ma 125=5% tak Kak
125]625.

2) 909311736 ue memurcs Ha 16=2%, tak kaxk 164 1736.

Ecnu-m = p%. .. p%—KaHOHHYECKOE Da3JIOMEHHE YHCIA m, TO
gucio N jAenuTCs Ha m TOrZa M TOJMbKO Torga, Korxa N jgeautcs
Ha KaxJoe U3 4qucea p*}:, coey P

Henumoctsb na uncna p%(i=1, 2, ..., s) MoxeT ObITb BBISICHEHA
C NOMOULbIO COOTBETCTBYIOUIETO MpPH3HAKA JeJUMOCTH, OCHOBAHHOTO
Ha Teopemax 228 wm 229. ‘

[Ipumep. Onpegenuts, Jjeautcs JaH  Ha 3256 uncdo
N =165204779728.

32566=2%.11.37., Hmeem 23|728, tak uro 23| N. PasGusasn
N Ha rpanu no xpe Uu(GpPH B KaXAOH, MOJIy4aeM:

N=6-+52+4-477-+97+ 28 (mod 11),

tak uto 11 | N. Tak kak 103= 1 (mod 37), 1o, pasbusast N cnpasa
Ha rpaHH 1O TpH LMQpH B KaxKIOH, nomydaeM N ==65--204 +
+ 7794+ 728=0(mod 37), Tax uro 37| N u N geautca Ha 3256.

[Tpu HaXOXKIEHMH NpPU3HAKOB JAeJHMOCTH Ha m Ijas duceja N,
3amMUCAHHBIX B JECSATHYHOH CHCTeME CUMCJ/EHHs, MOXHO NOJb30BaThCH
caenyoleil TeopeMoH.

Teopema 230. [Tycmo (m, 10)=1, 10)=—1(modm) u N 3a-
nucano 8 OQecamuurod cucmeme cuucaerus; 4ucao N deaumcs Ha m
mozda u moavko mozda, Ko20a Ha m OeAUMCs CYMMA 63MHLX 1 )-
NePEMEHHO CO BHAKAMU NAIOC U MUKRYC HUCeA, KOMOpPbHe NOAY4AOmcs
npu pasbuenuu cnpasa Haeeo yugposoti sanucu wucia N Ha epanu,
no 1 yugp 6 ramdol epanu.

Joxasareanctso. Ecin 10=—1(mod m) n

N =c, (10" 4 ¢,y (10914 ... 4-¢, (10) +¢,,
N=(—1)+ (—1)"Tesy + . . . —¢; +¢o (mod m).

Ocratkn ot nenenust Ha m y uuced N u ¢o—cy -+ ... +(—1)%,
paBHBI, a cjaejoBarenbHo, N HeJIMTCH Ha m TOTAa, KOTAAa Ha m je-
JUTCA CyMMa Co—Cy + ...+ (—1)°c,. 3mech ¢y, ¢4, ..., c,~—uncaa,
KOTOpble MOJYYalTCs OpH pasOHeHHM chpaBa HajeBo LU(PPOBOL
sanucH 4ucja N Ha rpauu, no ! nudp B Kamkjpof.

ITpumepsn. 1) 10l=-—1(mod 11). Yncno N peautcss uiau He
Jeaurcst Ha 11, cmoTpda mo Tomy, HenuTcs JH Ha 11 cymMma umpp
ypcaa N, B3ATHIX NOMNEPEMEHHO CO 3HAKaM{ ,IUIOC* U MHHYC®,

2) 1 =] (mod 7). Uucno N penurest wid He JeJuTcs Ha 7,

CMOTPA 110 TOMY, ACJAHTCA JH Ha 7 CymMMa B3STbIX IOIEPEMEHHO CO

TO
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sHAKAMH ,IUIIOC" K  MHIYC® YHCes, NMOJYUAIOMMXCS NMpH pasbuenun
cnpaBa HaJjleso yucia N Ha rpaHy, 10 TPH LUQPL B KaxXIOH.
Hanpumep, 61907531 menutcs Ha 7, Tak Kak, pasbuBas crnpasa
Ha/MeBO 3TO YHCJO HA FPaHH, MO TPU UUGPH B KaxIOH, H CKJajbBas
NOJMy4arliuecss Yucsaa, B3sAThie NONEPEeMEHHO CO 3HaKamu ,Jioc”
B ,MHHYC“, MOJIy4aeM:
531 =907 + 61 = — 315==0 (mod 7).
Ecan m=p—upoctoe uncyo, p4 10, 10 cornacHo Teopemam
p-1 p-1
200 u 201 6yger mubo 10 * =1 (mod p), nubo 10 ? =—1(mod p),
u, TakuM o0pasoM, HakMeHbliee H3 uHcead B H I, (QUrypHPYIOLUX

B Teopemax 228 u 230, Gyaer Bcerfia He OoJibile ueM pT_l. 3ro

3HAUMT, YTO NPU3HAK JEJIHMOCTH Ha NpOCTOe uucao p (p %<2, b),

Takoi, Kak B Teopeme 228 uiu B TeopeMe 230, Bcerga MoxHO cdop-

MYJUPOBATh TaK, YTO YHCJIO HU(DP B Kax ol rpaHu 6yAeT He GoJblue
p—1

ueM 5 .

Crenyiomuii BecbMa o6muUA crmocob AT OTHICKAHUS TNPU3HAKOB
IeJUMOCTH TpencTaBasier cobofi o0ofOlleHHe npHeMa, YKa3aHHOFO
eme B XVII Beke ¢paHny3sckuM MateMatukoM H ¢usocopom [lacka-
JaeM (1623—1662).

Cnoco6 IMacxanas, Ilycrs N 3anucaHo B CHCTeMe CuHCJe-

HHS C OCHOBAaHHEM g, T. €. NYyCTb
N=cg®+c,_ 851+ ... +¢c,, rhe npu Beex [ O<C¢<<g—I1,
by=1, by==gt(mod m), ..., by=g"(mod m). (2)

Uncao N zenures Ha m TOTAA H TOJLKO TOrAa, KOrjAa Ha m

JIENUTCH YHCIO
ehstcoibe i .. by, 3)

HeficTBuTesIbHO, €CJH CpaBelJIMBH cpaBHeHUS (2), TO
N=cg*+c, 85+ ... Feg=ch,+c, b1+ ... +cby (mod m),

Tak uto N HeJMTCS Ha m B 3aBHCHMOCTH OT TOro, AEJHTCs Jd Ha
m uucjo, yrasaHHoe QopmyJoi (3).

TeopeMbr 228 u 230 sABASIIOTCA YACTHBIMH CJAYYaSMH NMPUMEHEHHA
atoro crnocofa. [delicTBuTeIbHO, Teopema 228 mnpexcTaBjser coBoil
uacTHR cayuait cnoco6a Ilackana npu g=10%, rtakoM, uro
10*=1(modm); npuuem sgecb u3 g=10*==1(modm) caenyer,
uro Bce b;=1.

Teopema 230—uactHbifi cayudail cnocoba Ilackana npu g= 104,
rie ! Takoe, uto 10 =—1 (mod m), npuyem saechb

by=—1, by=+41, ..., by=(—1)"

Has IPpHMCHEHUS criocoGa [lackanisi B CHCTeMe CUHMCJEHHS € oc-
HoBanueM 10 HYXHO 3HaTb OCTaTKH OT JEJCHHA Ha M CreneHel
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ocHoBanus 10. Dt ocraTky znaoT Habop uucesa b;, yMHOXKasg Ha KO-
TOpble HU(PH N000TO TaHHOTO YHCJA ¥ COCTaBaAsA CyMMY €+ ...
... ey +cgby, MOXKHO y3HATb, JEJHUTCS JM YHCJAO HA m.

Taxk, wHanpumep, npu m=7 wumeem by=1, b =10=3,
b,=102=2, b,==10*=—1, b,=10*=—3, b;=105=—2(mod7),
a janbille BCe 3TH 3HAYEHUs b; NEPHOAHUECKH MOBTOPSIOTCH.

[Tpumep., Ysnarb, meaurcs au Ha 7 uucao N ==269341058.

Haxonum, uto N=8-+5.3+0-24+1(—1)4+4(—3)+3(—2) +
+9.14+6-3+2-2=0(mod7), Tak yro N geautca Ha 7.

2. NPOBEPKA APUOMETHYECKHX AEHCTBHI

Teopusi cpaBHeHMil JaeT cieAywomuil cnoco6 npoBepkn apHdMe-
THYECKHX JeHCTBHI.
Bri6upaeM HEKOTOPHI MOZYJb m H 3aMeHsieM OoJbliiHe YHCJA

a, b, ¢, ..., Hall KOTOPBIMM HaM Hajl0 NPOU3BONUTH JeHCTBHS (CJO-
JXEeHMe, BBIUMTaHHE, YMH(KEeHHe, BO3BEJeHHe B CTeneHb), HeOOoJIb-
wuMy yucaamu @', b’, ¢, ..., CPaBHUMBIMH C HHMH IO MOAYJIO /.
[Tpoussenst neiicteus Hapy a, b, ¢, ..., MB TOUHO Takue xe jeil-
CTBHSA NpousBomuM Hag a’, b', ¢', ... Ecan jefictBuA mpoussenens
IpaBHJIbHO, TO Pe3yJbTaThl 3THX JAeHCTBHI Han a, b, ¢, ... u Haj
a’', b, ¢', ... NOJKHB GbITb CPaBHHMB [0 MOAYJIO 1.
Heticteutensno, corsacHo teopemam 83°, 84, 85 ecan
=q' (modm), b==b"(modm), ...,
TO

at+b4...=a +b+...(modm), a-b...=a’d"...(modm),
a"==b" (mod m).

JJ1g npoBepKH COOTHOIUEHHS F“:c npejcTaBisieM €ro B BHJE
a==bc. Ilpumenenne 3TOro cmoco6a NPOBEPKH, KOHEUHO, HMeeT
CMBICJI TOJMILKO TOTJA, KOrJa HaXxOXAeHHC TaKHX uucea a’, b', ¢’,. ..
MOXeT OBITb OCYIIeCTBJeHO Jerko u Owictpo. [lIsi sT0oro 0oOLIMHO
B KauecTBe MoAyJs m BuiOuparoT m=9 unu m=11. Kaxzaoe uucio,
3aMKHCaHHOE B JeCATHYHON CHCTEMe CUHCJeHHS, CPaBHUMO C CyMMO#
ero uupp no mMoayJso 9, TaK uTO M MOXKeM chOPMYJNHpPOBaTb CJe-
AyIoHUE cnocod ,NpoBEePKH ¢ NOMOULBIO AEBATKH®.

IL1s KaxZOTO YHCJa BHIUKC/ISETCS OCTATOK OT JeJieHUus Ha 9 CyMMBl
nudp. poussonsa AeficTBHA HaJ uYHCHAaMH, IPOH3BOLAT TaKHe XKe
IeficTBHS HajJ 3THMH ocTaTKaMu. PesyspraT paccMaTpuBaeMblx Lei-
CTBHH Hak 3THMU OCTaTKaMH JOJIKEH OTJHYaTbCcsl OT CYyMMbl LHOP
HCKOMOTO pe3yJsbTaTa Ha YHCJO, KpaTHOe NEeBATH.

Koneuno, ecnu ominCKa TakoBa, YTO Pa3HOCTb MeXKJY HahJeHHOH
¥ HCTHHHOH BeJIHUMHAMH KpaTHa 9, To OHa mpH 3TOM crnocobe mpo-
Bepkd He Oyjer 3aMeueHa,

IMo momymio m==11 kaxjoe 4YHCJO, 3anNHCaHHOE B JECATHUHOA
cuCTeMe CUMC/eHHs, GyJeT CpPaBHHMO ¢ cyMMo# nudp, B3ATHX cllpaBa
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HaJleBO TONIEPEMEHHO CO 3HaKaMH ,IoC“ M ,MUHYCY; T03TOMY MBI
MOXeM Cc(POPMYJAUPOBATb CJAeLyIOmMR cnoco6 ,NpOBepKH C IIOMOHIbIO
oavHHaAuaTtH“. JlAsg KaxJAoro 4ucaa BHUHCISETCS OCTATOK OT Je-
Jenusi Ha 11 cyMMBl Ludp, B3ATHIX NONEPEMEHHO CIpaBa HAJEBO CO
3HaKaMu moc” H ,MuHYyc“. Pesdyibrar paccMaTpuBaeMblX JeHCTBHI
Hajl 3TUMH OCTAaTKaMH JOJOKEH OTJIMYAThbCsl OT CYMMBI B3ATBHIX IIO-
nepeMeHHo €O 3HakaMM ,Iuoc’ M, MHHYC cnpaBa Hajeso uudp
HCKOMOTO -pe3ysbTata Ha uucio, kpatHoe 11. Ecaw omubxa Gyner
kpatHa 11, oHa He OyzeT 3aMeueHa NpH 3ToM cmocobe.

IIpy CHOXKHBIX BBIYHCJIEHHSIX HMEET CMBICJ IIPOBOJMTBL ABE I1pO-
BEPKHU: OJHY C NOMOIIbIO MOAYJsS 9, a APYryIO C IOMOMLbIO Moayas 11.
B srom cayyae omubka He OYJAeT 3aMedeHa TOJbKO, €CIU OHa
KpatHa 99, uTo, KOHeuHo, OGbIBaeT OUeHb PEAKO.

I[Tpumepwn. 1) Ilposepurp ¢ momomplo Momyns 9, BepeH JH
pesyJabTaT yMHOXKeHHst 73416-8539 =626 899 224.

Haxomum, uto cymma uugp nepsoro MHOKuTeJs 21 = 3 (mod 9),
a Broporo 25=7(mod 9). Cymma umudpp npousselieHdss paBHa 48 u
JefCTBUTEJBHO OTJaHYaeTcs oT 3-7 =21 Ha uncao, KpatHoe 9.

2) C nomompio Moayas 11 npoBepuTh pe3yabrar:

(3197)% = 32 675926 373. .

CymMa mudp OCHOBaHH s, B3ATBIX NONEPEMEHHO CO 3HAKAMH ,,ILIIOC*
H MuHYCY, 7—9+41—3=7(mod 11). CoorBercTBy1OHIag CYyMMa
IJsi pesyJbraTa, paBHasa —9, orauuaercs or 73 =343 Ha uucJIO,
KpaTHOe OJMHHAJUATH.

3) IlpopsepuTtp ¢ nomombto moxyJaeft 9 u 11, BepHo aH, uTO

PEVISLIY_ 85847.

Cymma nudp aeanmoro 42=06 (mod9), peaurens 30=3 (mod9)
u uacrtHoro 32=5(mod9). Ilpoussenmenne 3.-5==15 oranyaercs
or 6 Ha uyucsao, KpartHoe 9. ‘ _

IIpoBepsieM ¢ nomompblo Moaynas 11. 3uakonepeMeHHast cymma
Uuhp HEeJHMOTO, HeAHTeNs M YacTHOTO PaBHH COOTBETCTBEHHO 22,
2 n 14, Ilpoussepenne 2-14 =28 oranuaercs or 22 Ha YKCIO, He
KpaTHoe 11, Taxk Y4TO pe3yJbTAT He BEpEH.

3. JJIMHA NMEPHOJA JECATUYHOW JAPOBU

[IpuMeHHM HEKOTODBlE H3 pPAacCMOTPEHHBIX CBOHMCTB CpaBHEHHI
K Bompocy o0 onpefeleHHM LJUHBI NEPHOJA, HOJYUAIOWErocs mpu
obpaieHnn OOLIKHOBeHHOH Apobu B jgecsitnunylo. Hauxem co ciay-
yas apobeil, y KOTOPLIX 3HaMeHaTeJb He JAEJHTCS HH Ha 2, HU Ha 5.
Teopema 231. ITycmo (b, 10)=1, 1<<a<<bh, (a, b)=1, moeda
pasaosicerue %

P, (10) yugp e nepuode.

8 Geckonednyro decamuunyio Opobe bydem codepaicams
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Hokasarenncrso. [lycrs P,,(lO):k M, TakuM o6pasoM,
10*=1 (mod b).

Cornacuo  TeopeMe 1 10a=bc,+r;, rHe O0<<r <<b,
(ry, b)=(10a, b)=1 (teopemul 36 m 42), Tak uTO, B YacCTHOCTH,
r, He MOXKeT paBHATbCA HYJIO, T. €. l<r1<b Mpl umeeM
JJs mapel ry, b Te 3Ke YCJOBHS, 4YTO M LI NapH @, b, Tak 4To
nojiyyaeM: HEOTPAHMYEHHO IMPOJOJIKAEMYI0 MOCAEROBATENBHOCTh
paBeHCTB:

10a =bcy-+-r,
10ry=bc;4-r,
C e ' (4)
10rp_y=bcyy +1p
rie TpH BCEX { BEJNHYMHBl 7; H C; TaKOBBI, HTO
l<r,<b, 0= =220 10 (r=a)
¥ npu Beex [ umeem (r;, b)=1.
IIeJm BCe 4JieHbl paBeHCTB (4) nocnenosarensHo Ha 106, 10%5, .
10%, ..., noJyyaeM
=5 —
—l+1 +10‘+10"b DR
=5 Ck-1y TR _
Bt o Fim e ®

W3 coornomenuii (5) HaxoauMm
a-10%= (¢, 1014 10% 24 . . - cpy) b+ 1ps

' TaK uTo rp=a-10*=a (mod b), u nockoapky 1 <<r,<<b, 1 <a<b,
TO rk =qa.

CoBnajieBue BeJIMYHH r, ¥ 4 TOKa3kiBaeT, YTO IOCJe A LIaros
paBencrsa (4) MepUOAMYECKH MOBTOPSIOTCH, T. €. Cp,s=Cg NPH BCEX
s=0, 1, 2, .

[TockoabKyY —161,;7)%0 IpH yBeJHYEHHH f, U3 paBeHCTB (D) moiy-

YaeM NnepHogHYecKoe pasJsoxenue

Co
10%+1

Cr-1
+102+ +10k + + +’f0k“+---

10k+2
WJd B COKpAIleHHOH 3amHCH

a

7:0, (€oCyo v +Cho)
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MOXHO yTEePXKIATh, UTO HAffEHHBIE HAMH HepHON JIUAbLL K-~
vanmenpmnll, JefcTBHTEJBHO, €CIH

a
"'b—= 0, (COCI. . 'Ct—l)’

a__% -
T Ty 1ol T
al0f={c,10 "1+ ... +c,;) b4-a=a(modbd)
¥ MOCKOJLKY (@, by=1, 10 10°=1(modb), Tak uTO HamMeHbluee
sgauenue [ =P, (10)=4k.
. 22
[Tpumep. Haiitu unciio nudp B neproje pasoKeHus g7 B 6ec-

KOHEUHYIO Hecsatuunylo Apobb. ¢ (91)=72. HcnniteiBas AeHTENH
72, r.e. 1, 2, 3, 4, 6, 8, ..., HaxoguM k=P, (10)=6, Tak 410

Znuna mepuona pasaa 6. HelicrutensHo, %:O, (241758).

a -~
Teopema 232. Ecau 3=0, (cs€ ... Cpq)y 202 k=P, (10}, ¢y,
Cly ooy Coyg M ro=0a, Iy, ..., I'y_y Onpedesenst poagencmeanu (4),
mo npu ecex i=0, 1, ..., k—1 uneen:

r:
=0 (€. CharCye . Ciny)

Joka3aTenbcTBO. IIOCKOMBKY rp=ro=a, Fp,1=F1, +..y
TO paBeHCTBa (4), HauyHHAasA C {-TO, MOXHO 3aluCcaTbhb B BUJAE:

10r;=bc;+rp.q i
IOrk l-—bck+r0 -
10rg=0bcy,+r, ' (6
107, =be,y 1, )

TZe Bce HEOTPHUATENbHBIE YHCJAA € M IOJIOKUTEJbHBIE r MEHbIIe

uyeM b. TTockoabky (r;, b)=1 n P,(10)=%, To cornacHo npens-

Lyuie#i Teopeme Nepeble k sHaueHui ¢ B (6), a HMEHHO ¢, ..., Cpo1s
ri

€ ..., Cjp 0Opas’yOT NEPHOL pasJokKeHHs v e

i
-5'=0, (Ci. - 'Ck—lCO' . .Ci_l).
P, (10) |9 (b) u, cneposarensno, P, (10)<<¢(b), 12K uro U3 TeE-
opembl 231 cnepyer, 4TOo [IJA paccMaTpHBaeMblXx TaM JApobed 7‘:—

HUCJO HUPP B nepuole Beerha He Gogssine ueM @ (b). Ecau Boc-
noab3oBaThesl Teopemoil 162, TO MOXEO yTBEpKAATb, YTO YHCIO
nupp B nepHOLe EHe npeBocxoiuT L (b).
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B uacthoCTH, pasicisenue 5 GECKOHEUHYIO ISCATHUHYIO Apodh
a
wicea BHIA -, A€ p-—1pPOCTOR M l<<a<cp-—1, Bcerga nmeer

e Goaplue, 4eM p— 1 uu@p B mepuoje, MPUYEM UHC/D 3THX HADp
npefcrapaser cobolt menureab p—1.

Ecau 10—nepBocSpasHblii KOpeHb MO MOAYJK p, TO AJHHA HE-
puoia HauboJbluag BosMOKHaf H pasHa p—1. TIpu rTaxkux sHame-
Hatensix k=p—1 ¥ YMCAO PasJMYHBIX OCTAaTKOB B (4) pasHo p—1,
T. €. 3TH OCTATKH 00pa3yioT BCIO NDUBEJCHHYIO CHCTEMY BLIYETOR
10 MOAYJIO p.

B sToM cayuae coracHo Teopeme 232 passnoxenus B Cecko-

2 p—1

HeyHble JeCATUYHBe APCOH /IS BCeX UYHCeN R AT no-

Jdiydaiotcsi APYr U3 Apyra LHMKJHYECKOH NepecTaHoBKOil, TaK 4TO,
2iasfg OAHY M3 HHX, JErkKo HaHTH BCe OCTaJibHLIE,
1 - i4
Mpumep. 3naz, wro ;5=0, (052 631 578 947 368 421), Haitrn 1g .

[Mockosbky uucno nudp B nepuome 1—19 pasuo 18, To 10 npexn-

craBasier coboil nepBooGpasHLil Kopehb mo Mopymo 19, u pasjo-
1 .
JKEeHHe Tg [OJIy4aeTcss U3 pasJIOKeHUs % IHKJIHYECKON IMOACTaHOB-
kofi. HenocpeiCTBEHHBIM fe/leHHeM HAXONUM TNepeLie ABC WHPPLI
14
1—9—0,73... TaK 4TO
10, (736842 105 263 157 894).

Ecau npu (a, b)=1, (b, 10)=1 a He JNeXHT B IPOMEXKYTKe
mexay | u b—1,10 a=bg+a’, rae l<a’ <b—1, —Z—=q+%—, u
noc/e BHIGEJNEHHS I1eJoro YMCJAa ¢ 4ucjo uudp B mepuope pasnio-
XeHUst onpenensiercst snauenneM P, (10) no Teopeme 231.

Ecau B npobu —Z— b=2%.5%.b", rge (b’, 10)==1, To, c6o3Hauasn

max (a, B)=1, umeem:

a a a2t-5i-p 1 A

3-:24_53.1’: lOl-b' ——'1'6‘! br-

A o
Pasznoxenne [ocJie BBIAGJEHUA UeJOxd 4YacTH YUACTO IePpHOAU-

b
1 o
yecKoe, a yMHOKeHHe Ha 10¢ OCYIECTBJACTCS MEPEHOCOM 3anATOrU

Ha [ paspsanos BJEBO, TaK 4TO pPasJoxeHHe noJayvaercs CMEIAaHHO
nepuoAnYeCKyM, MIDHYEM HUCJAO LlI/Iq}p B -IepHone 6yne"r paBHO
Py (10).
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r1ABA 24
BECKOHEYHBIE LEMHBIE JIPOBHU
1. CXOJAMMOCTb BECKOHEYHBIX HENHBIX APOBEA
Badas aBe OeckoHeyHbie ITOCJENOBATENbHOCTH LEJBIX YHCea

Qg Gy, Ay, -+
n
by, by, b,, ...,
HanyumeM BbIpaxeHHe
by
gt —=2— M
ay +—2
a 4.

.

COeNMHSIA, TaKUM OOpa3oM, 3JeMEeHTH STHX IBYX [0CJIELOBATeNb-
HOocTeHl B YKa3aHHOM INOpsJKe 3HaKaMH -+ H —. Mb He MoxeM
noka 4YTO paccmarpuBaTh Beipaxenne (1) kxak pesyabrar psaja
CJAOKEeHUH U JeJieHH{, MOCKOJbKY B HEM He ONpeleseHo, YTO
npubaBasieTcs K KaXKJIOMY @, W Ha 4TO Jensitcd 4yucaa b,. Bripaxe-
Hue (1) MbI OygeM HasbiBath OeCKOHEUHON HeNnpepbIBHOU JpoObIo.

PaccmatpuBas Belpakenune (1), o6o3xHauuM uepe3 A, Tak Ha3bl-
BaEMYI0 n-i0 MOAXORAULYI0 Apobb ’

b1

An’—:ao-*—a'—l'_l_—"—'

rie + u 3HAKM CJOXKEHHMS M [JeJeHHd, Tak 4urto A,—HekKo-
TOpOE PpaIMOHAJbHOE YHCJO.

Ecnu cymecrsyer npefien A, npU yBeJIWYEHWH 71, T. €, €CJH
limA,=a, raje a-—HeKOTOpOe AEHCTBUTEJNbHOE YHCJIO, TO HeEmpe-
poiBHasi ApoOb (1) HasbiBaeTcsl cXojslueiicsi, a o« HasbIBaeTcs Be-
JnunHOfl GecKOHeYHOH HempepblBHOH Apobu (1).

Ecau Bce b,=1 u npu n=1 Bce a,>=1, Bopaxkenue (l) Ha-
3pIBaeTcsi OOBIKHOBEHHOH OeCKOHEeuHOH HenpepsIBHOH JpoObi0 HIiH
GecKOHeUHOH wnenHofl JApobbio.

Onpenenenue 62. BLeckoneurnoll yennol 0pobero HA3bI6AEMCA BLLPA-
derue euda

1
gt —L ®)
ar +a2 X

.y
e0e ay—1uenoe 4ucA0, a 6ce OCHIQAbHbIE Q,— HAMYPAAbHbIE HUCAQ,
m.e, a,=1npu n=1, 2, ...
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Byznem B panbHefnieMm 3aMHCHIBATD Bhipaxenue (2) B BHUAC
ay+Ya, + Ya, -+
Onpegenenne 63. Hoaxoaﬂu;eu apo6bto Q—" K Oeckoneunol yen-

Holl Opobu (2) Hasvisaemcs KoHeyHas yenwas dApobo
&=a0+ﬂal+ﬂa2+...+ﬂan. 3)

Onpenenenne 64. Heckorneunasn Opobe (2) Haswsaemcs cxoaﬂugeu-
s, ecau cywecmeyem npedea ee nodxodauux Opobed, m. e.

P

lim =#

n-> o QH
Onpenenenne 65. Beauuunoti Oeckoneurod cxodsawjelics yenHou
Opobu (2) Haseisaemcs npedea ee nooOxodsujux dpobed, m. e. 4ucao

P
a, makoe, 4mo lim Z=q.
n-> o Qn

Ecan Benuywuna (2) paBHa «, OyleM 3anuceHBaTh 3TO B BHAE

1 1
a::ao—i-—/al—l——/af}—.
Koneunnie n GecKoHeuHble HeNHble APOOH OOBEIHHSIOT OOLIUM
NOHATHEM LENHBIX Apobeil, NMOHHMasl TOA 3THM BbIPAXKeNHsi BHAA

ao—{——”al+—’/a2+ ceey

TJe TOCJAeNOBaTeJbHOCTD HeJBIX HHCed a,, @y == 1, a,=1... MOKeT
OnITh KOHeuHOH MM OeCKOHEUHOH, NpHUeM B cJydYae KOHEYHOH No-
CaeJoBaTeJIbHOCTH NOC/AeAHUH uied a;,> 1.

CpoiicTBa noixofsmux Apobeli, UX YHCauTeJeHd U 3HaMeHaTeNell,
chopMysupoBanHeie B TeopeMax 59—68, cnpasepsuBel H AJst Oec-

KOHEeYHbIX UeNHBIX Jpobed. ﬂeﬁCTBHTeJIbHo Kak Obl BeJIHKO HH
Py Py

6blJI0 1, MOAXOAsAIHe NpOoGH Q. 0, Q ? K OecKOHEuHOH ApobH
[ 1 n

(2) sBAAIOTCS BMeCTe € TeM NOAXOASINMH JpoOAMH K KOHEUHOH
IenHo# ApobH ao—l—yal—}——”az—i— ce —;—yan—l»—”anﬂ, Tak 4YTo yT-
BepxIeHHs TeopeM 59—68 BepHBI AJs BCeX n.
Jas panbreiimero HanboJsee CyLleCTBEHHB CJEYIOUIHE CBORCTBA.
Teopema 59°. Ecau ay, ay, Q,, . .. —34emermol yenrnot Opobu (2),
mo nocaedosamenvrocme wucer P, u Q,, onpedeseHHas pexyppenm-
HOLMU YCAOBUAMU:

Pn=Pn—1an+Pn-
Qn: Qn—lan+ Qu-2
U HAYAADHOIMU YCAo8UAMU:
Py=a,, Qy=1, Py=am+1, Q,=a,, (5)

0baalaem mem ceoLicmeoM, HMO NPU 6CeX N OMHOUWeHUe Q—" PasHo
n-t nodxodaweid Opobu (3). "

} npunz=2 (4)



Onpenenenne 66. Juciumesnanu u 3HaMenamersamy nOOX00ALUX
Opobeti (3) k Geckorneunoll yennol Opobu (2) HA3LIBAIOMCA BEAUHUKLL
P, u Q,, onpederennovie ycaosuamu (4) u (5).

Teopema 60°. [Tpu n=1, 2, ...

PnQn—l—Pn—lQn:—‘(—l)n-l' (6)

Teopema 61’. Yucaumeav u snamenamenss w060l nodxodauel
Opobu k Gecrkoneunol yennod Opobu (2)—63aUMHO npocmole HUCAQ,
Teopema 62°. [Tpu acex n=1

1
Q—n-Qn— nQn—l

Teopema 63'. Ilpu yseaudenuu tomepa n 3uamenamesu Q, bec-
KOHeuHoU yenHol Opobu, HAUUHAA ¢ N =1, MOHOMOHHKO, HEOLPAHULCHHO
soapacmarom.

JLokasaTenbcTno. JleficTBUTENBHO, NOCKOABKY B OecKoHeH-
Holt nenHoit Apobu a,==1 mpu Bcex n==1, To corjacHo cheJjaf-
HOMY BBIllle 3aMEYaHHIO Pe3yJbTaT TeopeMbl 63 pacmpocTpanseTcst
Ba mo0oe MHOXKECTBO 3HAUEHHH 7, TaK 4TO

1=Q,<Q; <@, <

ITockonbky Bece Q,—ueJble umcaa, TO HpPH n>l KRaxpgoe Q, no
KpafiHeft Mepe Ha eauHuny Gonbule mnpeasAymero, T. e. Q, — oo,

AyasoruyHo JAokasbiBaeTcs Cjejyiolias TeopeMa (cM. IlipAMeua-
HHe Ha cTp. 65).

Teopema 63". Ilpu ysesuuwenuu n wucaumesu P, noaroucumesbHOL
Gecronedrotl yenrotl 0pobi MOHOMOHHO, HE02PAKULCHHO 603DACMAIONT.

Teopema 68'. Modyau paccmosnuii mexncdy cocedHumu nodxods-
wumy Opobamu MOHOMOKHO YMEHbUIQIOMCS ¢ YeeAuderuem Homepa U
CMpemamcs K Hyaw.

JlokasarteancTBO. B Teopeme 68 6bl10 JoxKazaHo, 4TO

Ppyy

‘ Pya

Qn+1 Qn Qn 1

H TaX Kak COIJIACHO npeubmymeﬁ teopeMe 63’ Q,— oo, TO
Povr Py, 1 0
B e T i L U
Qn+l Qn Qn+1Qn

Teopema 233. [HodxoO0suue Opobu ¢ uemuoimu U Hedermuovimu
Homepamu obpasyom cucmemy KOHY08 B8A0XCeHHbIX Opye 6 Opyea
uHmepsa.nos.,

JlokasarteancTBOo. B Teopeme 65 GbLIO yCTaHOBJEHO, 4TO
yeTHble MOAXOASIIMEe ApoOH 00pasyloT BO3pACTAIOLLYI0 MOC/AeNOBa-
TeJIbHOCTh, a HeuyeTHbie HOAXOAsIue Jpo6H— yObIBAOMIYIO IIOC/e-
JOBaTe/IbLHOCTb, U NpH 3ToM Jiofast yeTHas Apobb MeHbile JI00OH
HeyeTHOH Apo6H.
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Tak xak Bce 3TO0 BepHO AJs JOGOr0 uucja NOAXOASIHUX ApO-

6eit, TO
Py P, Px
Q<Q2<Q<"'<Q<Q T

IlokaxeM, 4YTO paccMaTpHBaeMble HaMH LeNHble ApPoOH ¢ 3Je-
MeHTamu a, =1 (n=1, 2, ...) Bcerga cxoxarcd M, CJAef0BaTeNbHO,
HMEIOT ONpefie/IeHHYI0 BEJHYHHY.

Teopema 234. Jlwbas Geckoneunasn yenrnas 0pobe cxodumcs.

HokasateabctBo. [lycth HaMm faHa NpPOU3BOJbHAA LeNH2sd
IpoOBb:

a0+ﬂa1+ﬂa2—{—.
rjie Bce @,—UeJble yucaa ¥ a,==1 npu Beex n=1, 2, 3,

B npepmipyieit Teopeme OHIJIO IOKA3aHO, YTO MOAXOASILHE APOGH
€ YeTHBIMM M HEHYETHEIMH HOMEepaMH SBJISIIOTCS JIeBLIMH M NPaBbIMH
KOHIIAMH CHCTeMBbl BJOMKEHHHIX APYr B Apyra HHTepBanos. CorjiacHo
TeopeMe 68° umeeM:

Py Puta
Qn Qn+1
TaK YTO IJIHHbl HHTEDBAaJOB:

(G 2 (2 %)

CTPEMATCH K HYJIO NpPH YBGJHUYEHHH A.

CorslacHO H3BeCTHOH TeopeMe MaTeMaTHUecKoro aHanusa (Teo-
pema XVIII) neBbile ¥ mpaBble KOHIb TAKOH CHCTEMbI BJIOMEHHBIX
ADYr B Jpyra HMHTepBaJOB, AJHHBI KOTOPHIX CTpPeMATCA K HYJIO,
uMeloT OO MH fpefes, npejcTapisomuil coboit HekoTOpoe JieHCT-
BUTEJIbHOE YHCJO o, T4KOe, YTO

0,

lim Pt —q.
k->® Qr
3ameuanue. U3 npuBeJeHHOro I0OKAa3aTeJbCTBA HENOCpen-
CTBEHHO BHJHO, YTO BeJUYHHA OeCKOHEUHOM uenHoii apobu GoJbuie
Jio0o#t weTHOM moaxonsmedl ZpoOH M MeHblue Jo6o HeyeTHOH moi-
XoAsme#d ApobH, TaK yToO
P
Poclio <a<.. < < < (7
Q ~ Q. Q1
Jlast cayuas, Korga uemnHasi Jpo6b Koneqﬂaﬂ, HepaBeHCTBa (7) Takxe
BePHBI, OJIHAKO ¢ COBNAJaeT C MocJejHed moaxoxsiuell podbio (cM.
npuMeyaHne K Teopeme 68).

Onpepenenne 67. I[Tycme oc:a,)—b——i/al—l-—uaz-{— ...} NOAHbIMU
HOCMHOIMU 8 pO3A0deHUU o Oylem HO3bIEAMb BEAUHUHDL Ty, Oy,
Uy, ..., ONPEOEACHHbIE PABCHCMEAMU:

. | 1 1
a=a,+Ya, 4 ... +Ya,4- Yo, npu s=0,
a=a, npH §= —1,
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Teopema 235. [Tycmo o=a,- Jfal -+ -‘-/a2 + ...y Ogyy—HNOAHOE
Yacihioe 8 pasnodcenuu o, mozoa

o Ps0s+1+ Ps_l
“= Q501+ Qs ®)
n
Py 1—a :
et (©)

20e Py, Qg P,_y, Qo —uucsumern u 3rnamenamesn s-ti u (s—1)-i
nodxodsuell dpobu K o.
HdokasartenbcTBo. CpaBHUBas BbIpaXKEHHS

=yt Yoy + ... + Yo, + Yo,
0‘=ao+Ja1+-"+Jas+ R p1s

P
HeMOCPEACTEEHHO BUAUM, UYTO €C/M B QJ—*—‘ 3aMEHHUTh d,,, uepes

Cgy1, TO DoayuuM o. CorsacHo Teopeme 59

Psv1__ Psaser+Ps_a
Qs+1 Qg+ Qsy’ (19)

rne P, Q,, P,_;, Q,_; He 3aBHCAT OT BEJHUHHH Q,,,.
3amendas B (10) a,,, uepes a,,,, HOJy4uM, Kak 3TO TOJBKO

YTO OBIJIO OTMEYEHO, o, T. €.

Psogr14-Ps_y

o=
QsOs+1+Qsy '

OTKyZAa cjenyer u (9).
3ameuanune. Popmynan (8) u (9) Bepum u npu s=0 u

8= —1, ecan npunsite P_; =1, Q_,=0, P_,=0, Q_,=
JlefcTBUTELHO,
. 1 _a0a1+l_Pou1+l l.a40
=ty =" T Qe +0 M *Toati
B naneuefimem, paccMaTpuBasi BequuHMHB Py, Q,, OpH s= — 1
H s= —2, OyzeM Bcerja CUMUTaTb:

P_y=1, Q,=0, P_,=0,Q_,=1.

2. PA3JIO)KEHWE AEVWCTBUTEJIbHBIX YHUCEJ B UEINHBIE APOBU

PaccmoTpum Teneps pasiokenue ACHCTBHTENIbHLIX YHCE] B Ien-
HBIe [pOOH.

Onpenenenne 68. Pasiosiceruem OelicmsumensHoeo 4ucia o 8 yen-
Hyto 0pobb Hasvieaemcs npedcmasierue o. 6 eude

a:ao—}—yal -{—ﬂarl—...,

20e a,, Gy, Qy...—KOHEUHAA UAL GECKOHEHHAR NOCALO0BAMEAbKOCTL
yeabtx uucen, maxas, umo npu k=1 ece a,=1, a 6 cayuae Koxeu-
HO20 PASA0NCEHUR NOCAeOHUL dremerm agz>> 1.
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Teopema 236. [Tycmo pasaoscenue o € yennywo dpobs umeem eud:

a=a,+Ya,+Ya,+ ...
Beedem oboanauerue

a’s=a3+—1-’a_\_+1+ ces
Toeda: 4 Yy Lty _
) a=a,+"oy+...+Va, 3 os, m. e oag=0a, npedcmasasem
cob60il s-¢ NoAHoe 4ACmHoe 8 Pa3AONMCEHUU O,
2) a,==la,] npu scex s.
HDokasareanctBo. 1) Jasg KoneuHo#l uenHoli ApoGnm 310
COOTHOWEHHe oueBHAHO. PaccMoTpuM cayuyail 6GecKOHeuHOH LeRHOH
apobu. Ecau mpenea MOJIXOAANIHX npgéeﬁ K 6eckoHeuno#l NenHoH

apobu as+-’-/as+1—}— ... paBeHds, TO O5>>1 K cOrjacHo W3BECTHBIM
TeopeMaM O Npejiele CyMMBbI M YacTHOTO.

lim (a0+—1]a1—{— - +’Uas+ 'llas_,.l‘l" see +—uas+t) =

t—>
1 ; 1 1
=ao+ﬂa1+ cee Jas—1+—u ltlm (ax+Jas+1+ ter +Ja3+t)’
->®
T. €., JeHCTBUTEILHO, a=a0+-ua1+ - —}—ﬂas_l—l—ym; Ols==Clg.

2) Ecnu nennas japo6b KOHewHast M @, —ee NOoCJeRHUH 3/1eMEHT,
TO a,=0,=[a]].
Ecnu a; ve sBasieTcss MOCJENHUM 3JCMEHTOM, TO

1 . 1
0Ls+1:°("s+1:as+1"*‘Ja&”r2_]" e >h 0<m< L
U, KaK TOJbKO uTO ObJIO JOKa3aHO B MepBOfi HacTH,
1
as:as+m, TaK 410 @ ==[ag.
[Ipumepwn. 1) Hafitu Beanuuny pensoll Apobu:

o= 1-4Yg Yy Vg

rje Bce JaJbHeHIIHe 3JeMeHTH paBHB MocjejoBartesibHo 1 n 4.
CoraacHo Teopeme 236 umeeM:

a=1+1’4+ﬂa:l+———4a°fi_l
_1+V?Z
=

_ Bo4-1 .
-—-4—0'—_*—_—1 N 4o —4a—1 —-—0,

7
o , T. €., MOCKOJBKY o >0, a:i%{—,

2) Hajith BesauuuHy uenHoét ApoOn:
a=2+Yo Yo Yy gy Vg, Mg Wy

rie Bce JaNbHEHUIHe 3JeMEHTHl MOCJAeJOBATEJLHO IPHHUMAIOT 3HA-
yeuug 2, 2, 2, 1.
CornacHo TeopeMam 236 u 235 umeem:

o=2+Y24+ Y24 V14 Ya, q=ptle,
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Cocrapnsiem Tabaumny swauenuit P, u Q, npu n=0, 1, 2, 3:

2 2 2 1
P, 9 5 12 17
Qn 1 9 5 7
Tag 4To a=1-;%i—15—2-, 7a?—12a—12=0, u nockoabky a >0, TO

642730
a.=———7—-——.

Teopema 237, [Iaa ao6oco OedicmeumenbHozo 4ucAa Ccyujecmsyem
pasioxcenue 6 yennyw Opobds.

JoxasareanbcTBo. [lycTh HAM. JaHO NPOHM3BOJBHOE JefiCcT-
BHUTeJIbHOE 4HCJO o. B Teopeme 57 ObIO AOKa3aHO, UTO €CiH —
pauHOHAJbHOE UMCJAO, TO CYUIECTBYeT KOHeyHas UenHas ApoOb,
pasHasi o.

PaccMorpum Teneps cayuafi, Korja o-—HppanuoHaibHoe YHCIIO.

O6o3nayum uepes g, HeJayro 4acTp @, a yepes 0y — BEJAUYHHY,

, TAK UTO

obpatHyio Apo6HOH uacTH «, T. €. BO3bMeM o =5
— Yo

1
0= -,
a, +a1
[MockosbKy @ MPPalHOHAJBHO, d,=%=0 H G, TAKIKE HPPAMHOHA/b-
HOe YHCJIo, npuueM o, > 1.

Mb1 BuanM, TakuM 06pasoM, YTO JJist JiIo6Oro MppauntoHasblioro
UHC/la G MOXKHO HaHTH UeNoe HHCHAO = [o] H uppaunHoHanbroe

1
UHCJAO ©,, TaKHe, 4T0 o =4a,-}-—. Haxoms Taxkum xe oOpasoM
1 0T o !

MAst oy uucaa @, =loy] u oy, >1, s a, uucaa ay=[op] 1 oy>1
T, A, DOJNYYHM:

oc=ao+aII a, = [a]

oc1=al+al a, = o]
2

r (1)
1

ocs—as-}-aﬁ‘ a,=[o,]

The npn s>>1 Bce uppanHoHaNbHHE YHCAa o, >>1 H, TakuM ofpa-
30M, IpPH BCeX TAKHMX § uHcaa a,=[a]=1.
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Yucaz ay, @, 0y, «.. 00pasyiorT GeCKOHEUHYO TOC/NENOBATEeN b~
HOCTh LEJIbIX YHMCeN M, HOCKOJbKY mpu s==1 a,=1, mMb MOXKeM,
B3B 3TH YMCJ4 B KauyecTBe 3JIEMEHTOB, COCTABUTb OeCKOHEUHYio
LenmHyo Apobb ao+—ual+—ua2+. .., KoOTopas COTJacHO Teopeme
234 cxogpurcs.

IokakeM, 4TO BeJMUHHA 3TON MenHO# JApobM paBHAa HaeMy
HcxomHoMy uucay o. JelicrBurenbro, us pasencts (l1) moayuaem

a=a,+Ya, +... +Ya,+Ya,,,,

TaK YTO COrViacHO TeopeMe 235 umeeM:
= Pstsr1t Ps s

Qsst1+ Qs
48
CL——-———,—- Psosyy+ P 1___&9 —
sas+l+Qs_ Qs
< |

.

9

=(Qs0‘s+1+ Qv Qs Qlogrq T Q

3

IMockoapky (reopema 63', ctp. 212) @, — oo, BesHyUHA loc-—-mi
MpH YBEJHYSHUH § CTAHOBUTCA MeHbille JicOOro Hamepej salanuoro
NOJIOKHTRJISHOrO 4Kcia, T. €. llmg =a.

s> @ XS

Mbl BuanM, TakuM o0pa3oM, 4TO AJIA 3aJaHHOTO HPpalXOHaJb-
HOFO HMCJIAa ¢ KMEeTCHl aJrOPUTM, NO3BOJSIOmMHUI CTPOUTH UENHYIO
Ipobb, paBHyio o. Jlerko mnpoBepuTb, UYTO /s DalHOHa/bHBIX O
anroput™ (11) copmagaer ¢ ajaropuTMOM, JAHHBIM NPH AOKa3aTe/b-
cTBe Teopembl 57, mpHUeM NpPU PALMOHANLHOM o BCe o TaKxe
panuoHaJbHE! U HPOLece 3aKaHuKuBaeTcd, KaK TONBKO O CTAHOBHTCA
LEJIHIM THCJTIOM.

[puwmep. Pasnoxurs B nennyio apobs o= ]i?& .
Haxoanm:
_ [1 +V3E +VE
Q= . =T

[TockoMbKY oy =a, OvieM nMerh a,=[oy}=lal=qa,=1, Tax
4TO Oty =0, H T. A.

B nocsiepoBaTesbHBIX paBencreax {l1) Oymer a=a;=0,=...,
Q=0 =0y=...=1, T. €

1+V5 I P EA (12)

[Ipumep. Halitu nepprie ueTbipe 9J€MEHTa PasoKeHus B Uen-
uylo ApoGb uyucna st =3,14159265...
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1
Haxomam @y ==[n]=23; = TS ¢ =[o]=T7;

1 0,14159265.

%= o = pooassias.. s fe=[%]=15
1 0.00885145..., \ _r g
o) =1.

*s ™ g;—a, ~ 0,00882090...> 92
Takum o6pasom, '
a=34+ Y74 Y154 Y14 .
Inga uncna = Gpsl BHUMCIEH psij 37€MEHTOB IENHO npoﬁu
Pasnoxenne n B uennyio npo6b uMeeT TaKOH BHN:
n=3 Y7 V15 4 Uy V9o Yy My My gy Yy
4 V3 Vg Vg4 Yo Wy (13)

I[Tpumep. Haiith nepshie wwecTb 37eMEHTOB B PassioKeHHH
1/2 B UenHyw Apolb.
Pemenne, a= 1/2——ezmﬂcmez-mb1ﬁ JefICTBHTENIBHBI KOpeHb

ypaBueHus x3—2=0; 1<<a<<2, Tax uto o= }-—1—, NOACTABJSIA

8H4aYeHHe a B YDaBHCHHE, NOJydyaeMm <1 + = ) —2=0, nau nocJe
ynpomesnii of —3a?—3a, —1=0. chocpencmermmmu UcrnbiTa-
HUAMH HaxoauMm 3<lo,<C4, Tak uTo oc]-3+- Paszaoxns JeByio

4aCThb YpaBHeHMs AA7A o no cxeMme [opnepa 10 crenensim a,—3
HaxOZuM:

242 —10=0,
al  a,

042
OTK Y2
1003 — 602 — 60, — 1 = 0.
Us 3Toro YpaBHeHHs] HaXOAMM Tenepb, uto 1<lw,<I2, Taxk YTo
oy =1 +~ Taxum e 06pa3oM HaXOXUM AJisl O ypaBHEHHE
3e? — 1202 — 24, — 10 =0,
OTKYyJa IMojydaeM:
5<a,<<6, a3=5+$.
Ypapuenne Aas o, GyieT UMETh BUA:
55a3 —8la2 —33a,—3 =0,
OTKYJa HaXOAMM, YTO
I<a,<2, a,=1+21.
5
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YpaBuenue Iaas o UMeeT BHAL:
6202 + 30a? —840t; —55 =0,

OTKYJIa HaxoauMm, uto l<Toz<<2.
Takum oGpa3som,

Vo=14+Y3 4 V1 Ys VY,

B Teopeme 237 6bli0 nOKas3aHO, 4TO AJA JAOO0Or0 JeHCTBHTENb-
HOTO 4HCJA CyWECTBYeT IO KpaHHed Mepe OXHO pa3jioxeHUe B
nenHyio Apo6b. Bo3HHKaeT Bompoc, MOLYT JiM AJiS RAHHOTO AeHCT-
BHTEJIBHOTO HYHCJa O CYIIECTBOBATH . Pa3/IMuHble PA3JIOKeHHUs B ien-
HYIO ApoOb, T. €. MOXeT JIH JIJs HEKOTOPOro o Cyl{eCTBOBAThb pas-
JOXKEHHE

oc=a0+-ua1+l/a2+...

the a,, a,=1, a,==1...—uneasle uyHciaa, OTJAUUHbBIE OT TeX, KOTO-
pble OblIM MMOJY49eHbl C [OMOLIBIO aJrOpPHTMA, NPUMEHERHOTO MpH
JOKa3aTeJbeTBe TeopeMbl 237.

OxasbiBaercsi, pasJioxeHue JioGoro JAeHCTBUTENIBHOrO YHCIA B
LUenHYyo Apobb obJajaeT CBOWCTBOM €JMHCTBEHHOCTH, a HMEHHO: JBe
pa3JiMuHbIE KOHeuHble HJIH GeCKOHEUHBIE [10C/e10BaTeJbHOCTH 1eJIbiX
qKces

ay, ay=1, ay=1 ... na, a, =1, a,=1...

o6pa3yioT ABe pa3JHYHble NO BeJHUYMHE IenHble ApoOGH, T.€. eC/lH
xors Obl IUIST ORHOTO [ @, 7@;, TO

ao-{—ya1+-’-/a24—...;éa; —}-ya; +-’Ja’,+...

Ilpu sTom, Kak W paHbUie, B CJy4yae KOHEUHbIX LUEMHBIX Apobeit
COXpaHfIeTCsI YCJIOBMe, 4YTO NOCJAEeJHHH 3JeMeHT 6GoJiblle eJHHUIbL.

Teopema 238. [asn awbozo OelicmgimenbHO20 4UCAQ O. CYUiECHL=
eyem 00HQ U mOAbKO 00HQ uenHas Opobb, pasHas o. v

HokasateabcTBo. CymecrBoBaHHe - UemHOW japobu, pab-
HOi o, OblI0 YCTHOBJICHO B Teopeme 237. Hawm nagno I(OKasaTb
€JIMHCTBEHHOCTh TaKOH uenmHol xpobu. [lycrs

o= q, +—’/a1+—’/a2+...=ao+—”a,+ya;+... ,

TAE a; ¥ g,—TUeJble uHcla, npudeM npu =1 Bce a; ¥ a; noJo-
}KHUTeJbHBl. DyZeM cYuTaTh, YTO M3 3THX ABYX IEHHBIX npo6epx no
KpaliHeil Mepe ofHa OecKOHeyHasi, TaK Kak ¢Jay4all paBeHCTBa ABYX
KOHEUHBIX UeNHBbIX JApoGel yXKe OBl paccMOTpeH B TeopeMe 53.

[Ipeanonoxum, 4TO 3TH JABe LeNHble ApoOU OTJIMYAOTCA XOTH
Obl OZHUM 3JEeMEHTOM, H O0O3HAUHUM Yepes R NMepBbll N0 HOPIAKY
HOMED, TaKofi, UTO @,7-a,, T. €. NPENNOJOKHM, 4TO

Qp=0,, Q=0 «o. , Quy=0,_, QG7a,.
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O6o3naunm ak=ak+ﬂak“+ ey Op =ap —I—ﬂa;l“—i—...
W3 pasencrea (reopema 236;)

1 1 1
oa=ao+Ja1+ . +Jak_1—}——/cck=
U 1 e 1, . s
=g, +Ya +... + Yo, + Y
nojlyyaeM o, =a,, HO TOTAa COrJacCHO TeopeMe 236, MeeM:

a,=[o,] = [“k]*-ak,
YTO MPOTHBOPEUHT YCJOBHIO 0,7,

[peanonoxenue, yro AeHCTBUTENBHOS UHCJIO O MUMeeT JBa pas-
JUUYHBIX pas3JoKeHHsl, MPUBEJIO HAC K NPOTHBOPEYUIO0, H, TAKHM
o0pasom, pasjioKeHUe B LENHY JApo6b MOXKET ObITb TOJLKO OJHO.

MTpumeuanue. EnuncTBeHHOCTD pa3nioxkenus yxe He GYIeT UMeTb MeCTa,

ecJu OTKa3aThbCsl OT yCJOBUSl ag==1 npu s=1 nan BooOue OpaTh HenpephiB-
HHle apo6u Buja (1).

Hanpuwmep, us (12) nonyuaem pasioxenue

3—+§E=2+-‘/1+ﬂ1+ Yig ..

HO, KaK JIerkKO NpOBepPHTh, IJISt 3TOIO Ke YHCIa HMeeM ApYroe pasjoxeHHe B
HenpepuiBHYI0 APOOH:

3—1%‘/—5=3+-’/ —3+ Y3 4 V3.

Teopema 238 nokasbiBaer, yTo M0Goe PasiOKEHHE AeHCTBHTEJb-
HOTO u4MCJa B UEeNHYW ApoOb, NOJNYYEHHOE KaKHM-JIHO0 IPYTrHM
METOJIOM, OTJIHYHBLIM OT TOTO, KOTOpBHIH ObII IpHMeHeH NpHU J0Kasa-
TenbCTBE TeopeMmbl 237, JacT HaM Ty e HenHyio Apobb, Kak H B
paccMOTPEHHOM TaM aJiFOpHTMe.

Pazsarasg jpeficTBUTeJIbHBIE 4YHCJA B lenHbie ApPoOH, MuI st
KaXXAOr0 pPalHOHAJLHOTO YHCJIa MMeeM eNMHCTBEHHOE pasJioxeHue,
npejcrapiasiiomee co0oll KOHEUHYIO UENHYIO ApoOb, a AJs KaXkKAOro
HPPALHOHANBHOIO YHCJIAa—€JMHCTBEHHOE pasJiokKeHue, IMpeicTaB-
Jasoniee  co6oil OGeCKOHeUHY LeNnHYio ApoGb. B 3TOM OTHOLIEHUH
pasJoxKeHNsl HeHCTBUTENBHBIX YHCEJ B LlenHble ApobH XapakTepu-
3YIOT NPUPOAY JEHCTBUTENBHBIX UHCEJ Jyyllle, YeM pa3JoXKeHUs B
cucTeMaTHYecKue IpobH.

PasnoxeHnst pauMoOHaJbHBIX YHCEJ] B CHCTEMATHUYECKYIO Jpolb,
HanpuMep B JHECATHYHYIO, MOI'YT ObITb KOHEYHBIMH M OeCKOHEUHBIMH
npuvYeM XapakTep TaKHX pas.no;xeﬂnu CYIIECTBEHHO 3aBHCHT OT
OCHOBAHHSI CHCTEMBI CYHCJIEHHUS.

[Mockoabky MexAy AeHCTBHTEJNbHBIMH HHCJIAMH U IeNHBIMH ApO-
6AMH YCTAaHOBJIEHO B3aWMHO OAHO3HAa4YHOE COOTBETCTBUE, MBI GyleM
B JajbHelilleM, B cJaydae, KOTAA

a=a,+Ya, +Ya,+...
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P . o
IIOAXOASIIHE IpodH aﬁ K 9TOH IenHoH JxpobW Ha3bIBATb TaKXKe
5

JUisT KPATKOCTH NOAXONALINMH llpOﬁHMI/l K 4HCaYy .

3. PA3JIO)KEHHE YHCJIA ¢ B HETIHYIO JPOBDL

B kauecTBe nmpuMepa paccMOTDHM pasjoXeHHe B UEMHY Apodh
qucaa e.
Teopema 239.

ooy Ve V104 .. +Ydn 4+ +. ..

I[oxasaTeanTBo. Onpej.xe.ymm [.(x) (n=0, 1, 2, ...),
KaK CyMMy psiia:

-

n (n+1) (n+2)! o (s 8
fn(x)‘"(“m’z“"n(2n+2)1 2+2!(2n+4)!x4+"' ; l(2n—i—28)l

DTOT PN CXOZWTCSI HPY JIOOLIX 3HAYEHHSAX X; OXHAKO MBI 6yAeM
paccMmaTpuBaTh TOJLKO 3HaueHus x, Jjexaume B uureppate (0, 1).
Jlerko mpoBepuTb, UTO HMeeT MECTO TOXKIECTBO

fu(¥)—(4n+2) [ 11 (x) =427, 5 (). (14)

o 2k .
HeitcTBurennro, KospguuueHT npu x° B JeBOH yacTh pabeH-
ctBa (14) pasen

(n 4 &)t (n-Fh41)!
—(n+9) 5

R0 + 2&)! Cn L2kl

(nn-|- %) ( 2041 _ 2(n+k)
TRT@n Lo\ ' T 2n L or L 1) T R—)Y2n4 2+ 1)1 °

a B npaBoil uacTu papbeHcTBa (14) oH pageH

4(n+k41) 2 (n+A)
=Bt ok+2)  k—DOnF2k+Dl*

tak uto (14) BepHo.

O6osnauum I 7)
o)

mmﬂ+§+%+“

yepes o,. B 4acTHOCTH, MOCKOJBKY

(e +e77),

k\DI

L) =g (x+ 5+t )=4ix (e¥—e™),
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.
HUs  roxpecrsennoro papexcrsa (14) npy X=- moayuaem:

o, ==

(15)

Hockoapky o, .4 HOJIO}KHTeJIbHO paBeHcTBO (15) mokasbiBaer,
4TO NpH BeeX n o, >4n--2>1, ———<1 T. e, 4n+2=[a,] u no-
CAEA0BATENLHOCTh COOTHOUIEHHH (15) npn n=0, 1, 2..

oy = 2+&I
o, == 6—!—‘—11—2
=104 —

.......

J2eT Pa3jIoMeHHe o, B UENHYI JApobb:

ma=24+ Y6+ Y10+ ...+ YVUnL9 1., (16)

e—1
Teopema 240,

o+ Vi pYop Vi Yy Vg Yy Yoy oL, (17)
m.e. dneMeRmul @, PAAOHEHUA € 6 yennywo Opobb umeom 6ud:
Qy=2, 83, =05, 1 =1 1 a5, y=2n.

Hoxkasareabctso. O6osHauyum noaxojsuiie 1podu X npasoi

aacta (17) uepes g” , @ mnopxopswme xapobu kK (16) wuepes

R n

S—" (n=0, 1, 2, ...). loxaxewm, 410

n
Ry _ Papy1+Qunia
S Pan+l an+l

[Ipunumas BO BHUMAaHHe 3HauYeHWe B3JEMEHTOB LenHo# apobu
(17), nmeem:

P3n+l=P3n+P3n—l’ Poy=Pyy 1+ Pyy_s,
Pgy1=2nPy, 5+ Py, _s,
P3n—2=P3n—3+P8n-—4i P3n-—3=P3n—4+P3n—5’
OTKYyJa HaxoJuM:
Pyny1=2Pg, Py, _g={An+1) Py, o +2Py, o=
=(4n+2) P3n—Z+P3n-—3'—_P3n-—4:(4n+2) Pan—2+P3n—5'
AnasorHyHOe COOTHOLIEHHE MMeeM H Aas Q,,.,, TaK 4TO
Pypyy=4n+2) Py, 5+ Py, s, }
Qunir=(4n+2) Q;, 5 + Q4,5

(18)
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Iloxa)xeM uﬂnyKuuen no n, uTo - _
Ry=5 (Pyuir+ Q- (19)

s (16) u (17) Henocpencmeﬂﬂo BhyHCAsieM R,=2, R, =13,
P =3, P;=19, Q;=1, Q,=7, Tak uro coornomenue (19) sepHo
npu n=0u n=1.

[Mpeanonoxum, uro cootHomenue (19) BepHo anist Bcex R ¢ HoO-
MepaMH, MeHbUIUMH 4YeM 1, T'Je n =2, T. e., B YaCTHOCTH,

1 1
Rn—1=§(P3n—2+Q3n—2)’ Rn-2=_2—(P8n-5+Q8n-—5);
TOTJa, ucroJb3ys pasedcrBa (18), mosayuaewm:

R,=(4n+2) R,y +R,_y =5 {(47+2) (Psy_y+ Qo) +
+P3n—5 + an—ﬁ} =%(P3n+1 + Q3n+1)'

CorslacHO NpPUHUMOY TNOJHOH MaTeMaTHYeCKOH HMHAYKIHH paBeH-
creo (19) BepHo ana Bcex n.
CoBepuieHHO aHaJIOTHYHO JIOKa3bIBaeTcs, 4TO

1
Sn = 9 (P3n+1_Q3n+1)'

Paccmarpusasi Tenepb npejes OTHOWeEHMS BeqnunH R, u S,, HAxXO"
JUM:

lim &”_“_*_1
nro Qap iy —lim Pypi1+ Qsnin =1im[3-'i=e+1
lim _‘D:Lﬂ__l P3ni1—Qsp+1 S, e—1"
nr® Qspey

T. €. im Pants .

n—>om X3n+l
[Tockonbky menHast ApoGp B mpaBoit wactn (17) cxogutcs, MH
Gynem nMerb Takwxke, uro BooGme lim="==e, a 3TO JOKa3bIBaeT

n—->o

TeopeMmy.

Hcemopuueckue xommenmapun k 5-it u 24-it 2aa8am

1) IIpouecc nocienosateNbHOTO 00pa3oBaHus GECKOHEUHBIX He-
IPePLIBHBIX JApOOefi, NOJYYAOMUXCS NPH PassiOXMeHHH HEKOTOPHIX
JIefiCTBHTE/IbHBIX YHCeJ YacTHOTO -BHAA, omucaH B anareGpe bBom-
Oesmu, Bpimepmeid B 1572 r.; ognako bombennu, onuckeBas npoiece,
He yunorpebasier obosnayenuit Buzna (1). OGosnavenus Bupa (1) pas
HENpephiBHBIX ApoOell BnmepBoie Berpevatorcs y Karanppu B 1613 r.,
TOJNIBKO BMeCTO 3HaKa , -+“ OH mucana ,et”.
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Koneunnie nenusle npobu Buia (1) 5-i raaBsl paccMaTpuBaduch
ueneukuM MatematukoM [llsenrepom (1585—1636). Hlpenrep mpu-
MeHsJ TaOMHLbl THNA TeX, KOTOpble NaHel y Hac Ha cTpauune 65.

[Iupokoe npuMeHeHHe wenHble JAPOGH MOJYYHIH HaAuHHAE C
paGor wu3BecTHOro ¢u3mKa, acTPOHOMa M MareMaTHKa XpuCTHaHa
Tiofirenca (1629—1695). T'iofirenc paccmatpuBas uenHbie Apo6H B
CBSI3H C 2ajauell noxbopa 3y6uaThXx KoJec, y KOTOPHX OTHOIIeHHe
upcsaa 3y0uoB ObJIO BO3MOMKHO OJHXe K HEKOTOPOMY 3alaHHOMY
yucay. Uuesno 3y6LOB B TakMX KoJsecax HeJb3si ObWlo GpaTh cuuil-
KoM GOJBLIHM, Td4K YTO HNPHXOAMJOCH OTHICKMBaTh JBa CpaBHU-
TeJBHO HeGOJBIUMX HATYpaJbHBIX YKCJA, OTHOIIEHHE KOTOPHIX G0
OMH3KO K 3ajaBHoMY umcay. Pelenune sazau Taxkoro poja, ecTe-
CTBEHHO, NPHBOAUT K PACCMOTPEHHIO NEMHBIX ApoGel H NOAXONSIIHX
Kk HEM. Ilox6op Takux 3yBuarhiXx KoJec Oblol HyxeH loiirency B
CBA3M ¢ €ro HAMEPEHHsIMH TOCTPOMTb MOZEJb, HMHTHPYIOULYIO
IBUXKeHHMe TUJIaHeT B COJHeYHOH cucTeMe.

2) Teopust uenuutx jApobeil Oblna cucTeMatHueckd paspaboTana
Diinepom, a sarem JlarpaHxewm.

2

~|

e
3) Pasnoxenue

S B LEMHYI0 1pobSb npu JwboM Harypalb-

)

e” +1
roM k 6puto HaififieHo DitnepoM B 1737 r. PasnoxkeHue B UCNHYIO
IpoOb uncaa e (Teopema 240) TakKe NpHHANJIEKHT Dhjepy.

FJ1IABA 25

NPUBJIM)KEHUE JEACTBUTEJbLHBIX YUCEJ
PALNOHAJIbHBIMHA APOBSIMH

1. NPUBJHXEHUE AENCTBUTEJILHBIX YHCEJ NMOAXONAUIMMH
APOBSAIMH

PauvonajbHble YucJa, Kak H3BeCTHO, 00pas3yioT CYETHOE MHO-
}KeCTBO, B TO BpeMsi KaK MHOXECTBO HDPAIMOHANBHBIX YHCEN He-
cueTHO. B 3TOM cMbic/ie MOXKHO CKa3aTh, YTO OCHOBHYIO Maccy BCex
ZeHCTBUTENIbHBIX YHCeJ COCTAaBJSIIOT HppauHoHandbHele 4Mcaa. [Ipu-
MEHeHMe HPpPaUHOHAJbHHIX 4YHCeJ B MpakTHKe OOBYHO OCYILIecT-
BASeTCA 3aMeHOHl JAaHHOrO HPPAUHOHAABHOTO HYHCJA HEKOTOPHIM
paloHaJbHBIM YHCJIOM, MAJIO OTJTHYAIOMUMCS B Ipejesax TpebyeMoil
TOUHOCTH OT 5TOr0 HppauMOHaNbHOTO uHcaa. Ilpu aToM 06bIUHO
cTapaioTcsi BeiOpaTbh pallMOHAJAbHCE YHCJIO BO3MOXKHO NPOCTHIM, T. €.
B BUZe AECATHUHOU APOOH C HeOOJLLIMM YUCJAOM 3HAKOB rocte 3a-
NATOH MAM B BUIE OOHIKHOBEHHO ApPOGH CO CpPaBHUTENbHO He(OJb-
MM 3HaMeHarteJsJeM. [[Jis FPOMO3JKHUX pPalHOHAJbHBIX 4YHCe, T. €.
yycesq ¢ OOJBINMMH 3HAMeHATeJNsMH, TaKXKe MHOrA3a BO3HHKAKOT
3ajaud, CBSI3dHHBIE ¢ HEOOXOZUMOCTBIO OTHICKAHHS XOPOLIMX pa-
UMOHAJIbHBIX NPUOIUKeHUH, NOHHMAas IOJ ITUM OTHICKaHHe paimuo-
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HaJbHBIX YHCEJ CO CPaBHHTEJNLHO HeGOJbIIUMH 3HAMEHATEJAMH,
MaJI0 OTJIMYAIOHIUMHCA OT HAHHBIX Yucel.

Lennble npo6u paior oueHb YAOOHBIH annapar AJsl pelieHus
3aga4 Takoro poja. C moMmoibio UenHuX Apolel yaaercs 3aMeHsTb
JefCTBHTE/IbHBIE UHC/Ia PaAlMOHAJAbHBIME APOOSIMH TaK, uTO OUIHOKA
OT TakOH 3aMeHbl Majia [0 CPABHEHHIO CO 3HAMEHATeJIAMH ITHX
panuoHaJbHbBIX YHCEJI.

Teopema 241. [an moboix 08yx coceduux nodxodsauux Opobei

P, P .
5’1 n QJ’L’ K OellcmeumenvHomMy “YUCAY O LUMECI MECHIO HepaseHcmeo
n n+1
P 1
o— =2 l L 1
| Qn = QnQn+1 ’ ( )
P
u ecau as=="E omo
Qn+l
la P,,}< 1
Qn Qn Qn+1 )
P
HokasartenbvcTtno. Ecau a#Q"—“ , nopxondmue  ApoGu
nt+l1
P, P
-Q—” ¥ = g3 KoTopuiX OfHA YeTHasl, a Apyras HeueTHas, Jexar
n n+1

[I0 pasHble CTOPOHH OT o (3aMeyaHHe K TeopeMe 234), W Mo3tToMy
paccTosihde oT o A0 Jo0of u3 HHX MeHble LJMHB HHTEpBal,
06pa30BaHHOIO STHMM JBYMSA NOAXOLSIMME JpobsiMi, T. €.

(1—‘52 l Pn+1___P_n — 1 .
Qn Qn+1 Qn Qn Qn+1
P P i
Ecan a= =" 10 'a—-_" LS
Q +1 Qn Qn Qn+1

Teopema 242. [las amoboil nodxodsuyeii Opobu an K Oeticmau-
-1
MEALHOMY HUCAY O CILPABEOAUBD HEPUABEHCINEO:
P 1
Jo—te|< . B
Qy Qn
Pﬂ
JNoxasartenbcrtBo. Ecau @=p", T0 HEPABEHCTBO (2) ouc-
n

p P
punno. Ilycte as£=2%, T, e. cyulecrByetT NOAXOAsuas Apolb Zf*—‘ .
+1

n 7
ITpn n>0 Q,<<Q,,,; ¥ cornacuo npeivaylieli teopeMe HMeeM:
1 1

Pn
— g e <,
¢ Qn QnQn+1<Qi

OtnenvHo paccmorpum cayuail n=0. Ecau

a:a(,—{»—ual-{-ﬂaz—}—.,.,
TO

;oc—-%ﬂ=—’/al+ﬂa2+... <l=—,
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Teopema 243. Ecau a5~ % , Mo

|a—

JokasarteabctBo. PaccMoTpuM cHauasa ciayualt, Korja 4is o

1
(Qn+1+Qn)‘ (3)

CyUIeCTBYeT MOAXOAdAas Apobn g"—*—“‘ Hepasencrsa (7) 24-if raasbi
n42

P P P
NOKa3blBAIOT, YTO MpH oc#Q”“ NoAxoAdilne Apodu 6’-‘ 74 '”2ﬂa-
n+2 n n+a

XOMATCS DO OAHY W Ty e CTOPOHY OT &, M TOrja, HOJb3YdCh eile
TeopeMoll 64, mosydaem:

,OC ___EI_I Pn+2 Pn IPn+2Qn-P Qn+2]
Qn Q Qn Q Qn+2
Opt2 =~ An+a |

= G0 Qri18n2t Q0 = Qn(Qurtdnrst Qutnrg)  Qn(Quii+Qu)

Ilpu = Lnta 6yjer a,,,>1, TaK uro

Qn+2
|22~ Puss_Pal Gyta
Qn Qn+2 Qn Q (Qn+1an+z+ Qn)
Aptz 1

Qn(Qnan+z+ Qn n+2) Qn (Qn+l+Qn) ’

Ecan e D7t nocennsas nogxoAsmas Apobs, T. e. a = Pres , TO
Qn+1 Qn+1
P, 1 1
X — 5~ | = )
‘ Qn QnQn+1> Qn(Qn+1+ Qn)

Teopemsl 241 u 243 1a0T OUEHKH npubaumKenus Joboro aei-
n

“ P
CTBUTEJILHOTO HHCJIA HOAXOAAmeH JApoObio g Tak kax npu Bcex
n

n uveeM Q,<<Q,,;, TO MOXHO HANUCATh TAKKe
1

<} Sl

2Q,Qn, Qn+l
1
Hn, TaKuM oGpaaoM, —Q——Q———- C TOYHOCTBIO JO MHOXHTEJA, 3aKJI0UCH~
nXntl

1
HOTO MeXAy 5 H 1, onpepensier MOPAAOK NPUOMMMEHHS o NMOJXO-

Ismieit KpoGbio ¢ HOMEpPOM 1.
Teopema 242 noxasbiBaeT, UTO NPU 3TOM, BO BCSAKOM cCiyuae,

ofecneuuBaeTCst TOUHOCTb NPHOMKEHHA —5.
n
Mpl BHAMM, uTO, BOOOME COBOPS, MOAXOASALIHME XPOOM AAIOT Jyd-

mue npub/HKEeHHA K JeHCTBHTE/bHBIM YXCAaM, YeM KOHEUHBIe Jecs-
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THYHBIE npoﬁu, fnoaydawmuirecs B IPOLECCE pa3JIOKEHHST 9TOro uncaa

1O CTEeNeHsIM HeficTBuTeIbHO, €CAH ¢, Cyye.. — AECATHYHBIE

10°
3HaKH YHCJa o mocae sanaroit M cy=[a], T. e.

’_CO+ 102+°“5

TO, B35SIB B KayecCTse I'lpH6JIH}KeHHOI‘O 3HAYCHHUA o YHCJC

14 A
C()+ +---+18r1:'f6ﬁ,

6yreM HMeTb:

A Cyt C 8 9 1
nt1 ‘u+2 hd
+ ...

l“‘w = orei T jprre <pntgat =g
O6o3naunp 10" uepes B, umeem:
A 1
A o
JecaTnunas apobp CO+TCé+ v -P%‘,;r-—g BHIDAXKaeT JelicTBH-

TeJibHOE UMCJO0 & C TOYHOCTbIO JIO BeJIHYMHB!, 06paTHON 3HaMeHaTeJo,
B TO BpeMsl KakK COTJacHO TeopeMe 242 nmpuOmmxeHune MOAXOAAUHEMA
apo6amu obecneynBaeT TOUHOCTb [0 BEJHUMHEI, 06paTHOH KBaipary
3HaMeHaTeJs .

Hano npu atoM mMeTb B BHAY, 4TO NpH OONBLUIMX SHAueHUAX a,
Q,,1 MoxeT Owthb naMHoro. Gojbiie, uyeM. (Q,, M TOrja COLJIacHO
reopeMe 241 ToyHOCTL NPHOMMKEHHS NOAXOATIUUMA Apobsivu GyneT
ele Jyuled.

Jutst Toro 4robbl HAaHTH paUMOHadbHOe NpubaHXKeHne AeHCTBU~
TEJLHOIO YMCJA & C TOUHOCTBHIO IO &, MOMKHO noRoOpaTh MNOAXOAS-

P 1
1y Apobp = ¢ TaKUM HOMepOM 1, uTo6nl Q,Q 6110 Goabile - H

Qn
Torga 6yjneM MMETh:

n+1

1
< .
Q Qn+1<8

ITpumep. Halitn nopxeasmyio apobp K uuciay 2+V'5, orau-
Yalonlyocs OT 3To# MUppauuoHaJbHOCTH MeRblle ueMm Ha 0,00001.

Haxomum, uro 24+ V5=4+Ya 4 Ya Yg |
IlocseioBaTeIbHOCTL 3HAMEHATEJICH:
Q,=1, Q =4, Q;=17, Q;=72, ¢, =305, Q;=1292, ...,

TAK 4TO

o2

Py 1292
Q45 > 100000, =

orauuaercs ot 2+ }/5 Meubue ueMm Ha 0,00001,
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Tpumep. Haiitn nepsrle ueThipe NOAXOASIIHE npoﬁu K 4HcaIy 7,
ONEHHTb HOPSAAOK TNPUOIMKEHHS 3THMH APOOAMM ¥ HaAfTH NOAXOAA-

3
Wyl JpoGb, NpubAHKAIOMYIO T ¢ TOYHOCTBIO A0 55 -

[Monbaysich  paBesCTBOM (13) 24-#i raiasbl, cocrapiseM TabJuLy
YHCAMTeJNeH W 3HaMeHartejell NMOAXOASMMX Apolelt K it

| I
i 3 ‘ 7 i 15 ‘ 1 292 |
P | 3 | o2 ] 333 ] 355 | 103993
1 ‘
|
Q| ! J 7 \ 106 [ 113 | 33102
Po_g Py _22 Py 38 Py 355
Q Q. 7’ Q 106 Q N
Hepasenctso (1) naet:
92 1 _ 1 |_ 33
!”"7;<7.106\7(E’ |“"‘106,<106 13 << 0,0001,

355] 1 _
;ﬁ_m < tarie < 0,0000003.

5

22
PauuoHasbHoe npld6ﬂPl)KeHH€ K Tt B B¢ 7 naioumiee CpaBHHTe I b-

HO G/HSKOe K 7 3HayeHue, OblIo H3BecTHO eite Apxnumeny. OcoGenno
VIOGHBIM DAUHOHAJBHLIM NpHOAMKEHHEM K U SABASETCH UYHCHO

355
e Jampniee rpH CpaBHUTENbHO HeOOMBLIIOM 3HAMeHaTese BBICOK Y10

TOUHOCTb., DTO CBS3aHO C TEM, YTC B PA3JIOKEHHH T UYHCIO d,
CpaBHUTEbHO 60JiblIOe (04 ==292), H MO3TOMY NOCJE 3HaMeHaTeJs
113 caeayrooumuil 3HaMenartenb HaMHoro Goabine, yem 113.
Jlokamem, uTo Kaxaas cJieylomas noaxoasmas Apobs Beera 6au-
e K paccMaTpUBaeMOMy AEHCTBHTENbHOMY UHCIY @, YeM NPEeAbIY LS.
Teopema 244, s amoboix Osyx coceOnux nodxodauwjux 0pobed

P,_ P .

e el /A Oeucmaume/lbl-tomy HUCAY O UMEEM:

Qn 1 Qn
]
Lo — < ‘ n 1! 4
i Qu Qn 1 ( )

D

HokaszatenscTBo. Kak u B Teopeme 237, mpu oa:;’:-‘(;ﬁ
n

noJyyaem:

P nan+1—{ Pn 1 Pn 1

_Pal - -

l ¢ Qn i Qn 1+1+ Qu 1 Qn (Ql:("n+1+Qn_1) Qn ’ (5)

, , nan+1+Pn—l___ Pn_l — Oyt (6)
11 I an‘n+1 Qn-l Qn-l (Qn“n’*l“*‘ Qn—l) le—l ’




HO @y >1 ¥ Q,=Q,_;, TaK YTO MOAYJBb Pa3sHOCTH B (5) MeHblile,
yem B (6). Ilpm a—a—" HepaBeHCTBO (4) oueBHAHO.
n

B crepyromell TeopeMe MBI NOKa¥eM, YTO palloOHaJbHAsA APoOL,
B HEKOTOPOM CMBICJIEe JOCTATOYHO XOPOLIO AHIPOKCUMHPYIOmAas Aeli-
CTBHTENIHOE YHCJO, JOJ/DKHA 00653aTeJbHO COBHaJaTh C OXHOH U3
€ro MOAXOASIHIHX.

Teopema 245. Ecau 0asn yeawtx a u b {(b>0, (a, b)=1) sonoa-
HAEMCS HEePABEHCIMBO

a 1
lo—%]|<2m-
mo %—-oana u3 nodxodaujux Opobel k o.
HoxasarenbcTBo. Hymboa#% (mpu oc=-g— yTBEePKICHNE

a
TeopeMbi TPHBUANBHO). PaccMOTpHM passioxeHne 4 B UENHYIO APOOL:

—aO—I—Jal—i—,.. +—/a =

Q—s
P
obo3nravas uepes 61 noAxojsiiue JpPobH K 3TOMY PasjoXeHHIo, BO3hb-
L
MeM 4HCJI0
_ Py _1—aQ,_4
T aQe—Ps (7)
Torna
— 1
[(1)+ Qs 1 _}‘DSGIQ j%x—l Q(;-l — 5 — 1 p >2’
.S s s Q;! (a__Q_s b2l o— —
s
OTKYJa MoJlyuaeM, 4TO
0> 9% = 1.
Qs
[Iycte @=ga,,4 +—'/as+2+ ... —pasjioxKeHHe ® B HEeNHyio Apobb.
[Mockonbky @ >1, 10 ag,; =1, u Toraa
ag+Ya 4 ... +Ya,+ va ... =P

npejcTaBiageT co00H HEKOTOPYIO LENHYIO ApoSb, BEJHYHHY KOTOPOIt
Mbl 0003HauuIH yepes f.
Corsacuo ¢gopmyae (8) 24-f1 rnaebl uMeeM:

ﬁ s03+Ps 1
st+ [
W, TMOACTABJsIA cloja BeIpaxeHHe ® u3 (7), mocie HpPOCTHIX ApeoG-
pa3oBaHHR no.nyqaeM Bp=a, Tak ur0 HenHas APOGHL a0+-ua1+.

+—/as, paBHas ecTb NoAxojsmas Apobp K .

b b
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2. MPUBJUXEHUE JAENCTBUTEJbLHBIX YHUCEJ PALUOHAJbHBIMH
JPOBSIMH C 3AZAHHDBIM OrPAHUYEHUEM ANS 3HAMEHATEJNEN

B teopemax 241 — 244 craBuscsi Bonpoc o nopsiaKe npubauxKeHHs
NEHCTBUTEABHBIX UMCe] MOAXOAdWUMH ApobGamu. B caexyromux
TeopeMax pacCMOTPUM HEKOTOpEIE CPaBHUTENIbHO IPOCTLIE Pe3yIbTaTH,
NoKasuBawmue, Kak 06CTOUT jHesio ¢ npubiaikeHueM JefCTBHTE b-
HBIX YHCeJ PalHOHAJbHBIMH YHCJIaMd, He Npefiperiasi 3apaHee, 4TO
3TH pauuOHaNbHBlE uucna 6ynyT MOAXOAAMEUMH ApobsMu. Buecre
C TeM B JIOKA3aTesbCTBAX 3THUX TeOPeM Mbi yacto OYJeM HOJb30BaThCS
yKe W3BECTHRIMH HaM TeOopeMaMH O UeNHLIX ApOOAX, TaK Kak
UCMOJb30BaHHE HX OOBYHO Jjaer HauboJee NPOCTHIE NYTH JJsd
MCCHEI0BAHUS PALMOHAJIBHBIX MPHOIMKEHHN.

[Tycrs o —nponsBosibHOe AeficTBUTeNbHOE uHciao. Kax Oblio ot-
MEYeHO paHblle, ykKe U3 TeODHH AeCcSITHUHBIX ApoOel caejyer cyule-

a a 1
CTBOBAHHE PAUHOHAJBHOIO YHC/a 77“ , TAKOoro, 4TO | &L — B < e Ilo-

CTABUM BOMPOC O BO3MOMHOCTH TaKHX HPHOJUMEHHA o paluoHasb-

a
HbIMH YHUCJAMH -, TPH KOTOPBIX TOYHOCTH upubnuxenus Oypet
o 1 . o
OleHeHa He BeJIMUHHOU —b—, a BeJINYUHOH, B T pas MeHbpUleH, T. C.
a
BONOPOC O HaXOXKJICHHMH pDAlHOHAMBHBIX YHUCEN -, TAKHX, 4YTO
a 1
o — — .
’ b ’< b’

rae T—aofoe 3apaHee 3aJaHHOE NOJOMKUTENLHOE YHCJIO.
Hanpumep, MOMHO MOCTABHTL 33144y HAXOKAEHUS TAKOIO PallHO-
HaJbHOTO TPUOMMKEHHST K @, YTOOBl TOMHOCTb NPUG/MMKeHUs Obiia
B 1000 wnu B 1000000 pas ayuwiuefl, yueM BequumHa, oGpaTuas sHa-
MeHaTeN 0. JTO CooTBeTcTBYeT BuIGOpY T==1000 mau t =1 000000.
OxasnbiBaeTcsl, 4T0, Kak OBl BeJIMKO HM GO T, MOXKHO HAHTH pallHo-

a 1
HaJIbHYIO 11p06b7, ApUOIHKAIOULYI0 O C TOUHOCTHIO JIO b7+ UPHUEM,

a
¥ 3TO SIBASIETCS CAMBIM MHTEPeCHbIM, APO0b 5 Mbl MOXeM BHIOpaTh

TakK, 410 b<IT.
Teopema 246 (dupuxnae). [daa aoboco Oelicmsumenvrozo 4ucaa
u npoussoabrozo T >>1 moocno walimu payuonareryry 0pobo

o
a
7 MmaKyw, 4mo

[oa-—%l<£r-, b<r.
HoxasartenocrBo. OOGo3naumM, kKak oOBHYHO, uyepes —%
(n=0,1, 2, ...) noaxoxsimue ApoOU pasNOKEHUA o B uemxyfo
Japobb. Tocnegosatenbuocts
Qe=1=Q<CQy<<C ..
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MOXeT ObIThb KOHeUHOH MM GeCKOHEUHOH, HO, BO BCAKOM Cayuae,

nockosbKy Q,=1, a T>>1, MOXHO HaiiTH HauGoJbILMII HOMEp 7,
Takol, 4ro Q,<<T.

a o
B kauecrse 1po0n -, YAOBJETBOPSUOMEH YCIOBHSIM TeOPEMDI,

P o
MOXHO BRIGpPAThb Q*:’ T. €. NOJICKUTb a=P,, b=Q,. JeficTuTenrHO,

paccMOTPUM [Ba BO3MOMKHBIX CJaydas.

1) Q, ve sBiAeTCs mOCAeZHHM 3HaMeHaTeJem (3To OyaeT st
J000r0  HpPaLUOHANLHOTO &, HO MOXKeT ObiTb M B CJiyyae paiyo-
HajJbHOrO o), T. €. cymecTeyer Q,.,,, Takoe, uro

Qn =T < Qn+1'
Torpa npu a=P,, b=Q, cornackio recpeme 241 nmecem:

1 1

| b0 v
G0 o i =T (0>0)

N ﬁ]a__fﬂ
| b Q.

2) Q,—3naMenateab rocheniell noAXoxsiiell ApoGH passoxe-
Pll
st o, T. €. a=z", Torma npu a=P,, b=Q, umeem:

n

Pl 0l peo <
la—g2|=0<f, b=0, <.

Qn
e

[Tpumep. Halitu paunonanbHoe npubamxenne y K V'5 ¢ rou-

1
10005 .
CornacHo Teopeme 246 takywo apo6b MOXKHO Ha#HTH cpean Apobeil

cv 3HaMmenatensMy, MeHbwuMHu yem 1000, Pasaaras V5 B HENHYIO
Apolb, nosyuaem

VE=04Yg Vg Vg y Vg Vg
HaxomuM noaxoasmue apobu:

HOCTHIO JIO

IR I R
P, ’ 2 i 9 38 i 161 ’ 682 l l
Q. ' 1 ' 4 17 l 72 l 306 I 1292 ’

HauboapiuM 3HaMmeHnareqeM, MeHbliuM uem 1000, sasaserca

682 = 682 1
Qn: 305. Hckomas llp06b paBHa 305 B l ‘/5 — 368 ' < 10006-308 °
O6o6wum Teopemy 246 npu neibix 1= 1 Ha cjiydyall HeCKOJbKMX

JEHACTBUTENBHBIX YHCeJ,
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Teopema 247. [lycme o4, O, ..., Q,—0ellcmeunervrble 4Ucia;

a
T—ueave uucao (t==1). Cyuwecmsyom payuorarbrvie HUCAQ Tl,
—“;f—, ces Eb!'—, maKue, 4mo
4 <_.1__ o, — 2 <__1_ o —dn <L b<<1"
TS |2 T BTttt b |~ OST

JoxasarensbcTBo. B epunnunoM n-mMepHoM KyGe Gepem
1"+ 1 Touex ¢ KOOpJMHATAMH:
{kal} {ko‘z} ’ {ka'n})v
rpe k=0, 1,2, ..., 1", a {koci}——npoﬁﬂaﬂ 4acTb Ro;.
PasjenuM KaxAyl M3 CTOPOH 3TOro kyba Ha T paBHBIX vacTef:
Toukamu 0, <= :— = | H COOTBETCTBCHHO 3TOMY Bech KyG Ha
1" OAMHAKOBBIX HacTel, Tak, YTO B NpeResiax KaxJod wactu jodad

RS

1
KOoOpAuHaTa YyBEAUUUBACTCH MEHbIIC YeM Ha—;c—— . HOCKOJIbe YUCJI0

rouer ({kay}, {ka,}, ..., {ka,}) Gonbire, uem umcno wacreir, T0 10
Kpafine# Mepe ABe TOUKH:

({bon). (D), oovy Ba) 1 (e, {0, ..., (b)),

n

rae 0=<b' <<1", 0<Cb"<<7", nonajaloT B OfHY M TY e YacTh, H
TOrZA COOTBETCTBYIOULHE KOOPAHHATHI STHX TOUEK OTIHYAIOTCH apyr

1
OT Apyra Mesbilie, 4eM Ha R

Vo) =bo—a;, (b} =ba—a,

roe a; 1 a;(s=0, 1, ..., n)—Ieasle 4HcIa, TaK YTO, Hanpumep,
npu b’ << b” monyuaem past ecex s=0, 1, 2, ..., n:

" ’ " , 1 a 1
[(0—b")ya,—(a)—a))| < - Han ‘as—-b_s <
re a,=a,~—a;, b=>b"-—b"<1" —neave yucna.
a
NNpudmeuanue. J[lpoGu 'b y ey —5@ , CYHIeCTBOBAHHE KOTOPHIX MBI

JOKA3bIBaeM B 5TOH TEeOpeMe, MOI'YT OKa3sarTbCA COKPaTUMBIMH. .
[Tpuwmep. Hailtu sige apobu ¢ 0AHUM K TEM Ke SHaMeHaTejeM b,
NpuOMKAIONINE COOTBETCTBEHHO € H 7T ¢ TOYHOCTBIO L0 -

Pemenue. B srom npumepe n=2, v==4. CorjacHo Teopeme
3HaMeHaTeslb b HCKOMBIX Jpo0elt Momer OuTh BHOpaH <<42= 16.
bepem trouks ¢ xooprunatamu ({ke}, {kn}), k=0,1, ..., 16. Haxozum
ase touku ({2e}, {2n}) m {9}, {9n}), y KorOpHIX KOOpAMHATH
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1 P
OTJIHYAIOTCS MEHDbLI, YeM Ha . IMosaras b =9 —2 =7 4 noadupas

COOTBETCTBYIOIHUE YHUCJUTEAH, NONYyUaeM:
19 22 1
] }\47’]”—7]<~4‘7-

3. MIPUBJM)XEHUE JEWNCTBUTEJDbHbIX YHCEJI BECKOHEYHOH
NMOCHAENOBATEJIbHOCTBIO PALMOHAJIBHBIX YUCEJN

Teopema 242 noxaswiBaer, 4T0 Mg Ja1060T0 JEHCTBHTENLHOTOQ

YHCJIA O CYUIECTBYeT OeCKOHEUHOE MHOMKECTBO PaliHOHAJBHBIX YHCE
1

%, TaKHux, 4TO loc~—%l<—b§, ApUYeM B KaquTBe—Z« MOKHO B3HTh
a06yI0 noaxoAsmyo apobb K o.

MoxHO ¥ B 3TOM HepaBeHCTBe 3aMeHHTb MOCTOSIHHYIO 1, CTOf-
Y0 B 4MCJAnTese, Apyrofl OGosee MaeHbKOH BeJHYHHOH ¢< 1 Tak,

4TOGBI noJsiyyaruieecsi 1ocJjie  3T0ro  HEpaBEHCTBO ’OL-—-——,< G

OCYIIECTBJISAJIOCH TpH JI0O0OM o AJsi GeCKOHEYHOro MHOXecTBa pa-
LHOHANbHBIX Jpoben?
OkasbiBaeTcsi, 3T0 MOXHO cllelaTh, M Takoe HepaBeHCTBO 6y}1eT

1
HMETb MeCTO TpH c=7_€=0,4472. .., TpHUYEM MNOCTOsTHHAA ——17—..—
3/eCh HAMJIYYILAs; AJIsi MEHbIUMX 3HAUEHHH ¢ CYLIECTBYIOT 3HAUYEHHs
a [
o, TUpPH KOTOPBIX HEPABEHCTBO ’oc——b—l<~b§ OCYIECTBJACTCH  yKe

o
TOAbLKO AJIE KOHCUHOTO 4HCJJa Apoﬁeu e

Teopema 248. (I'ypsuw). [as arvboeo Oelcmsumensro2o 4ucaa
cytgecmayem  GecKOHewHOE — MHONCECTNBO — PAUUOHAAbHOLX  Opobel

, MaxKux, 4mo

Q*‘QQ

1
o — b[<V5bz' (9

HoxaszareabcTBOo. Pasnoxum o B nenuyio apods. Msl no-
KaxeM, UTO #3 Tpex JoOblX COCeIHMX NOAXOAAIHX Apobeldt =% no
n

o - a
KpafiHeil Mepe OfHa MOXET CJIYKHTb B KaueCTBe - B HepaBeHCTBe (9).

JloKa3aTesIbCTEO 9TOrO yTBepAeHUA Oy ieM BeCTH OT HPOTHBHOLO.
IIpeAnosoxuM, 4TO AASt KaKHX-AH0O TpexX COCeZHHX NOAXOMASMLHK
JApo0ei BHIMOJHAIOTCS HepaBeHCTBA:

1

o n 1 1 ,_Eﬂ _. R
| g =y | Qn AT (10)
{m_Pnﬁ'l .
Queal ™ V5Qn+1
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P .
22-u = paCHOJIO}KeHbl MO pasHble CTOPOHbI OT & M MO3TOMY NMpPH
n-1

ueTHOM 7 H3 (IO) CJxe,uyeT

1
+V'_Qg o= 5= Qn-l WQ?,:’

a NPH HEUYETHOM:

P,_ Pnoyy 1 P, 1
-7——_‘ ==K L — = s
[P V5Q2_, ¢ V5Q2
TaK 4TO M B TOM U B upyrom'cnyqae uMeeMm:
71 1 i
V5 Q Qn- QnQn_l ’

WM, YMHOXasi Ha Q,l 1 nepeHocs BCe WJICHLI B OIHY CTOPOHY,

o) V3 (aim) 1 =0

T. e
(Qn V5>< Qu 1+ VE
Quor 2/ 747 Q. 1 2
UM, nockoarky Q, M Q,_,—uesble yucia,
Q _ 1+V5 .
Q<7 - (1)
P Pu+l
Hocxonbky Q_ M =" TakXke PpacnoJoKeHbl MO pasHble CTO-
n n+1
poHbl ot «, u3 (10) anagsoruyno nosydaem:
Qn+1 l+ Vg- ¢
Xn¥l - TV Y 12
I (12)

[lonbsyscy eme Tem, uto a,,,=1, w3 (11) u (12) noayuacm:
1+ V5 Qn+1 Qnan+l+ Qn_l=

>Q,l Qll
—a 2 _1+V§
"+1+<Qn>>1+1+lf5’ z
Qno1

Ilpennonoxenue, YTo BLIIONHEHL BCce Tpu HepaseHctBa (10),
npHBeJI0 HAc K NpPOTHBOPEUMIO, [O3TOMY NO KpalHell Mepe /s

. . P P P .
ONHOWM M3 TpeX NOAXOASmHUX Apobell ="=L -a = “ntl  pagpop g
Qn_l Qn Qn+1

e
Kayecrse -, JNOJKHO BHIMOJHATbCS HepaBeHctBo (9). Ilpunasas n

pasiuuHbie 3HAYEHMs, NOJAYuMM OecKOHeuHOe MHOMECTBO Apoleii,
YAOBJIETBOPAIOINX HepaBeHCTBY (9).
HepenneM Temepp K JOKAa3areJbCTBY TOFO, 4YTO II0CTOAHHAS

V » urypupywouiaa B teopeme ['ypsuua, Hausyumas.
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Teopema 249. Ilpu  wmobom nosomcumenvrom A <<

_1+V5
- 2

V~I/I

cyujecmesyem moAsbK0O KOHEHHOe YUCAO PAYUOHAABHOIX vucea

-le R

, makux, 4mo
a A
Iwmﬂ<?. (13)
1+V5
2

HoxasarteascTro. llpeanonoxum, 4ro npu o=

’

1 .
<(—= HepaseHcTBo (13) 'yronerBopsiercst JAaAsi  GECKOHEUHOTO

V5

MHOIKEeCTBa PAlMOHAJIbHBIX YNCEJ] Toraa JUIT  KaKIOM Takom

a
o
J.lpoﬁl/l BBINOJIHAIOTCA HEPaBEHCTBA
A a A

Fm ST
OTKYda, NOACTaBJifAsl 3HAUEHHE @, nonyqaeM:
vV 5, 1/ 5
5 —< b+w
a BO3BOAA B KBajpart, nonyt{aeM:

hz —V§k<a2—ab———b2<% +V5A.

Tockonbky 0 <<V 54 <1, 10 npn mocraTouno 6oJbmiom b Gy-
eM WMeTh:

—1l<<at—ab—b2<1

a 1 5
¥, chaejoBaresibHO, uejoe uyucao a?—ab—b2=0, 7=-i-2ﬁ R
yTO NpU LeJbX ¢ U b He Moxer HMeThb Mecra. [TosyueHnoe npo-

THBOpPeUHe II0Ka3blBaeT, YTO HepaBeHCTBO (13) MoxeT umeTs Mecro
TOMBKO JUJISI KOHEYHOrO YMCJA PAlMOHAJBHBIX UYHCEJ %.

3amewanune. M3 teopemsl 249 caenyer, uro npu sameHe A
JHOCTATOUHO MAaJbiM HOJIOXHTENbHBIM € MOXKHO JOGHTBCS TOrO, UTO
HEpaBEHCTBO loc—-;’<bc—2 He GyJeT OCYWECTBASATHCA YHKe HH s

1+V5

o o a
OZHOH palMOHANBHOH APOOH -, TaK 4YTO NP o =-——5— BCErAa
JUIst BCeX LeJbIX a H b OyleT HMeTh MecTO HepaBEHCTBO

a 4
CymecrBeHHble 0000meHust TeopeMbl 248 Opin mamsl B pabotax
A. A. Mapkosa. MapkoB I110Ka3aJ, YTO eCJNH M3 MHOKeCTBa JeHCT-

1 5
BUTEJIbHBIX YHCEJ HMCKJIOUHTh 4HC/A, SKBUBAJEHTHbIE oc0=—i'—;/— ,
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Aay,-+ B _ .
m, rne AD—BC=-+1, A4, B, C, D

LeJble, TO AJS OCTABIIMXCH JAEHCTBUTEJbHBIX YUCEN O HEPABEHCTBO

<5 (14)

T. €. 4UucCJja BHJAA

o
b

1
OCYIIECTBJAAETCA IIPH C= —= JJId 6eCKOHEUHOr0 MHOXKeCTBa pa-

V8
a
IHUOHAJDbHDLIX YHCEJ -Z- . 9’1‘0 3HAaYECHUue ¢ Hauﬂquee, YTO JIETKO l'lpO-

BEpHUTb, PACCMATPHBASl DPALMOHAJbHHE NDHONHKEHHS K oy =} 2.
Hckalouus nocie 3T0ro efe Bee YHC/a, SKBHBANEHTHBE o, =} 2,

Aoy, -+ B
W, rjae AD—BCz—_I"l, A, B, C, D —

Hesble, MOJlyuaeM MHOMKECTBO ACHCTBHTEJbHBIX ¢, B KOTOPOM Hepa-
BeHCTBO (14) yHOBIEeTBOpSETCS N1 GECKOHEUHOrO MHOXKECTBA pa-

5
HHOHAJMBHBIX UHCE YKE NPH C"'—‘V-Q_Ql_, u 1. 0. B cBoux wuccaeno-

T. €. UYHUCJia BHIA

BaHUAX MapKoB CBf3bIBAeT BOMPOC O TMOpAIKe NPUGIHKEHUSI Hei-
CTBUTEJIbHLIX YHCeJ DalUOHAJbHBLIMH JPOOGSMH C M3YUeHUEM COOT-
BEeTCTBYIOMHUX KBaJPAaTHUHBIX (HOPM.

Hcemopuuecrkue wommenmapuu rk 25-ii 2.a08e

1. Kuraiickufi actporom gy Hyn-wxu (V Bek naueit 3pni)
nokasaj, 4To T 3aKJIoueHO Mexay 3,1415926 wu 3,1415927. On

yKa3aJ B KauecTBe PalMOHANLHOTO NPHOIMKEHHST K Tt BeJHUUHY Ef?—g
B Eppone pauuoHa/ibHble NPHOJHKEHHUS 7T B BUje “;’%2 H %%g

BrepBrle ykasaun AjpuaHoM Mernycom (1571—1635).

Anrauficknii Matematux Bammc (1616—1703) puumcana 35
NEePBHIX 2JEMEHTOB DPAa3JIOXEHHS 7t B HenHyio JApobGb. OOumui BUZ
5JIEMEHTOB DA3JIOKEHHA T B HENHYI0 JPoOb HeH3BeCTeH.

2. Teopembl 248 n 249 Obian onybauxosanbl ypsuiem B 1891 r.,
ToT GakT, 4TO M3 TpexX COCEJAHHMX MOAXOASMIMHUX Apobei no KpaiHei
Mepe onHa jaeT npubamxenue supa (9), Gmn gokasan Bopesaem
B 1903 r.

3. Amppeit Angpeesnuy Mapxos (1856-—1922) sannmascs BecbMa
pasHooO0pasHbIMH BOIIPOCAMHM MaTeMaTHKH, HO ocobenno GoJjplioe
3HAUeHHE HMEIOT €ro paloThl MO TeOPHH YHCEJA M [0 TEOPHH BEPO- -
stHoctell. Mccnmenosanna A. A. MapkoBa no TeopHH KpajpaTHYHBIX
(dopM ABJAAIOTCSI OCHOBHBHIMH JJ BCETO IOCHEAYIOUWETO Pa3BHTHS
sToft 06JacTH TeopuH 4yHcea. Baxuefimne pesympTatel A. A. Map-
KOBa, MOJIyYeHHbIE UM B 3TOM HANpaBJiCHHH, HU3JI0KEHH UM B Ma-
rUCTepcKo#  puccepranuu O OuHapHBIX KBajpaTHYHbHX (opMax
NOJIOKHUTENLHOTO ONpefeHTe ",

236



Hayunas gesiteabnocts A. A. Mapkosa nporekana B [lerep-
OyprcKOM yHHBEPCHTETE, MOCJAe OKOHYaHus Koroporo Mapkos paGo-
Tasx B HeM ¢ 1880 r. 2o KoHua cBoefl XKH3HM, H B AKafeMHH HayK,
usbpapuieil ero akajemukomM B 1890 r.

FrTABA 26
HAWJAYYLIKHE NPUBJAMKXEHHUSA

1. OTBICKAHUE HAWAYYIIHUX NPHBJIU)XEHUT C NMOMOILLIO
LETMHBIX APOBEN

INogxoasmue Apobu B OnpejeseHHOM CMEBICJIE SIBJSIIOTCS HaHMY4-
IWMMH NPHOAMKEHHAMU K JefCTBHTE/ILHLIM 4MCJaM.

Koneuno, OuYeBHIHO, UTO, MOCKOJBKY MHOMXKECTBO PALlMOHAJbHBIX
upcesi BCIOAY IJIOTHO, He CYIUECTBYeT DalHOHA/JbHOH APoSU, KOTO-
pasg Obiia Obl OnuXe K JaHHOMY HPPANHOHAJNBLHOMY UHCIY, HeM
mobas apyras ApoOb.

loBopsi 0 HandyuileM nNpPUOJNMXKEHHH, Mbl IOHUMAeM IIOA 3THM
nHauayuliec npuOMHKeHHE HO CPABHEHHIO HE CO BCEMH JPYIUMH Da-
LHOHANLHBIMH YHCJAAMH, a TOJbKO 110 CPABHEHHIO C PAllHOHAJbHBIMU
YHCJIaMM, Y KOTOPBHIX 3HaMeHaTeJb MeHEIIe, 4eM Yy JaHHON Apolu,
HJIH PaBeH eMy.

Onpeneneune 69. Payuonassnas 0pobo % HA3LIBACMCA HAUAYY-
wum npubausceruem K 0elCmeUmMeibHOMY HUCAY &, €CAUL He CYuiecm-

syem HU O0OHOL payuoHarbrol 0pobu co 3HameHamerem <<b,

Komopas Oviaa Obt 6ausce K o, 4em

“PIQ‘:]:«

a
Takum 00pasoM, COIJIACHO 3TOMY ONPEJENICHHIO - ABJACTCA
HaUJYUYIIHM NPUOMHKEHHeM K o, ecJu A Jo0ofi Apyro# pamuo-
o X »
HaJbHO# Jpobu ~ » TaKof, uro

X a
a7 1<]e—%].
OyneM uMeTb y > b.
Feomerpuueckd 3TO 03HAYAET, YTO €CJU B3SATh HA UMCJIOBOU npA-

o a . a
MOHM TOUYKY &« ¥ HHTEpBaJi C KOHIAMH B TOUKaX o -—-—-, Q’.—i—~b— y

TO BCE pauHOHaJbHbie APOOM, Jexale B 3TOM HHTEpPBAJe, UMEIOT
3HaMeHaTenH, OGoJbLIne ueM b.

[
Takum obpasom, ecau 4 — Hausyuuiee npubnuxkeHue X o, T

paluoHaJdbHbIC leOél/I CO 3HaMeHaTe]sMH =Ib Jexar BHE 3TOro
HHTEpBaJ/sa HJH COBNajalT ¢ OAHHM H3 €ro KOHLOB.
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5
ITpumepr. 1) 5 ABJISETCA HaHJYYLIHM npubnuxeHneM K

YHCcly e, TaK KaK cpejyd paunoHaJbHHX Jpobell CO 3HaMenarteseM
1 m 2 Her HU ojHOro 4Hesaa, Koropoe Opiio Obl OniKe K €, 4eMm

5

a
T. e. Ouxe K e, uyeMm Moryt GBITb TOJIBKO JApo0u 5 rae

Q_ 3 7 2
b> 2.
10 5 .
2) - He ABJACTCS HauJyuIIuM npubamkenseMm x V2. eficr-
putesipio, V2 ==1,41..., u Jaerko OPOBEPUTH, 4TO APoOHL 5 €0
10 - 10
3HaMeHaTe/JeM, MEHBLIMM, dYeM Y =, OMxe K V2, uem =

=1,428...

PaccvorpuM Bompoc 00 OTBICKaI HAUJYULIMX NpHOImKenui
K JeACTBUTEJbHBIM UHMCJAAM ¥, B YaCTIIOCTH, JOKAXKEM, YTO BCE MOj-
Xoasdmue JApobM, HauMHasg C MNCpBOH, HC TOALKO JAalOT XOpOUWHE
npHOANXEeHUs K JAelCTBATEJNBHLIM 4YHCJAM, HO BCerja siBJsiorcs
HauJIy4IIuMe npuOIHKeRHIMi.

Teopema 250. Ecau unmepsas <%, %) obpasosar Osyma  pa-

YuoHaAbHOIMY Opobsanu, makumu, umo bc—ad=1, mo:

1) wmobas payuonasenas 0Opobs, aexcauiast 6 smom uxmepsane,
umeem 3Hamenamens, 6oruut uem b u d;

2) 0as M06020 Oedicmeu MeAbHO0 HUCAR O, NPUHADAEHALLSO 31T MY

o o ., c
UHmMEPBaAy, no Kpabwel mepe 00Ha 13 Opoleli 5 WAy, aumen-
HO baudcQiiiuasn K o, ABANEMCA HQUAYHIUM npUBAUICCHUEM.
X
Hoxasatenscrro. 1) [lyers paunonansuas npobb , Taxo-

Ba, UTO —Z—<%<% u bc—ad=1, Torpa, neckoanky a, b, x, y—

veavie H b>0, y>0, us bx—ay>0 noayyaem bx—ay=1, a,
cJleloBaTeNbHO,

x a_ bx—ay _ 1
VT b Ty M
P4 a 4
C npyrofi cropoHbl, HOCKOJBKY  TEMHT MEXAY M g,
X @ 4 a bc—ad 1
VESdTE T W b )

TaK uT0, cpaeHuBas (1) u (2), noayuyaem é<bld’ T. e. y>d.

CoBepIiIeHHO aHaJIOTMYHO, paccMaTpusas BMecTO bx—ay Bhpa-
X a c X
XKeHue cy—dx H BMeCTO 5 PAsHOCTb r——-, JOKaIbIBACM, HTO
y>b.
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a c a
2) Iycrs 5 <a<yg, bc—ad=1. Eciu > 6amKe K o, 4eM
c a
7+ TO 4 — Haujyuuee npubJuxKeHue K o.
o X
JleiicTBuTesibHO, Jobasi panmoHaNbHas Zpolb 7 Jgexamas 6au-

a a 4
Xe K o, yeM s JOJKHA NpuHanpaexKarb HHTEpBaly (’E, E—) H,

CNeJI0BaTeJIbHO, COTJIAaCHO NepBOH YacTH TeopeMbl Mjas Hee Oyner
y>b. Taxum obpasom, mobasi apobb, KoTopas OJHKe K o, 4eM

a . a
5 » HMeeT 3HaMeHATeJb, Gonbiini weM b, T. e. + — Haunyuiee
upubamKeHue K o.

c a
Ecnu 4 OJIHKE K @, YEM TO AaHAJAOTUYHO NOoJayyaeMm, 4YTO

b y
c a <
—d—-—Haﬂ.nquuee HpH6JIH)KeHI/Ie K &, a ecJin B u ri JIeXKaT Ha DaB-
HOM pAacCCTOAHMMU OT &, TO obe 3TH )IpOﬁlrl ABJAIOTCA HaAUJYYIIUMHA

npubUKCHH M.

Mpumeyanue. BooGuwe rosops, kak 3710 OymeT BHAHO u3 cienyomed

4
Teopembl, 062 KOHIA UHTepBa/a ~— | MOryr OBIThb ONHOBPEMEHHO Hauayy-
p

a .
b’ d
UIHMH anﬁJIH)KEHHS{MIfl K & ¥ TOrja, KCrija pacCTofHusA OT O A0 KOHIOB HHTEp-
BaJja ue paBHBIL.

Teopema 251. ITpu s=1 wobasa nodxodawas ApoGe gi K Oeil-
S

CINBUMEAbHOMY UUCAY O SABAACIMCA HAUAYHULUM NPUBAUICEHUEM.
P
HokaszarteabcTBo. Ilpu oc#Q—‘ @ 3aKJII0YEHO B HHTEPBAJIE,
$

Pt Ps_l 7
KOHILAMH KOTOPOro SIBASIOTCA =° H , npuueM (Teopema 607)

Qs Qs
PQ,1—P,_Qe=1, uau P,_,Q,—P.Q, ;=1 (3 3aBucEMOCTH OT
YETHOCTH MJIH HEYETHOCTH §).
CornacHo mpepaplayieil Teopeme Gamxafiiias K o M3 JABYX APO-

. P P o P
Geit Q—S u 5= a TakoOBOH sIBJSETCSH Q—S (reopeMa 244), sasmsercs
$ 8

Qs-1
HAUNYYIIUM TPUOIMKEHHEM.
P ,
pu s=0 Q,=1 wu ~Q—'(’)=P0=[oc], KaK Jerko BHAeTb, He BCer-
Py+1
na SIBJSETCS HAHJAYULIIMM NPHOIUKEHHEM, TAK KaK —"Q—+—= o} 41
0
Py
MOXeT OBITh OJIHKe K o, ueM 0,
0

IIpumep. Hpolb %5%,

xopolero NPUOJIMKEHHS K YMCIY T, SIBJASETCSl COTJIAaCHO mocef-
Hell TeopeMe HaWJy4YIIHM NpUOJWIKeHHeM, T. €. HH ojgHa Jpolbb co

HalijeHHas HaMmu (cTp. 228) B KauectBe

sHameHaTesleM << 113 He MOxeT ObiTh OauKe K 5T, UeM 113"
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2. MHO)XECTBO BCEX HAHUJIYUNIHX NPUBJIU)XEHUN
K 3AJAHHOMY JIEACTBUTEJIbHOMY YHUCTY

EcrecTBeHHO BOSHHMKaeT 3ajada ONpeJefieHHsl BCeX HAUJYUIIMX
npuOAMKEHHil K 3aJaHHOMY JIeHiCTBUTEJILHOMY YUCJY O.

Ilpexpe Bcero 3aMeTdM, YTO BCe HauJyuline NpubJ/iKeHHS XK o
nexart B cermente ([«]; [a]+1).

o a
JleHCTBUTENHLHO, €C/AM pallMOHANBbHOE YHCJO -- JIEXKHT BHE 3TOr0
b

CEerMeHTa, TO N0 KpaliHeli Mepe OAMH M3 KOHIOB CerMeHTa, a HMEHHO
Gmnxafimuil K o, UMeeT 3HaMeHaTeJb 1<Cb U pacnojoxed OJauxe

K a, YeM %, T. €. % He SBJserTcs HaWJyYLUIHM HPHOJHIKEeHHEM.
Jlerko yKasaTb aJropuTM, HAIONIHI MOCJeLOBATENbLHOe MOCTPOe-
HUe BCeX HAMJYYIUMX NpUOMHKeHHH co 3HameHarteasimu 1, 2, 3, ...
Cuayasna us pByx uucea [a| u [a]-f-1 Gepem TO, KoTOpoe OamKe
K @; 3T0 uyHCJO OyJeT HaujayuiuuMm npubiiKeHueM cO 3HaMmeHare-
jgem 1. Bepem 3ateM B 3TOM HHTepBaJe IOCJICAOBATERbIO BCE PALUO-
HaJpHBIE YHCJAa CO 3HaMeHaTeadaMu 2, 3, 4, ..., lipopepsd Kax-
AL pas, He CYIIeCTBYeT JIH pallMOHAJbHOTO YHCJE C MEHbUIHM

KJH TakyM ¥ke 3HaMeHaTeJleM, KOoTopoe 0o Gb OaiXe K o, YeM

a
Heeaenyemoe 4HcJIo. Ecnu pas unchaa ry HE¢ HallJIoCh HIH OJAHOI'O

palMOHAJLHOTO HYHCJAa €O 3HaMeHaTeJeM <Ib, KoTopoc Oblio Obl
a
OumKe K O, TO - SBJSETCS HAUMYUWHM npubamxennen. Koxeduo,

OpH 9TOM JJsl CPAaBHEHHMS H3 BCeX uUMCeJ C MeHBIIUMH UeM 1 3Ha-
MeHaTeJSIMH JIOCTATOUHO B3ATh Oaixkaliinee X «. OueBHAHO, 4TO B
cayuae HpparHOHAABHOTO o0 MOXKET GhiTh caMoe GoJbliee OAHO HaUYY-
niee HpI/I6JII/I}K€HI/Ie CO 3HaMeHaTteJeM £, a B CJyuac, Korjga o
pauuoEajbHO, He OCogbimie AByX. Takum o6pasoM, 3TOT ajrOpHTM
NI03BOJISIET BBHIAENATh U3 MHOMKECTBA pallMOHAJNBHBIX UHCeJ BCe HaH-
JyyYllde NpUOMUKEHHs K .

a
Jlasi panMOHAIBHOTO YHCHA 0 = UHCJIO HAHJYYlIHX npuban-

JKCHUA KOHEYHO, TaK KakK Bce pauuoHaJibHple UYHCJIa HHTEpBaJa

a a
([—[;]; [F] -+ 1) CO 3HaMeHaTeJIAMH, OOJLITMMH 4YeM b, jajbuie OT

a
, HeM CaMO YHCJI0 e

lMpumep. Hafitu Bce Hamayumue npubmmxenus k 3/ 3 co
3HaMeHaTeJIsIMH, MeHbIIHMH deM 15.

Pemenue. 1<y/3<2, /3 =144224...
| — maunyunice npubipKeHHe cO 3HaMeHaTeJieM 1 %—Ha}myq-

SRS

mee npubJarxKeHue co sHaMeHaTeJeM 2. B paccMarpuBaeMoM HHTep-
Bane (1; 2) Bce xapobu co 3nameHatesssMH 3 ¥ 4 jajblue OF ]3/ 3,

yeM 5, a U3 JpoGeil CO 2HaMeHaTe/IeM 5 orOéupaeM Hauayuuee HpH-
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7 ' 3/5" 3
6anKeHue 5 » Kotopoe 6mxe K 3/ 3, ueMm —. JlpoGu co sHaMe-

3 /5 7 .
HaTeneM 6 Jaabie or 3/ 3, ueM 5 HUs ppobeii co suameHare-

10
JeM 7 orémpaeM Hauaydiiee npubimKesue = . Hawmnyumux npn-
6nmxKeHuli co sHamenaTeneM 8 HeT, a cpefu Zpobel co sHaMeHa-
13
TeneM 9 HaxoIuM HauJyymee NpUOIHKEHHE 5 Bcee npo6u co sua-

memarenamu 10, 11, 12, 13, 14 u 15 gamsme ot ¥/5, gem 18

g .
T . KoH 3 7
axuM o0pas3oM, HCKOMBIE Hauaydimine NpuoamKaHus: I, T E
0 13
7" 9°

Crepyromast TeopeMa MO3BMKIsET 3HAUHTENbHO YMEHbLINTh YHCIO
HCIIBITHIBAEMBIX YHCEJ.

Teopema 252. [Tycme gi (k=0,1,2, ...) —nodxodauue Gpobu &

OelicmeumenvHOMY HUCAY O = G, ~[~ Y a; + Yo, .y moeda aoboe na-
urysuLee nPUOAUNCEHUE K Q Haxooumc;t cpeou yucen euda:
ka+Pk—1 (3)
Qpx+Qra’

ede npu k=1, 2, ... 8eAUMUHA X NPUHUMAET 3HAYEHUS MaAKue,
umo 0<<x<<a,,.,, a npu k=0 eupaocenue (3) Gepem co 3naue-
nuamuy P_;=1, Q_,=0, 0<<x<a,.
a

HlokasaTtenbctro. [lpexnonoxum, uro 5 — HeKoTopoe
Haugyullee npubjauwKeHne K o, OTJAHYHOE OT Bcex uHcen (3), B
Pp_1
Qr-1
OLUIO OTMeUeHO BHIIE, BCe HAWJYUIIHe npuéﬂmxemm K @ Jexar
B cermente ({af; oc]—l—l) u Py=la], Qy=1,

P, Po+1
— —-s; .
=74,

YACTHOCTH OTJHYHOE H OT BCEX YHCEJ HOCKOJley, Kak

paCCMOTpHM HOCJIeI[OBaTeJIbHOCTb

P°< te <t <Q1 4)

.= Q4

KOTOpas, B YAaCTHOCTH, IpU pallHOHaANAbHOM <Z=——S KOHe4Ha.

Q
P, a Py a s
1) Ecau 0.<7 <7, 0 JCKUT MEXKLy ABYMS KaKHMH-
o 1

aubo coceiHumu uHcaamu B (4).

p
Ortmerum IIpA 3TOM, YTO B CJjayuae palvOHAJAbHOrO O(.:as- BeJH-
s

a Py P, o )
4MHA 4 HE MOXKET JICKATh MEXIY 0. u e JleACTBHTEIBHO, €CJaH
$ §—1
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' Py P
651 JierKalio Mexay =2 Q ==L 1o cormacEo TeopeMe 250 GbLIO
S—l

P
Obt b>Qs, BMECTE C TeM, HOCKOJIbe oc——6—0 Apobn Q~S Oauxe
§ s

K @, UeM HauJyuquiee NpUbIUKeHHe b , TaK ut0 Q,=>b.
TakuMm o6pazoM, B nmocjaefioBaTeJbHOCTH (4) HalpyTCH ABE NOA-
P P a
xondmue Apobu =E=1 u %, MeXAY KOTOPBHIMH JIEXKHT 7

Qr-r Qe
Jlerko mpoBepuTh, YTO 4YUCJA:
Pp v Prt+Ppi 2Pp+Pyy 1P+ Pra _ Pres (5)

Qro1’ Qrt+Qauo1’ 2Q0+Qr_1’ """ p+1Qp+Qro1 Qrea

— An00 MOHOTOHHO BO3PACTAIOT, JAUGO MOHOTOHHO YOBIBAIOT, T. €.
aexkar Mo OfHY U TY ¥Ke CTOPOHY OT «.

HlefCTBUTENIBHO, PASHOCTL MEXKAY ABYMS COCEAHMMH UYJEHAMH:
(A+DPrt+Pry u tPp+Prs
(+1) Qe+ Quer  1Qr+ Qg
KAK JIeTKO BBIYHCJIUTD:

U+ PptPry Pt Ppy_ (—=DF-t (6)
1) Qr+Qur  1Qp+Qro1 ((B41) Qpt+Qr-1) Qs+ Qr_1)’

HMeeT IpHu BCex { OIMH W TOT Xe 3HaK.

— B NOCJCHOBATCABIOCTH (D), pasHas,

t-+-1 P,

[lycts —b‘i JICHKUT MEXIY ABYMS TAKUMH UJICHAMU: ((T_:—T))(%ﬂ

Qe

tPy+- Py, (41 Pr4+-Pp_y P+ Py 4
————"— ¢ TOT'Ja OJHa H3 BCJHUYHUH y

tQp+ Qp_t Aa ol (t+1) Q4+ Qpoy’ tQp4+Qp_y

a
Onmke K o, HeM Hamjyyiee UPUGIHKEHue -, T. C. OAMH H3 3Ha-
meHareqeti: (£ -++1) Q.+ Qp_q, 1Q,+ Q4y Oosbwie uem b. Bmecre
¢ TeM corjacHo TeopeMe 250 m3 (6) caexyeT, uro b GoJsbiue oGoux

3THX 3HameHaTeneﬁ

Py+1
2) Ecau Q Ll < J , TO %nemm MEXAY ABYMS 4HUCJIAMH
MOHOTOHHO yébmalomeu KOHEUHOH MOC/Ie0BaTe/IbHOCTH:
Po4-1  2Pg4-1 3Py+41 aPo+1__ap+1l_ Py )
Qo * 2Qy, 7 3Qy T "7 43Q a Q.
P P
T. €. MEKAY HEKOTOPHIMH YHCAAMH d 0t+1 H (t+t1)+1"+l us3 (7).

ipogs, (EDPet! o
a, cjefoBaresNbHO, f--1>>b; BMecTe C TeM, MOCKOJBKY pasHOCTb
tPy+1  ((+1)Pyb1

i N RN N
umeem b >t¢--1.

a
IIpexnonoxenue, yro & OTJIMYHO OT BCEX UHCeN (5), B oBoux

BO3MOXHBIX Clydasix HPHBEJO Hac K NPOTHBOPEYHIO, T. €. TeopeMa
AOKa3aHa.

O6amKe K o, YeM Haujaydilee npn6.aneHHe

TO COTJIaCHO TOH e TeopeMe 250
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Hpumeuanne, Cpepu uncen (3) Moryr OHTp M uHC]a, HE SABJSIOMHECH
HaWAYUIIUMH TPHOIKKEeHUAMH.

[Tpumep. Haiitu Bce Hausdyumne npuOImXKeHHs K YHCHYy I

n=23,1415... =3+Y7 4 Y154 ..,
CO 3HAMeHATeJAMM, MEHBIIMMH HJH PaBHBIMH 75.
IMonxonsinpe aApobH K 4HCAY 5T MMEIOT BHA:
3 22 333
T, 7‘, ’1’&;, * oo
Hpobu BHjaa (5) co 3HameHaTeJsiMH << 70 HMEIOT BUJ:
4 7 10 13 16 19 22 3 25 47 69 91

T* 2738425671’ 815 22’29
113 135 137 179 201 223
36 43’ 50 57 64’ TLC
OcrapisieM M3 HHX Te, KOoTophle OJHXKe K 7, 4eM JApYyrue Apobu
M3 3TOH IIOCJIEZOBATEJBHOCTH C MEHBIIMMH 3HaMeHaTeJsiMH, W Io-
JdyuaeM, TakHM o6pasoM, MCKOMBblE Haunyulnue ripubanmKeHus:

313 16 19 2 19 2 2
I 4> 57%6" 7757 64’ 71"

rJTABA 27

NMOCJIEAOBATEJILHOCTH PAPEA
1. ®APEEBbI JAPOBM

[Tpubnuxenns AeACTBHTENbHLIX YHCeJ DPaUMOHAJBHBIMH M3yYa-
JUCL HAaMHM A0 CHUX TNOp TJIaBHbIM 06p330M C TNIOMOILbIO anmnapara
UCHHBIX ApoOeil. DTH NpubAMKEHUs UCCIEAYIOTCS TaKiKe ¢ MOMOIbIO
TaK HasblBaeMBIX nocjeloBaTesbHOCTel Papes, umeromux 6osbloe
anayenve M Npu PacCMOTPeHMH MHOTHX JAPYTHX BONPOCOB TeOPHH
urcedt.

Onpeneaenne 70. [Tocaedosamenrsrocmoro Papes O, nasvisawm

a
MHONCECMBO HECOKPAMUMbBLX PAUUOHANLHOLX HUCEN b €0 3Hamexname-

aem b<<n, npunadiescawux cezmenmy [0 11 u pacnososcennvix
6 nopAadKe ux 603pacmanus.

®apeeBEl NOCJAEJOBATENBHOCTH Ha3BaHbl 110 WMEHH aHIJHICKOTO
yueHoro [JIx. Papes, onybauxoBaBmero B 1816 r. HekoTOpbhle
CBOJCTBA 3THX NOCJEIOBATEJHHOCTEN.

[Tpumepn. IlocnepoBarenphoctn ®Papes mnpu n=1, 2, 3, 6
HMEIOT BHA:

0 1
‘Dl:{T’T}’ D,

0 1 1 i 2
(D _'{]_7 —6_’ 3" T; ':_3'1 'gv 71

I
A,
—lo
ro| =
‘—‘l S
—_—
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IlpoGu, Bxopsmue B @,, 4acTo Ha3bIBAIOT dapeeBLIMU APOGSMH
nopsigka n. Haudem ¢ TeopeMbl, JAWOIIEH aJTrOPUTM IOCTPOEHHA
ang gaxnoft apobu B @, crepywolled sa Heil.

Teopema 253. [Tycme lew, —yesoe YUCAO0, MaKoe, 4mo
Y b n !/o

ayo+1
b

n—b<<y,<<n u ay,=-—1(modb), x,= 1 moeda )—;9 asanem-

0
v a
ca ¢ ®©, 0poboio, renocpedcmeenro caedyioujett 30 7
3ameuanune. Lenoe uucno y,, YAOBJIETBOpsIOLIEE YCAOBUAM

n—b<<y,<sn u ay,=— 1 (mod b), cymecrsyer, Tak Kak (a, b)=1,
H H3 b nocjefoBaTeNbHBIX UHCEJ, JeXamuX Mexuy n—b u n,
BKJIOYast 7, OJHO YIOBJIETBOpPSIET CpPaBHEHMIO ay,==— 1 (modb).
HoxkaszateabcTso. U3 xoz—yii_—— uxenye'r bxo——ayo—_—.l
(%0, Yoy=1, W TOCKOABKY Yo<<n, TO -—E(D = +bj b .
0
ITycrs %—»npon us @,, HenocpeACTBEHHO c.ne,uyxomay{ 3a —b—.

Ecau —Z¢<§—<%, 10, TaK Kak a, b, ¢, d, x,, y,— Uennie
uncia, uMeeM: xd—cyo=1, cb—ad=1n l/—"-——%:(’ﬁ’———%) -+

c__a Xgd—cyy , cb—ad 1 bty
+<'d b)“ + /d_/0+db “dby,

dyo
C xpyroii cTOpOHSI,
X a _ bxy—ay, 1
A T T
OTKyJAa cleayer
bto - Ly <a
dby, by, Yos=

c
TTocKo/IbKY T €D, wu, cjaepoBaTesbHO, ds<In, TNOJAYUAEM
b4y, <<n, yy<<n—>, 4T0O NPOTHBOPEUUT YCJIOBHIO TEOPEMBI.

a X,
[Tpennonoxenye, UTO MeKAY - H j’— B @, Jexur eme ofHa
0

X -
Jpobb, NPHBEJIO HAC K NPOTHBOPEYHIO, T. e. yi——éﬂmxamuaﬂ B D,
o

ApoBb, CleLyIOMAs 33 — ; =7 H, NOCKOMbKY ofe s1i 1polu
HECOKpaTuMble, € =X, d=y,.

Ilpumep. Hafitu 8 @, apobp, crepymolyno 3a 5;—
Pewaem cpaBsHenne 3y=-—1(mod7); Haxoaum y==2(mod7),

Yo =9, =3 97+1—4. HckoMasi ppobn 5

Teopema 254, szu% u %——aee cocedrue Opodu & D, u

a 4
5 < MO BepHbL CAEOYIOUYUE COOMHOUIENUA:
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1) b4+d>n,

2) be—ad =1,

3) HauGosbwui obmuil geautens (b, d)= 1.
Hoxasateancrro. Coraacuo nmpeiblayuieli TeopeMe €=,

d=y,, tae n—b<y,<n, ay,=—1(modb), x, =1, orxyna:
1) b+d=b+y,>n,
2) be—ad =bx,—ay,=1,
3) BmiTekaer us 2).

Teopema 255. Ecau —Z— < -3 < —2—~— mpu  nocaedosamenstoie

X atc
dpobu 8 ©,, mo 7= brd
v [
Hpobo ;i_"ﬁ Hasvieaiom Mmeduanmol —g— u .
Hoxazarenbctro., CorjacHo Teopeme 254, nMmeem:

bx—ay=1,
—dx+cy=1,

OTKYJa, peluast OTHOCHTGJIBHO X H Y, MOJIyyaeMm:

x__a+c _ b+d X
T bc—ad’ y_M—M’? b+d*

Teopema 256. Jlrobas dpobe us ®,,., co 3namenamenem -1
aeseum  meocdy Osymsa coceOnumu 6 @, Opobamu u sAgrsemcs ux
MmeQuarnmotl,

HoxasarteabcTBo. B @, , He MoXerT GHTb ABYX COCEIHHX
ApobGefi co 3HameHaTeJeM n--1, Tak Kaxk 5TO MPOTHBOPEUHJO Obl
teopeMe 254,. Jliob6asi apob6p n3 @,,, co 3HaMeHaTeNeM, PaBHBIM
n+1, nexur mexay Asymsa napo6smu u3 @, u, o6pa3ys BMecre
c Humu B @O, ., TpH mocsefoBaresibHble Apo6u, sBjasercs (Teo-
peMa 255) MX MeiHaHTOH.

Dra TeopeMa HaeT YAOOHHIH CHOCOG MOJYUYEHUS IOCJeJOBaTeNb-
noctu @, ., €ciH HaM WM3BECTHA IocaefoBaTeNbHOCTh D,.

a (4
Ecmu 5- u —nse cocennne npotu B @, To

(@+c)b—a+d)y=bc—ad=1, (a-t+c, b4dy=1,

a-t-c¢ a+t¢
T. €. MEAWaHTA p-—;— HeCOKpaTuMas JIpobn rsz—;—decl)n+1 TOrja

H TOJNbKO Torja, Korja b--d==n-1. Jlo6aBienue TAKUX MEJAMAHT
K @, paer Ham MHOXecTBO D, ;.
IMpumep. 3nas @y (cm. npumep Ha crp. 243), Halith O,

Haxomum B @, cocennne ApoOH, Yy KOTOPBHIX CyMMa 3HaMeHaTte-
1 1 2 1 1 3, 2

Jed paBHa 7; 3ato OYAyT: ‘(1)‘1’1'(13‘;7[“'3‘;3”7351’13"33'
3.5,1
LI T-
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Berannss B Dy MexxAy >TuMU ADOOSMH MX MeAMAHTH, NOJyUaeM:

0 1 1 1 1 2 1 2 3 1 4 3 2 5
7= Ty7;'§'"§'v4v 73 579 T3 7

3 4 5 6 1
4B 6T I
2. MPUBIAUIKEHHUE JENUCTBUTEJbHBIX YHCEJ ®APEEBBIMHU APOBSIMHU

[MocnepoBarenbHocty Papess NO3BOJSIOT HAXOAHTH XOPOIIHE
pauuoHaJbHBle NPHOJMMXKEHUS K ACHCTBHTENbHEIM 4YHCJaM, obecrneuy-
BaloUle TOYHOCTH 0 BeJIMUHMHBEl, OOpPATHOH KBaApaTy 3HaMeHaTeJs.

Teopema 257. Iycms 0<Ca<C1. H3 Odsyx cocednux Opobeti
e ©,, mencdy Komopoimu Jsexcum o, no kpained mepe o0Ha Opobs

k “
-l—om/zuttaemm no aOCOMOMHOL BeAUMUNe OMm O MeHbuLe, Hem HQ

1
Fo o
HoxaszareabctBo. Ilycts %<a<—;—, rie
cocefHHe 11p0614 B Q.
a+c
Ecau b<a<b+d’
bc—ad =1, nonyuaem:

)44 ¢ BC
T4

TO, TaK KakK CcOrJacHo Teopeme 254,

la___a_ = ¢ _a__ bc—ad
b | "b4+d b b(b+d)
Ananoruuno, ecau +C<oc<—c— TO TOJiyuyaeM 'a_£l<i
b4d d’ d az
Mpumeuanune. Ecauw a nexur Bue uHTepBana (0; 1), T0 Mpl Momem
mpuMeHAT, wawy Teopemy k {o}, a sarem B ualileHHOM HepaBemcTBe

{ e
tenoe wdeno fa]=a— {a}.

PaccMoTpenne nocaenosatenbHocTeit ®apes mo3BoJIseT AaTh Ipo-
CThle J0Ka3aTesJbCTBAa MHOTHMX TeopeM O pAIMOHAJbHLIX NpHOIHKe-
HUSX JefCTBUTENLHBIX Yuces. B Buje npuMmepa NpHBeieM AOKasa-
TENLCTBO TeopeMbl 246 25-f ramapnl npu tesom T. OueBHIHO, YTO
NpH 3TOM JOCTaTOYHO PacCMOTPeTh cayuail, xorma O=Sa<C1, tax
KaK OpH JAPYTHX o MOXKHO BMeCTo o. 6parb {@}, M 3aTeMm B 3aKJjio-
YHTeJbHOM HEpPaBeHCTBE MNOCTYNaTh TaK e, Kak B INpeIbAymeM
cray4ae (cM. npuMeyaHue X teopeme 257). :
HoxasareabcTBo Teopemsr 246. Ilyete t=1 uenoe,

a (0<<a<C1) mexur Mexnay AyMms cocefuMu B @ npobsmu 2

C o
{a} —— ’ < - npubaBuUTh K YMEHbILAEMOMY M BHIYMTAEMOMY B JEBOH uyacTd

b
¢ a c a atc
H 5, TaK 4TO -<oc<7{. Ecan bgagm, TO, TaK Kak
cornacHo teopeme 254 be—ad=1 u b+ d>>7, nonyyaem:
a atc a bc—ad 1
= —5 = =
I“ 7| <554 =y oid < e b=<T.
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c .
Cnyuait b-—:-—d << @ < - PAaCCMATPHBAETCS  aHAJOTHYHO.

Gapeesbl apobH MOXKHO NPHMEHATH TaKXKe IS HAXOXKICHHSA
HARAYUIIUX NpubJkeHuil.

Teopema 258. Ecau o aexcum meocdy Osyms coceOnumu ¢ O,
dpobamu, mo no kpaiinelf mepe o0Ha uz Hux npedcmasisem cobol

Hauayduiee npuﬁﬂuofceﬂue K d.

a ¢ a c
,H,OKa3aTeJ'IbCTBO. Hych ~b—<OL<E‘, —b—H E—COCCI{HHe

apobu B @,; Torga bc—ad=1 u cornacuo teopeme 250 mo kpaii-

o P ¢ 1 ¢
HeH Mepe ojaHa u3 ,upoéeu: B Hu aT° €CTh Hauayuuiee npnénmxe-
HHe K o.

Teopema 259. Ecau o nescum mexcdy Osymsa coceOnumu & @,
a 4 Y

Opobsnu 5 U g, mo cpedu  Hecokpamumuix Opobell c¢o 3HAMEHA-
meaer n—1  mHauasywwum  npubsuscenuem K o mogcerm Gome
moasko Opobo ate
byd-

gceruem moeda u moAavko moeda, koeda b+d=n-+1 u paccmos-

Y ~ v a [4

Hue om 3mot Opobu 0o o He Ooavuie paccmossull om - u .
Hoxasarteabpcrso. B ®,,, Moxer OLITb TONLKO OfHa APOGHL

Ima Opobp seasemcs HauAydium npubau-

a 4
CO 3HaMmeHareJieM n -+ 1, Jiexaillad B HHTepBale <$—, 7) , 4 UMEHHO

Lpo6b ‘;+d np b+ d=n-4+1 (Teopema 256).
Hocratounocts yenosust. [lpn b+4-d=n--1, kpome b-—i-‘-;’
B HHTEepBaJe (%; %—) Her apyrux Japobeil co 3anamenatensMu

<n-1 (Teopelvla 256), 1 ecqid paccTosiiue A0 « OT bj,-d He Goublie,

a
ueM 0T - H ”d"’ 10 oHO TeM Gojiee He foablue, ueM PacCTOSIHHE O

o OT Beex Apolell, pacno/iOXKeHHBIX BHe STOr0 HHTepBaJa.

Heo6xoaumocThb ycnoBus oueBnana. Ecau Z_I"’_'Z, rae
b+d=n-+1—nauayumee npubanxKenue K o, T0 bi; JOJIKHO

aQ [
ObiTh HE JaJblue OT «, uYeM apobn e

0 1
Ecan ucxoast ns HHTEepBaJa (—l—, —1—) NOCJIEAOBATE/IDHO CTPOUTD

MeJluaHTel, oT6Hpas MHTepBaJibl, 3aK/odaroilue B cebe o (0<<a<l),
T0 COIJIACHO NOCJeJHell TeopeMe MOXHO HalTH BCe HauJyyllde
npubamxkenuss. Mpl uMeeM IpH 5TOM B BHAY, YTO NpPH YBEJHUYEHUH
HOMepa n HOBble (apeeBbl Apobu NosBAAOTCA (TeopeMa 256) TONLKO
B K4uyecTBe MeJHaHT JIBYX coceiHux Apolbeit. Ecian o He npunamie-
mut untepsany (0; 1), 10 BMecTo o paccMaTpuBaeM @’ = {a}.
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Hpumep. Haiiru Bce namnyumme npubauxenns X Inl0=-
= 2,30258... co 3nameHateasmu n << 30.

BoasbMem o’ = {In 10} =0,30258. .., 0<a’<%. O6a xoHIa 9 )

1 i
-2—14 HX MeJHMaHTa T €CTb Hauay4duue anﬁJXI/I}KEHI/Iﬂ B ®3;

i 1
0<a <-§ . Menuanra - He SABJIAETCS HAWIYULIAM NpUOIHKEHHEM,

i
TaK KakK OHa jajbilic OT o', ueM 55 %—<a’<% . Cnenywomas me-
1 1
JHaHTa —3— Gauke x o, ueM  H 5, T. €. SBISETCS HAWIYYILHM
2 ' 1 3 ’
npubiHKenneM; = < o' <. Menuanra g Ommke x o, ueM —3—

3 1
H T. €. TaKxKe Haujydllee TPHOJHKEHHE; < O°I<T' Megu-

1
—3— ’

3 4
aHTa He dABJsieTCHd HaHJMAy4IIuM [IpH6JlH)K€HHeM; E< Ol.’<-1—§ .

2

13
7 , 3 4

Mezuanra 73 Onmxe K o', ueMm 54 i3 T Hauayuee 11pubay-

xenne. [Ipononxas npouece, HAXOZUM ellle CAeAYIOUWHe HAUJYULIHE
., 10 13 23 ,
npubaHXeHns K o': 3 [ In10=2+4a’, Tak uro wauayu-
wuM npubnanxenusmu K In 10 co snamenatensmu << 100 ssasiorest
qucaa:
o 5 7 16 23 53 76 99 175
2737 7T 107 237 337 43 76 °

TJTABA 28

KBAJPATUYECKHUE UPPALLMOHAJIBHOCTH
A NEPHOAUYECKHE LEIMHBIE JIPOBU

1. PA3JIOXXEHUHE KBAIPATHYECKHUX HPPALIHOHAJIBHOCTEN
B UENHBIE APOBH

PanuonasbHele uyucsa HpeAcTaBasioT co60H KOPHH ypaBHEHHH
1-it crenenn B2 ax-+b=0 c neabMH KO3hbHUHEHTAMH.

Bo MHOXecTBe MppAaUMOHAABHBIX  Uucesa Hanbojee NPOCTHIMH
ABJSIOTCSI T€ MPPALMOHANBHOCTH, KOTOPbIE SIBJASIOTCS KOPHSIMH
KBaipaTHBIX YpaBHEHHMH C UeJbIMM KoabbhHUuHeHTaMH; TaKHe YHCJaa
Mbl OyJeM HasblBaTh KBaZPAaTHUECKHMH HpPPALHOHAJbHOCTAMU.

Onpenenenne 71. Yucao o waseieaemes x8adpamudeckot uppa-
YUOHAABHOCHIOI0, ECAL O.— UPPAYUOHAALHOIL KOPEHb  MeKOmopo2o

ypasHenus
ax®*+bx4-c=0 H

C Yealmu KoIppuyuenmamu, He pPABHOIML O00HOBPEMEHHO HYMO.
Tlpu TakoM «, oueBuauo, Gyaer a0, c+0.
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Koahguuuentst @, b, ¢ ypabnenus: (1), 04eBHIHO, MOMKHO B3ATH
B3aHMHO TPOCTHIMH; B 3TOM CJiydae IMCKDPUMHHAHT 3TOr0 ypaBHeHHS
D = b%—4qc GyneM HasbiBaTb TaKXKe JUCKPHMHHAHTOM C.

—b p*_—dac —b— V iP—4ac

Kopnu ypaBeenus (1) paBHBI + ‘2/‘; " ‘% )
TaK 4To JIOGYI0 KBAaAPATHYECKYIO HPPAHOHANBHOCTD O MOXKHO Mpej-

P D
CTaBUTh B BHJE a=~i'~QV— ,rne P u Q uenwie, a D (D > 1)—neJsoe

P—VD
Q

HeKBaJpaTHOE uuCl0. Bropoit Kopenp ypasuenus (1) o' =

6yzeM HasbiBaThb HPPANHOHAJIBHOCTBIO, CONPSIKEHHOH C Q.

B onpejenenun KBajipaTHYeCKOH HPPAUUOHAJIBHOCTH OCOCEHHO
BaXKHO OOpaTUTh BHUMAHHE Ha TO, YTO Peub HIET O KBaJpaTHHIX
ypaBHEHHUSX ¢ UeNbIMH Koahdunuentamu. JlioGoe o sBIAAETCS KOp-
HEM KBaJpaTHOTO YyPaBHEHHS! M Jaxe ypaeHeHus l-fi creneny,
nanpumep ypasHeHuit x*—oa?=0, x—a=0.

Npumepn. a) V 7—KBaapaTuyeckass PPALUOHANBHOCTD, TaK
gak V7 siBasieTcs MppauHOHAJbHBIM KOpHEM ypaBHeHus x?—7=0,

1—V's
6) oc:——g—/———maanpamuecxaﬂ HpPaLHOHAJIBHOCTh, TaK KakK o

npeactaBaser coGoil MPPAlHOHAJbHHIA KOpeHb ypaBHeHus I9x®—
—6x—4=0. 3geck P=—1, Q= —3, D=5,

B) 7/ 2 He sBJseTC KBaAPATHUECKOH HPPALHOHANLHOCTDIO.

JeficTBHTEILHO, KOpPeHb JHGOro KBapaTHOro yDABHEHHS C [e-

P D .
JdpiMu KoapuineHTaMy HMeeT BHI -j:é—/—— rae P, Q, D—ueane

3,5 P4+VD
yucna, npuyem D >1. Ecau Ob mMbl vmenu VQ:-JTZQ, TO,

BO3BOAS 3TO PABEHCTBO B KyO, Mbl HOAYHHIHM Obl, 4TO V' D — panuo-
HaJNbHOE YHCJO, a CJeIOBATENbHO, PAHUOHAJNbHBIM sBAsjioch Obl 1
372, uTO MpOTHBOPEYHT DesysBTaTy, NOJNYYEHHOMY B npuMmepe Ha
crpaHuue 68.

B 310l raaBe Mbl GyieM paccMaTpUEaTh KBajApaTHUECKHe #ppa-
[HOHAJLHOCTH B CBSI3H C H3y4YeHHeM TaK HaShIBAEMBbIX Nepuoauye-

CKHX lelHbX Apobefi.

Onpenenenne 72. I[lennas 0pobo a0+”al+ﬂa2+... Ha36L-
gaemcs nepuodueckoll, ecau nepuoduteckol a8AAEMCA noc.re006e~
MeABHOCHL IAEMEHIO8 Oy, &y, gy « .. .

B uyacTHOCTH, €CJiH NOCJEN0BATEIbHOCTD 31EMEHTOB UHMCTO NEPUHO-
auyeckasi, TO U COOTBETCTBYIOHMIAS LienHas Apo0b Ha3blBAETCS YUCTO
nepHo IUIecKO i,

Jlnudy mepHojia MOCJELOBATENBHOCTH d,, Gy, Ua, ... OYAEM

Ha3biBaTh TAKXKE JJIHHOHA mepHoja nendok 1podu a,-+- ya1+ l/czz+ e
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Eciu B pasnoxennn o mnocie 3JeMEHTOB dg, ..., &,_, HACTYNacT
NePHOJMYECKOE MOBTOPEHHE 3JIEMEHTOB Gy, ..., Qg .41, T. €. LJAHHA
nepuoja paeHa k(k==1), To 6yleM 3anuceiBaTh o; B BHJE:

a=a0+l/a1+...—I——Uas_l—}-—llias—}—...—}—ﬂaHk_j—}—...,

B 4aCTHOCTH, B Cly4ae UMCTO NEPHOAUYECKOTD pasJjioxKenus, T. €.
npu s=0, B Buje

a=ao+ﬂa1—{— . ..—}—ﬂak_l—i— “ee
(. J

Teopema 260. [lennas dpoGeo
a=a0+—ua1+ﬂa2+... (2)

seasemest nepuoduueckoti ¢ Gaunol nepucda k moe2da u moavKo
mozoa, Ko20a NpU HEKOMOPOM § UMEeN MeCnio PAeeHCINGo Henoi-
HOLX HACTIHbIX g, == Q.

JoxasaTeancTBo.

O('S':as_{'yas.'.l“}‘..- (3)
as+k=as+k+yas+k+1+ v @

1) Ecau npapast wacTb B (2) npegcranisieT co60H NnepHOANYECKYIO
LUEeNnHyl0 JpoOb ¢ JUIHHOH NEpHOja R, TO CYUICCTBYeT Takoe S, YTo
npu BCeX nz=S$ a,,,=4a, ¥, CAeJOBaTeaLIO, pasnomenus (3) o
u (4) a@,,, OLMHAKOBLI, T. €. O, ,= 0.

2) Ecmn og,.,=a, rie k=1, TO corjacuo Teopeme eIuH-
CTBEHHOCTH UemHbIX ApoOeit (Teopema 238),. pasnoxenus (3) u (4)
OJWHAKOBBI, T. €. HPH BCEX NZ=S 4,,,==0a, H, CJeJOBATCJbHO,
apobp (2) mepHomnueckad ¢ LAMHOH nepuoja k. .

B wuvacthHoctH, uenHas Apo6b (2) 6yAeT 4YHCTO MepHoguuecKoi
TOrJa M TOJbLKO TOTA2, KOTHA NpH BekKoTopoM k(kz==1) nmeem:
oy, = Oty == 0. :

PaccmarpuBasi BeNYHHBl NEPUOANMYECKUX LENBBIX Apoleil, Mbi
noJiydaeM HEKOTOPYIO 4acTb AeficTBhTeNdbHBX uucen. OxaawiBaercs,
¥ 9T0 Ha NEPBbI BArJs] KaXeTcs HEOMUJARHHBIM, YTO MHOXKECTBO
TAKHX MHCEJ COBNAJAET € MHOXXECTBOM KBaJpaTHUECKHX WppalHe-
HaJbHOCTeH.

Dror 3amevaTeNibHLIH pesyJbrar Obla n0JyueH Bnepsbie B 1770 r,
Jlarpamxem.

Tort ¢axr, 4T0 BeJuunHA J1000H NEpHOAMHECKON LemHOH Apobu
ABJISAETCS] KBajJpaTHUecKOH HppalMOHAJNbHOCTDLIO, LOKA3bIBAETCS COB-
ceM MPOCTO, W Mbl HauHeM HMeHHO ¢ 3Toro. DoJjee cjoxcho joxa-
3LIBa€TCSl TO, 4TO JM00as KBajpaTHyecKas PPallOHANbHOCTL pasJa-
raercss B MEPUOJMYUECKYIO UENHYIO Apol6b; 3TOT (akT M HasbiBalOT
06biuno Teopemoil Jlarpanxa,

Teopema 261. Beausurna wmobold nepuodudeckoll yenrnotli 0pobu
npedcmagisem coboll KeaOPaMUHECKYIO 1P PAYUOHAALHOCTIb,
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Hokasarteabctso. Ilycrs a:a',=a0+ﬂal+ya2+...
upeAcTaBisfer COOOH UEPHOJHUECKYIO LEMHYIO Apobb, T. €. Cylle-
cTBYIOT s M R (E=1) Takue, uto o, =0, CorsacHo Teopeme 235
M 3aMeyaHHio K Hel

o — Po_s—aQs s . = Porp os—0Qs1p.s
s U4Qs—1"‘Ps—]. ’ Stk U“Qs+k—1_' Ps+k—1 ’

cJIeioBaTe/ibto,

P.c_z‘—uQsJ: Posp_s—0Qstp 2 (5)
aQs_y—Ps 1 0Qs4+p1—Psip_y’

Pasenerso (5) nocne npusefeHuss K oOmeMy 3HaMeHaTeJIO JaeT
KBajJpaTHOE YypaBHEHHE C NeJbIMH KO3(h(hHIHEHTAMH:

Ao? -+ Boa+4-C =0,

rae A=Q,_,Q,p-2—Q;_2Q,4_1- B wvactHoctn, mnpu s=0
A=Q_Q;_s—Q_2Qu_1= —Q,_, 5=0. JoxasarejscTBo TOro, 410
A=£0 upu s==1 OpPOBOZUM OT HPOTHBHOTO.

[Tpexpe Bcero OTMETHM: U3 cOOTHOIeHHs (6) rnaBbl 24 caexyer,
4TO B MOC/EI0BATESbHOCTH

Q_1=0, Q=1 =@, <Q,<... (7N

a0bble IBa COCEIHMX 3HaMeHaTeJd B3aHMHO IPOCTHL. Ecan npen-
Qs_z_ Qs+k-2

.'.-_1_ Qs+k—-1 )
M3 paBeHCTBa 3THX JBYX HECOKDATUMBIX Apoled ciaepyer

Q“,k_g:Qs_zv Qs+k—1:Qs—-1’
a 3T0 UPOTUBOPEUUT TOMY, 4TO NPH s==1, k=1 B nocremoBatenn-
noctd (7) umeroress caMmoe GoJibiiee JBA PABHLIX 3HAMEHATeNs.
HppaunonajpbHOCTh o CJAEAYET M3 TOTO, UYTO PA3JIONKEHUE O B
LEeMHYI0 JApo6b DECKOHEeUHO.

Mpumep. oo:1+ﬂ2+(—-ul+ﬂ1+y3+... (T. e. jaJjblue

NepHOAUIECKU HOBTOPSIOTCS! SJIEMEHTH l,'Jl. 3). Cocrasuth KBaj-
paruoe ypaBHeHHE, KOPHeM KOTOPOTO fBjsiercs o, W HalTH BeJu-
HHHY . ‘

B nannoM cnydae s=2, k=3; HaxoAUM OOAXOAsIINE ApoOH

nosoXUTh, yto A =0 npm HexotopoM s=1, 10

P
Jo =% BKJIOUUTEJILHO:

Qa
1 2 1 l 1 3
P, 1 3 4 ’ 7 25
Qn 1 2 3 ’ 5 18
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[Tpu s=2, k=3 paBeHctBo (B) mpHUHHMAaeT BHA:

l—a _ 7—5a
20—3" 18a—25°

4o2 —Ta-}-2=0, oc::@.

Kopeup Oepercs ¢ NOJOXKHTeJbHBIM 3HAKOM, TaK Kak o > 1.
Ilpu HaxoxKIeHHWH BeNHUYMHB O 4YHCTO NEPHOINYECKON HemHOil
Ipobu

cc=a0+ya1—}- +'”ak_1—}— R
L -

yno6He#l Bcero MOJb30BaThCs cOOTHoweHueM (8) 24-i raasbi, npu
s=k—1, a,=0, T. e. GOpMYJOH

Q= Pp_ya--Pp_y
Qr10+ Qp_>’

Qp10® +(Qpog—Ppy) 2 —Pj_o=0.

[Tpu BBIYMCJICHUH BeJUYMHBI o0 CMELIAHHOH NepHOXHUecKo# uer-
HOIl Apobu BHJIA

a=a,+Yo,+... +—"as_1+—’flz_zs+ ... +ﬂas+k_j+ s

nau

ynoGHell Bcero HalTH cHadaJa BEJIMYMHY O YHCTO MNEPHOAHYECKOH
uenHo# Apobu

Y 1/
dy=a,+a, + o+
(. -

P,_.0,+P .
_ﬁM HalUTH .
Qs—1Us+ Qs

[Ipumep. Haiity Bennuuny unenHolt gpobu:

=141y My My

a NOTOM H3 COOTHOUIEHHA o=

Haxoxum cHavanma P=oz=4-..., rme 4-+... o6osHauaer
HEnHYIo Apobb 4—{-1/4—}— ~1/4—{— ... 3Rech cpa3y BUIHO, UTO =4+% ,

orkyaa P2—4B—1=0, a;=p=2+4) 5. Tloassysce Tabauuei
sHayenn#i P, n Q,, BBIUHCAsEM:

Qn 1 1 3 4 7
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[To dopuyne (8) 24-f raasnl HaxonuM:

_ Pt Py 12024 VE)+7 138 V5
Qus+Qs  7(24+V5)L4 19

Tpexne vem nepeiitn K TeopeMe Jlarpanika, Zokawkem criefyio-
LIYI0 BCHOMOTaTEJBHYIO TCODEMY.
Teopema 262. Ecau x6cOpamuteckan uppayuonasbrocms o nped-

cmasaeHa 6 sude oczao—l—*u a;+ ... 4V an_l—{-l/ a,, TAe Bce q;
yeasie, Mo o, MAKKe KEEOPAMULECKAR UP PAYUOHAALHOCMD ¢ MEM e
QUCKPUMUHARMOM, KAK Y O

HokasartenbcTBo. IlycTb o —KopeHp KBaJpaTHOro ypag-
nenns Aa®-4 Ba4-C=0, rae A, B, C—uenante yucaa. [ogcrapnas

i
o=y o noaydaeM:

(ot 2] 8(a ) 400

HIH
(Aa? 4 Ba,+Cya? +(24a,+ By a, + A =0,

T. e. oy npeicrasisier coboit Kopenb ypasuenus Aol - By, +C; =0
¢ UedbIMH KO3(DHUHEHTAMH, THCKPHMHHAHT KOTOPOrO paBeH

(2Aa,+ B)* —4 (Aa? + Ba, +C) A= B*—4AC,

upruem C, == A 5=0.
3amensd B KkBajpaTHoM ypaBHeHuu A 02 Bio, +C=0 o, yepes

1
a, J“&}’ aHaJOrHYHO M0JYyYaeM, UTO O, — KOPEHb KBaAPaTHOro ypas-

HeHUS C 1CJAbIMH KO(phHLIHEHTAMH Azoc;—{—Bgoc2+C2=O C TaKHM
}e IUCKPUMHHAHTOM, KaK ¥ o H .

[Tpomoskas Takum ke 00pPasoOM Jajiblie, NONYYMM, 49TO O, —
KOpeHb KBaIPATHOrO yPaBHEHHH C HesbIMH KOS(D(MUUHEHTAMHA C TaK M
Me JHCKPUMHHAHTOM, KaK ¥ Q,_1, Oy g, .-, Gy, O

Teopema 263 (Jlarpawx). Jlw6as xeadpamuueckas uppayuo-
HAALHOCMb pasaaeaemca 8 nepuoduueckyio yenrnyw Opobs.

HNoxkasarenbcTBo. [1ycTb @ — KBanparuueckast ¥PpPallHOHaIb-
HOCTb, T. €. & — HPpAIHOHAJbHOE YHCJO, NpeicTaBasiiomiee coboii
KOpeHb MHorouseHa f(x)= Ax?-4 Bx+C c uensmMu KosphHiyen-
) Pn—lan+Prl—2
Qn—la‘n+ Qn__z

pema 235) M npuBoAg K oOlieMy 3HaMeHATe o, nojydaem:
A (Pn—l a/:+Pn~2)2+B(Pn—l a’n + Pn—z) (Qn—lan ‘i* Qn~2)+
+C(Qn—]_an+ Qn—-2)2:0:

T. €. BbIpa>KCHHE BHJIZA

tamu, [logcrasasas B Aa?4-Ba--C=0 o= (teo-

Anaf‘—f— BnOLn-f-C":O, (8)
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rie A":AP2-1+BPn—1 Qn—l"I‘CQf,_l: 2 f(gn—1> 3

n-=1 ne1

B,=2AP,_ P, ,+B(P,_, Quog+Pos Q1) +2CQ,_, Qs

Co= AP,y +BP, Qs +CQi, = Q2. f (ZM>
n-=2

— [eJible Yucia.
CorzacrO npepbiiyliell TeopeMe AHCKDMMHHAHT ypaBHenns (8)

B:—4A,C,=B*—4AC 9)

H, TAKHM 00Gpa3soM, He MEHSIeTCS] NPH YBEJHYECHHH 7.

JoxkaxeM csauana, aro A, u C, npu JOCTATOUHO GOJILUIOM 71
HMEIOT NPOTHBONOJIONKHBIE SHAKH, & 3aTeM, HOAb3Y ACh TOXAeCTBOM (9),
JokaxeM, uTo Beauuuupl A,, B, u C,—orpanuuenmn.

P P

Q”“ H =%=%, KaK H3BECTHO (3aMeuanue K Teopeme 234), na-

n-1 n=2
XOAATCH 1O PA3Hble CTOPOHBI OT ¢, TIPUYEM NpPU JOCTaTOYHO GOJib-

IIOM 7 CKOJb YFOJHO Majio OTJMYAaloTCH OT .
f(a) =0, HO NOCKONBKY ©— UPPALUHOHANBHOE HHCAO, TO

J'(2) =2A0+ B 0,

Taxnum o6pasoM, a— npocToil KopeHb ypaeHenus f(x)=0.
WspectHo, 4To B AOCTATOYHO MAJON OKPECTHOCTH CJIeBa U Clpasa
OT NPOCTOTC KOPHS 3HaueHUs HeOpepuiBHOW (YHKUUM, B JaHHOM

cnywae MHorouwjeHa f(x)= Ax?--Bx--C, uMelOT pasHbe 3HaKH,
p P

T. e. A,= ,Zl_lf(—"‘—l) 1 C,I:Qz_zf(*”‘—’) P AOCTATOUNO
Qn-—l Qn—2 P p

60JIbIIOM 72 IPOTHBONONCKHEL 10 3HAKY, npHueM | (—"“) nf ( ”‘2>

Qn_l Qn-—-?
u, caeposarenbHo, A, w C, He paBHH HYJIO.
Takum o6pasoM, npu JOCTaTOYHO OOMBUIOM 2 NPOH3BeleHHe
A,C,<<0 U JUCKPUMHUHAHT ypaBHeHus (8) MOKHO. NPENCTABUTL
B BUJie CYMMBI ABYX HeOTPHUATEAbHBIX unces: B2 u (—4A4,C)).

[Tockonpxy —44,C, >0, B:=0, nveem:

0<B2 < B2—44,C,=B*—4AC,
0<—44,C, =< B2—4A4,C,=B*—4AC,

T. €. Beauunsn B2 n —4A,C, orpannuenst. M3 orpanuuennocty B3

cilefiyer orpanudensocts |B,|, a u3 orpanmuennocty —4A4,C,,
nockoiabky A, u C, He paBub HYJO, C/IeAYET OTPAHNUEHHOCTL | A
u|C,l ‘

Taxum obpasom, cylecTBYIOT ABe mnocTosHHple L u M, Takue,
YTO [PH BCEX A BBIMOJHSIOTCS HEPABEHCTBA!

nl

L<A, <M, L<B, <M, L<C,<<M,
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a oTcioga, nockoabky A,, B,, C, ueibe, ciepyer, 4To Cpelu ypas-
HeHuil (8) mpu OGesrpaHuYHOM YBEJHUYEHHH 71 CYULECTBYET TOJIbKO
KOHEYHOE YHCJO pas/jHuHbIX ypaBHeHu#l. Kaikjoe KBajparnoe ypas-
HeHHe HMeeT TOJBKO JBA KODHsSI, MO3TOMY M Cpefill KOpHel ypasHe-
Hult (8) cywecTBYyeT TOJLKO KOHRUHOE 4HCJO PA3JIUYHbIX, 2 3HAUMT,
¥ CPeld BEJUUMH: .
o=0y, O, Oy, «u. (10)
MMEETCS TOJNBKO KOHEYHOE YHC/IO Pa3JHYHBIX.

Orcioza, BO BCAKOM cjydae, cjefpyet, yTo cpexu uucen (10) naii-
AyTcs xorst Obl JBa OQMHAKOBBIX, T. €. Halijercs o, paBHOE HEKO-
TOPOMY GOCJHEAYVIOUIEMY @y, ,. PaBeHCTBO @, ,=a, (Teopema 260)
O3Ha4aer, UTO pasJioxKeHHE 0. B HEMHyl0 ApoGb NepHOAHYECKoe, H,
tTakum obpasoM, Teopema JOKasaHa.

Mpl yKe paHbile UMeJad NPUMEpPh! NEPHOIUUECKMX DPasjoxKeHHH
KBaJpaTHYecKUX HppanuoHanbHocrell (cm. crp. 215—217). Teopema
Jlarpamxa maer HaM Temepb YBEPeHHOCTb B TOM, 4TO A JioGoji
KBAApaTH4ECKOH HPPALMOHAJBHOCTH Mbl TOCJ]E HEKOTOPOIO YHCJA
IIaroB MOJYyYUM COBIAjeHHe JBYX HEMNOJHBIX YacTHBIX M, TaKHM
o6pasoM, HalljeM [epHOAHYECKYI0 IOCJIeHOBaTEJbHOCTb 3J1E€MEHTOB.

[Tpumep. Pasnoxuts B wenHyo apols oc=————l+;f23.

Haxomzum mnochienosaTesibHO: o =1-F ail, @, =% V23+2) =
1
=1 +iz: ,

3V 235413 3V 93413
Oy = 5 =

. =134, o =P RF 14 4
a=YBF2 oyl ol yBmrg=3+L,
a=YBE 1L o =d/Bmig=s1l,
065=l[—2_—3_3—ﬂ=2 —{—é;, agz%(m+2), T. €. Qg=0y.

Tonyuaewm:

LVE_ Ly g3 4V Yo VgV 483 4ot
{ |

2. YUCTO NEPUOAMYECKHE PA3JIOXEHHUA

TTockoabKY MBI Teneph 3HaeM, UTO JioGas KBajpaTHuecKas Hppa-
LHOHAJBHOCTD pasJsaraercs B NMEPHOAHYECKYIO HEeMHYIO APoGb, ecre-
CTBEHHO BBISICHUTH, A/ KAKHX KBaAPaTHUECKHX HPPALYOHAJbHOCTEH
TaKoe passioxkeHHe 6yaeT YHCTO nepuouueckuM. Cepyoomas reopema
JaeT HCYEePNBIBAOIIKHA OTBET Ha 3TOT BONPOC.
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Teopema 264. Ksadpamuueckas uppayuoHaibHOCme on:’p—"'—l/—3 .

20e P, Q uD (D>1) yeavie, pasiacaemcs 6 wucmo nepuoduue-
ckyto yenuyro dpobs moeda w moasvko moeda, koeda o> 1 u conps-
P—VD

HCEHHAS U PPAYLOHARBHOCHTIL a’=-———QV— AeHCUM 8 UHMepeane
(— 1 0).

Hoxasateanctso. 1) (Heo6xoaumocts yenosus.) Iyers o —
BeJHYMHA YHCTO NEPHOJHYECKOH LenHoN ApcOH, T. €. NDH HEKOTO-
pom k=1 a,=a. Ond Takux o HMeeM a4,=a,>>1, Tax uto

a=a,+Ya, +...>1.
W3 coornomenus

a:Pk-1U+PI;_2
Qror10-+ Qs
(rze, B wactHocTH, mpu k=1 P_, =1, Q_;=0) noayuaem:

Qk_laz+(Qk_2—Pk_1)a—Pk_2:0'
Jing MuorouseHa
f(x)ZQk-—l x2+(Qk_2-Pk_1)x—Pk_2

uMeeM (mpu &> 1 Teopemn 63’ u 63" (ctpamuua 212}, a npu k=1
HENoCPeACTBEHHOe BLIUHC/CHHE):

f(0)=""Pk—2<0 H f(“‘1)=(Qk—1_Qk—2)+(Pk~1—“Pk—2)>0,

Tak 4to B MHTepBase (—1; 0) no/iKeH JexaTb OZUH M3 KOpHEH
aTOro MHorouseHa. ITocKoJbKy a>>1, TO B 5TOM HHTEpBaJe JEKHUT

He o, a APYroii kopeub, papuulii a’, T. e. — 1 < a' < 0.
. . P+VD .
2) (Hocrarounocts ycaosust.) Hycrb a=T> lu—l<o =
P—VD
= < 0.
Q=

Bee noJsinble uactHele o, K @ (corjacHo teopeme 262) — KBanpa-
THUHblE HPPALHOHAJbHOCTH C TeM XK€ JUCKDHMHHaHTOM D, Tak uTo

P D
npu Jio6oM # HMeeM oc,,=—”—tQL, rae P, u Q, —reawe. Conpsi-
n

HeHHas K o, HPPALUHOHANLHOCTD @, T. €. 2-H KopeHb ypaBHeHus (8),
Oyner uMeTh BHA oc'" zﬂn_:_‘f_’z .

n

lloxameM, YTO [IpH BCEX n>0 BBITOJHSIOTCH HEPABEHCTBA
— 1<« <0. (11)

[1pexnonoxkuM, 4ro HepasBeHcTBa (11) BepHBI NpPH HEKOTOpOM

n(n==0). [lng conpsiKeHHbIX BeJMYUH o U O, H3 COOTHOWEHHS

,

1 o 1 . 1
a,=a, + &— noJgyyaeM: o, = an + ., Qp41 = ——— [NOCKOJib-
n+1 n+1 G, —ay
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Ky @,=1 H cornacHo npegnojoxenuo —1 <a, <0, TO H3 10-
C/lefHero paBeHCTBa HaxoauM, 4to — | <Tar | 1<O
o, =o', Tak yro HepapencTsa (11) npu n =0 BepHbI NO YCJIOBHIO,

4 TOrja, Kak MBI TOJBKO YTO AOKasajd, OHM BepHHl H Npd n=l.
Takum o6pasoM, HepaseHctBa (11) BepEm npu n=0 u n=1, a u3
CNpPaBeIMBOCTH MX AJsl 1 CJejyeT CIpaBeiiuBOCTh H Aad n--1.
CorstacHo npuHUMNY HHAYKLUH (Teopema III) HepaBeHcTBa BepHbI
npu Bcex n(n==0).

CoraacHo TteopeMe JlarpaHxka cyIllecTBYIOT § M R, Takue, 4TO
Cyyp =0 M, CIEJOBATEJDLHO, JUIsi CONPSAKERHDIX UppaloHaJbHOCTeR

@, , =0, [lepexons ¥ COHpH}KEHHIﬂM HPPALKOHAJIBHOCTAM, H3 COOT-

HOUIEHH S as-—lzas—l—’—a— NCJYYKM:
S

, 1 1
0(,_1: S-1+ ;7’ _;*a"—lﬂ( s—})

$
S s

G

# nocKobKy 0 <{—a;_ <I, TO as_lz[._l,}_

AHdJlOFI/I‘{HO 13 COOTHOWICHUA as+k -1 =0y p_1 -}- NoJaYyYHuM
i 0’s+k
Asi ot = [—' 7 ] , H TMOCKOJbKY, Kak 6BbIJIO  OTMEUEHO BbIIUE,
B , Otk
as—e-/e: OCS, TO as+k_1 =0, 1.

o , 1 ,
M3 papercTBa mpaBEIX YacTedl B o, =0, ~+~E—, v, =
S

noJiyuaeM o, =a, a TOrfa B Oy p_1=

=g, 41 T S+k—1 s—1°

s p
=0l .1 Mp JOKaszaJy, YTO B YCJOBHSIX TEOpEMbI U3 PaBEHCTBA

Oy p =0 CAELYET PABEHCTBO O, ,_ ;=0 _;, HO TOLa U3 NOCJELHErO
PABEHCTBA MOJYYAEM O, =0 _, M T. 1., 10K He JOHAEM 1O
o, =Qy=0, TaK 49TO PasJOXKEHHE & B LeMNHylo Apo0b YHUCTO Nepuo-
Juyeckoe.

Mpumepn. 1) azl’*'_;[lﬁ pasnaraeTcsi B UHCTO TepHOAHYE-

1—V13

CKYIO LenHyo Apobb, Tak Kak a>1, a o = —5— JIeKHT MEXAY

— 1 u 0. JeHcTBUTeIbHO, B pas3JIOXeHHH o C CaMOro Hayaja no-
BTOpAK0TCs aaementh 1, 1, 1, 6, 1, Tak uro

a=1-+Y1 1YY Y14 ...
| |-

2) —2—_'1'4—]/3— pasnaraercst B CMeIIaHHYIO nepno;mqecxy}o LEeNHYI0

92— W

Apobb, TaK KaK CONpPSHKEHHOE HHCJIO ———— Goublue HYJS.
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Teopema 265. I[Iycme D —wuexsadpamuoe uwucao, Q—tueaoe,
VD

D > Q%> 0; moeda pasaoscenue g~ & uennyio 0pobe umeem 8u0:

D
—1—/«—~a0 +ﬂ'a1+... —{——”ak_l—{»—Uanl-l— .

y D
JokasarteancTso. Ecan D >@Q2, 10 uucjo OC‘:—'%-{“——“Q )

rie a,== [—1—%——] , OyIeT HMeTb YMCTO NEPHOAHUYECKOE DasJjoKeHue

B UenHyo Apols. eficTBurenbuo, o> 1 ua’ =a0—lf—QP— 3aKJIOUEHO
KQQ] =2a,, Tak YTo (Teopema 264)
B

ao+T=2a0+ﬂal+...+ﬂak_l+ﬂ 200 +Y a,4...,

FJie NOCJEJOBATENBHO HOBTOPSIOTCS SJIEMEHTH 20, Gy, o+ 41,
¥ Torja

B uutepsane (— 1; 0); [aﬁ-

T—ao-{-ylal—]— fee +-Uak_1—{——lj2a01+ ces

IIpumep bt
D Vi=2+Y14+Y14Y1 +1/4|+.,. (3xech @y =2.)
|

2) VB3=7 +l/3+ﬂ1 + ¥ 14 Y34 Y144, ., (Bnecs a,=T7.)
) |
3) 1/11

1+—f9+—/2+ (3nech a,=1.)

Hemopuuweckue xommenmapuu k 28-it zaage

1. Benuknil dpanuysckuft maremarux Kose Jlyn Jlarpaux po-
rumea B 1736 r. B Typune. Hexoropoe spemst o paGoran B DBep-
qunckoit AxageMuu rHaykK. C 1772 r.—unen IMapuxckoit AkageMuu
nayk. [locaenuue rogel ceoefl KusHu — npopeccop IToaurexauueckoi
wkoanl B Ilapuxe.

Tpynul Jlarpamka mno MareMaTHYeCKOMY AaHaJH3y, MeXaHHKe H
TEOPHH 4HCeJA HMeIOT (YHJAMeHTaJNbHOe 3HAUeHHE JJIS PA3BHTHSA
5THX AMCHUNJKHE., JlarpaHX-—oIuH M3 cosgateneil auddepeniuannb-
HOr0 HCYHCJEHHS, KJACCHUecKO# TeopHH IHddepeHUHANBHBIX YpaB-
HeHHH M BapHan¥oOHHOro Hcuucxenus. B cpoell , AnanurTmueckoi
MeXaHHKe" OH I0KAa3aJ BO3MOXKHOCTE NOCTPOEHHS MEXaHUKH Ha 0ase
MaTeMaTHYeCKOro aHajusa.
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B Teopuu wyucen JlarpaHk Haj OCHOBHBE DPe3YJIbTATH B TeOPHU
GeCKOHEUHHBIX IEMHBIX APOOel U NoKasasl HX NPHAOMKEHHS K PEIleHHIO
HeonpeJesleHHBX YypaBHeHHN. Jlarpanxk J0Kasal TeOpeMy O npeg-
CTABJEHUM WYHCeJ B BHAE CYMMBI YeTBIPEX KBaJAPATOB M MOJOMHJI
HayaJo M3yueHHI0 OMHAPHBIX KBaApaTHUHHIX Gopm ofmero Buaa
(cM. 31-10 u 32-10 raaBsl).

2. IlorasaTenbcTBO TeopeMbl 264 6nino onyGaukosano . lasnya
B 1828 r. lasya noxasan TakxKe, YTO B CJyyae HYHCTO NEPHOAMYE-
CKOTO pasJIoKeHUs CONPsAXEeHHas KBaJpaThHyeckas uppauioHa bHOCThb
HMeeT Te e 9JIeEMEeHTH, HO pacloJsokKeHHBe B 00paTHOM HOpSAKe.

FTABA 29
AJTEBPAMYECKHWE YHUCJA

1. NOJIE AJTEBPAHUYECKHX YUCEJN

Panvonanpube uucja M KBajgpaTHuyecKHe HppaunHOHAJIBHOCTH
npeacTaBisioT cofol KOpHH MHOTOUJIEHOB 1-#il M 2-H cTenehu ¢ ue-
JbiMH - KoahguunenTamu. B 3T0ii rsaBe Mpl GyjgeM paccMaTpuBaTth
KODHH MHOIOUJIEHOB C IeJBIMH XO3(p(¢HLHeHTaMH JI000H cTeleHH.

Onpeneaenune 73. Komnaexcnoe uau OellcmeumesbHoe “UCAO o
HA3bIBAeMCS  AN2eOPaAUUECKUM HUCAOM, €CAU OHO SBAAEMCA KOPHEM
HEKOMOPO20 MHO20UACHA C YeAblMU KO3Pguyuenmamu, HepasHoLmu
O00HOBPEMECHHO HYAIO,

Ecmn a—xopeHb MHOTOUeHa f(X)=aux"+ax""1+...+a,
CTelleH! A ¢ DeJbMH KoaduuueHTaMH, T. €. ecau [(a)=0, To a
SIBJISIETCS KOPHEM MHOTOYJIeHa

a - 44
P St I SR M
2, [}

¢ pauHoHaJLHEIME Kosdbounuentamu. OueBHAEO, YTO KOpeHb J000T0
MHOro4JIeHa ¢ palMOHAJbHBIMH KO3(QHUIKHEHTaMH, HEPABHBIMH OJHO-
BPEMEHHO HYJIO, SIBJIAIeTCS KOPHEM HEKOTOPOTO YPABHEHHUs ¢ HeJbIMH
koappunuentamu. IlostoMy BMecTo ompejeneHusi 73 MOMKHO J1aTh
Ipyroe, 3KBHBaJEHTHOE.

Onpeneaenne 73'. Komniexcroe uau Oelicmsumenvroe Hucio o
HO30IBREMCA  AA2EOPAUHECKUM HUCAOM, €CAU OHO SBAAEMCA KOPHEM
HEKOMOPO20 MHOO4AEHA,

F(x)=bx"+bx"" 14 ... 40,
C payuUOHAAbHBIMU KOIpuyuenmamu,

B sro#i rnase Mpl 6yaeM paccMaTpPHBATb TOJIbKO AEHCTBHTEJbHLIE
angrebpanueckue 4mcja, He OroBapHBasi 3Toro Kamawi pas. M3
f(2)=0 caenyer f(a)yP(a)=0, roe B KauecTse P (x¥) MOMKHO B3ATh
[IPOU3BOJILHLIA MHOTOYJIEH ¢ IeJHMHU Kosddunnenramu. Taxum obpa-
30M, 1 J06OTO anare6panuyeckoro Yuc/a o cyllecTByeT GecKoHeuHOoe
MHOXeCTBO MHOT'OUJ/IEHOBC PaLllMOH aJIbHBIMU KO3PPUIEEHTAMH , KOPHAMH
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KOTOPBIX SIBJIAETCSI &; M3 BCeX ITHX MHOTOUJEHOB OOBLIYHO pac-
CMaTpPUBAIOT MHCTOUJEH HaHMeHblIeH CTeNeHH.

Onpenenenne 74. Yucro n uasveaemcs cmenenvo aicebpauuec-
K020 HUCAQ O, eCAl O. eCIb KOPEHb HEKOMOpo20 MHO204AERA -1 cime-
NeHU ¢ PAYUOHOALHLIMI KOA(huyuenmamy 1 He cywjecmsyem mogc-
OECMBEHHO HEPOBHO20 HYAO MHOLOMACHO C DAYUOHAAbHOIMU KO3DDuU-
yuenmamu crienenu, MeHowlell Yem N, KOPHEM KOMOPO2o AGASLAOCH
0ot uucao o.

Ecau xopeHb MHOTOUJeHa n-fi CTENEHH € HEJEIMH pailHOHaJb-
HBIMH KO3(dHideHTaMl o He $IBJAeTCS KOPHEM HH OJHOTO TOXkKje-
CTBEHHO HEPABHOTO HYJI0 MHOTrOYJEHA € [eJBIMA KO3phHIHEHTaMH
CTENEeHH, MeHblllell ueM n, To o He MOXeT OblTb KODHEM H TOXKe-
CTBEHHO HEePaBHOTO HYJIG MHOI'OUJEHa ¢ PAUHOHAJIBHLIMU KO(QQpH-
UHeHTAaMH CTefleHH, MeHbUeH ueM 71, T. e. a— aarefpanyeckoe YucJo
CTeNIeHU 1.

Panuonanbhele 4ucsaa sipisiiorcst anreGpanueckumy gucaamu 1-it
CTeNeHu. Jliofasi KBapaTuuecKasi MppPaLMOHAJbHOCTb I1PEACTABASET
coboii anreGpanueckoe yucjao 2-i cTeneHy, Tak Kak, sIBJSIICh KOPHEM
KBaIpaTHOTO YPABHEHHS C lLIEJbIMH KOIPPUIMEHTAMH, OHA He SIB-
JeTCs KOPHEM Kakoro-jaufo ypaBHeHHs l-Bi CcTeneHH ¢ LeJbIMH
Kosbbuuventamu. AnreGpanueckue yucaa 3-fi CTEMEHH UYACTO HA3bl-
BalOT KYOHYECKHMH MPPAlHOHAMLHOCTSIMH, a ajre6panuyecKue uuca
4-i creneHH — OMKBAAPATHYECKUMH HPPAIHOHAIbLIOCTSIMH.

ITpuwmep. f/2——aﬂre6pawlec1<oe uyHcyao 3-i cTeneHy, T. €. KY-
Onyeckas HppalyOHANBHOCTL. JlefeTBUTENBHO, 3TO UHCJIO €CTh KOpelb
MHOTOYJleHa J3-# cTeneHu x%—2 ¢ uenpiMd  KOdpHIMEHTAMH H,
KaKk OblI0 OTMEUeHO B mpHMepe Ha cTpanuuc 249, /2 He spaserca
KOpHeM Kaxoro-nu6o MHorouJsema 1-# umag 2-if cremend ¢ LEJALIMH
KO3 PuInenTaMY.

Onpenenenue 75. Ecau aacebpauveckoe 4ucao n-ii CHenenu o
ABAALMCA KOPHEM MHO2044eHA

fx)=x"4+bx""1--...4+b, (n=1) (h

€ PAYUOHAAbHOING Koapuuyuenmamu, mo [(x) Hasvwsaemes MuHu-
MANLHOLN MHO204ACHOM O0AA O,

Takum of6pasoM, MHHMMAJLHBIM MHOTOUYJEHOM JUIsI o Ha3blBaeTCs
MHOTOYJIeH HaHMeHbLIeH CTeNeHH C pALMOHAJbHBIMH KO3(DHIHEH-
TaMH H cTapmuM Kod3QulUMeHTOM, PaBHBIM efHHHIE, KOPHEM KOTO-
poro sBasiercs o.

Ecau BMecto MuHOTOuseHa (1) B3aTh KaKoii-nubo Apyro#t MHOro-
YjieH ¢ pauHOHAJbHBIMU KO3(hOdULNEHTaMH CTeneHd n, KOpHEM Ko-
TOPOro siBasercsd o, TO MHorowsien (1) mMoxer ObThb noJydeH U3 HEro
JieNeHHeM BceX KO3p(dHIHEHTOB Ha KO3D(MHIMEHT CTapLIero 4JeHa.

[Mpumep. MunuMajbHHIM MHOTOUJICHOM ISt V2 SBJISIETC S

3 o
x3—2, TaK Kak KOpeHb 3TOro MHOTrouJicHa 1/2 HE SIBJISIETCSH KOPHEM
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Kaxoro-nu6o MHOroY/IeHa MeHbllefl CTeneHy C paiHOHaJbHLIMU K03~
(UL HCHTaMH.

Teopema 266. Ecau [ (x)—MURUMANOHOLL MHO204ACH 045 Qa2ebpau~
ueckoeo wucaa o u F(x)—MHO20446H € PAUUOKAAbHOLMU  KOIPPU~
yuenmamu, maxod, umo F(a)==0, mo f[(x)—0deaumers F (x),
m. e. F(x)=[(x)g(x), 20e g(x) maKoue MHO204LEH C PAYUOHALL-
HoMU Kodppuyuenmany.

JloxaszaTenbcTBo. COriacHo H3BeCTHOH Teopeme aireGphl
F (x) MOXHO UPeICTaBUTh B BHJAE

F(x)=Fx)g®)+r (),

rie g(x) u r(x)—MHOrOWIEHH C PalHOHANbHBIME KO3(HLHEHTAMH,
IpUUEM CTemeHb r (X) MeHblle cTeneHu f(X).

[ockoabky F(a)=0 u f(a)=0, To, npuiasas Xx 3HauyeHue «,
nonydaem r () =0; o.—KOpeHb MHOTOYJIeHa 7 (¥) C PalHOHATBHEIMH
Ko3(hhUUHEHTAMH CTelleHH, MeHbIIel, YeM y MHHAMAIbHOTO AIA &
MHOIOUJICHA, T. €. MEeHbIIEeH, YeM CTeNeHb 0. DTO MOKeT OBITh TOJIBKO,
ecau 7 (¥) TOMAECTBEHHO PABHO HYJIO, a, 3HAUMT, F (x) = [ (x) g (x).

Jlns JAHHOTO O CYMECTBYET €AHHCTBEHHbIl MUHMMaJbHBIH MHO-
rouged. JeficTBUTeJbHO, YACTHOE OT JeJeHHsa APYr Ha Apyra ABYX
MUHUMaJBHBIX MHOTOUJIEHOB JJIsi O JOJMKEO OBITh DallHOHANBHBIM
YHCJIOM, PABHBIM e IHHHILE, UTO O3HAUAET TOKAECTBEHHOE UX DaBEHCTBO.

Teopema 267. Jlan 4106020 ar2e6paudecko20 HUCAQ O MUHUMANL-
HOLL MHO204AEH Henpueodum Had ROAEM DAUUOHQAbHLIX HUCeA.

JoxaszateabcTBo. Ilycth f(X)—MuHHMAIbHbIN MHOTOYJEH
aas o, [peanosoxuM, yto f(X) NpUBOLUM HaJ NOJEM PallMOHAJbHBIX
upces, T. €. 4yto [(x)=o (x) P (x), rie o (x) 4 P (¥) —MHOTOUJNEHDI
¢ palHOHAJbHLIMU KO5(D(ULHEHTAMH CTENEHH, MEHbLIEH, ueM .

s pasenctsa o (@) P (@) =f (@) =0 cnegyer, 4To U3 ABYX HHCEJL
o{a) u P(a), no xpaiineii Mepe onHO paBHO Hymo. IlycTs, HampH-
mep, ® (2)=0, Torja @—XOpeHb TOKIECTBEHHO HEPaBHOIo HYJIO
MHOTOUJIeHa  (X) C pAallkOHAJBHEIMH KO3(h(UIUEHTAMH CTeNeHH,
MeHbIUel, ueM y f(X), a 3T0 IPOTHBOPEYHT TOMY, UTO [ (¥x)—Mi-
HUMAJbHBIH MHOTOWJIEH ANs . IIpennosioxkeHue, YT0 MHOrouIeH f (X)
NPUBOAUM HAJ TOJEM palHOHAJbHBIX YHCEJ, OKa3ajoCh HEBEPHBHIM,
T. €. [(x) HeNPHBOAUM HAaJ 3THM IOJIEM.

Teopema 268. Ecau a—xopens HenpusoOdumozo Had noiem pa-
yuoHaabHbLX quces mHozousena F (x) ¢ payuonasbroimu Kosppuyu-
eHMAMU CMenexy n, mo o— aszedpautecKoe HUCAO CHeneHl M.

JoxasarteabcTBo. OO603HauuM MHHMMAaJbHBIH MHOrOYJ/IEH
ans o uepes f(x). Cormaco teopeme 266 F(x)=/f(x)g(x); rae
g (x)—MHorousied ¢ paunoHaJbHbBIMH Kod(ouuuenTamu. I1ockombKY
F (x) HenpuBoxuM HaX II0JIeM PALHOHAJNBHBIX uHces U f(X) OTAHYHO
OT MOCTOSHHOTO, To g(x)=c, rhe ¢ panuoHaneHo, F(x)=cf (x),
T. e. CTeleHb f (x) paBHa n U, CJAENOBATENbLHO, o — aarefpanueckoe
YUCJIO N-H CTENeHH.,
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Mpumep. Ilyere p—npocroe yucno. {’/Ef npu JoboM HesoM @
(a>1), me paBHOM p-H CTeneHW APYroro UEJOr0, NPEACTaBJISET
coboft ajare6panyecKoe YHCJIO cTerieHd p. JLefCTBUTENIBHO, 3TO YHCJIO
ecTb KOpPEeHb HENPHBOAMNMOIO HaJ NOJEM PalMOHAJbHBIX YUCesa JABY-
YJIeHHOTO ypaBHeHUs x¥ —a==0.

Ecnu o— anrefpagueckoe YHCIO CreneHu A # [ (x) — MUHHEMAJb-
HBI/i MHOTGUJEH JAJd «, TO BCE KOPHH 0O, O, ..., O, YPABHEHHS
[ (x)=0, oTnuYHBE OT 0/, HA3BIBAIOTCS CONHPSIKEHHBIME C O,

Onun u3 KOpHe# oy, O, ..., O, MBI OYEEM CT4BUTb €ro Ha
nepBoe MeCTO, COBIAjaeT C &, TaK UTO O ==0,.

Teopema 269. Cymma, paswocms, npoussedetue U Hacmroe 08Yx
areebpaudeckux wucea o u B (841 uacmuoeo npu P =£0) asasomes
QA2eb PaUiecKUMU HUCAAMUL.

Hoxasarteasctso. 1) Ilycts o—xopeus mHorouseHa f(x)
CTelleHH 71 ¢ LeJILIMH KOX(p(pUIHeHTAMH, KOPHH KOTOPOTO: Oy, Oy, ..., Oy,
a P —xopewb MHOrousdeHa 1 (x) cremeHd m C IeAbIMH KO3(hhulu-
eHTaMH, KOpHH Kortoporo: P,, By, ..., P, (F=p,). Paccmorpum
MHOTOYJIEH:

F (=1 I (e— (o +8,) =

= (x— 0‘1_51) Xx—oy—Py)... (x—o;—B,),
(x_o‘z 51)()5—0‘2_[32)---(x—o‘z—pm),

+

- —ﬁl)(x~06 —B) (=, —B,). (2)

Ecnu B 9T0M npousBefeHUH CJe/aTh KaKYI0 YIOAHO MOACTAHOBKY
BeJUYMH Gy, Og, ., ., O,, TO HEKOTOPbIE CTPOKH NEPECTaBsTCS MECTAMH,
HO NPOHM3BeJleHHE B LIJIOM OCTAHETCS HEH3MEeHHBIM. DTO 3HAYUT, UTO
F (x) — cuMMeTpHUeCcKUll MHOIOUJIEH 1O OTHOLIEHHMIO K O, o, v ., Gy
Touno Tax e nojgcraHoBka Benauuut P, B, ..., B, Oyaer Menarth
TOJIBKO TNOPAMOK CTOJNOLOB B HpaBoil vacTH Bblpaxenus (2), Tax
4T0 F (X) — CUMMETPHYECKHII MHOTOUJICH [0 OTHOLIEHHIO K B, Bs, . ..
«.., B,. B menom F (x)—cCHMMETPHUECKHII MHOTOUJEH OT JABYX
CHCTEM AapPTYMEHTOB: Q,, Oy, ..., A, H By, Ba, ..., B

CorslacHO U3BECTHHIM TeOpeMaM O CHMMETPHUYECKUX MHOrousieHax
(reopemnr XV u XVI) xoadpduunentsl MHorouseHa F (x) Moryt OwiTh
BbIpasKeHDbl PpallHOHAJbHO Yepe3 3/eMeHTapHble CHMMeTPHUecKHe
OYHKUMH OT @y, @y, ..., 0, H Py, Bsy ..., B,, T. €. uepes uessie
Koadduuuents f(x) u P (x). Iro 3Hauur, uro Koahpunuento F (x)
palMOHAJBHE, H, CJEA0BATEIbHO, YHCA0 o P==a, B, spasomeecs,
KaK 3TO HeNOCPeACTBEHHO BHAHO U3 ¢opMyanl (2), kopHem F (x),
ecTb aarefpanyeckKoe YHCJIO.

2) Has noxasatespCTBa TOTO, UTO NPOM3BEeHeHHe ABYX ajrebpau-
YeCKHX 4YHCeJ o M B ecrb anrefpaHyecKoe 4HC/0, AOCTATOUHO, aHa-
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JIOTHUHO TOMY, KaK 3T0 OblJIO TOJABLKO YTO CAeJNaHO JJs MHoTouneH (2),
paccMoTpeTh MHOTOUJeH

Flo)=1I
i=1j]

3

(xr—auf). )

DTOT MHOTOWIEH ¢ HeJbiMH Koa(pduIMEeHTAMH MMeeT B KaueCTBe
OJIHOTO W3 CBOHX KopHel o, f, = af.

3) Iycrs f— xopenb MHOTOUeHA Y (X) = byx” - b x"~ 14 . .. 4-b_,
(b;—1ueanie uucaa), Tora—f sABaseTcs KOpHeM MHOrOUJIEHa C Ie-
JbIMH KOa(ppuIHeHTaMH P (—x) = (—1)" bex" + (—1)""1bx" 1 . .,
...+b,, a npu P40 E——ROpGHb MHOrouJIeHa x4 - = by 4~
+bx4-...+b,x". Taknm obpasom, BMecTe ¢ § anrebpauueckuMy

1
qucjgaMn sABJAAKTCA ——B n4.

Pasnocrs oo—f Moxer ObiTh npeicraBjieHa B Buje o {—f),
T. €. B BHJE CYMMBI JIBYX aJre0paHuecKHX UHCEJ, a MOTOMY TaKXe

npeacrabaser cofoif aareGpanueckoe uucgo. Ilpu B=£0 uvacrnoe

o 1 .
'—:O(.-F, SIBJISISICH HNPOU3BEAEHHEM JABYX anreﬁpanqecxlxxx gyucena,

f

npefcrapasier coboli Takmxe anrebpanyeckoe YUCIHO.

Ecnu crenenu aJjrebGpanvueckuX uucesa oo ¥ P paBHW m U 1, TO,
B3sB B KauecTse [(x) H ¥ (X) COOTBETCTBYIOIIHE MHHHMAJbHbE MHO-
roustenst, O6ygeMm B (2) u (3) HMETb MHOTOUJIEHH CTEHEeHu mn, H,
TakUM 06pa3oM, HENOCPECTBEHHO BUAHO, 4TO - B u af — anreGpan-
yecKWe 4pcJa CTeleHd, He GoJblued deM mn. MHorousmens 1 (x),

1 «
P{—x) u x"P (7) OJIMHAKOBOH CTENeHH, a CAeloBaTesbHO, fi, —
H F-—anre6panqecxue qyucsaa OfHOH W TOH JXe CTeleHH, OTKyJa

o
caeayer, 4To M OL—-B n 5 HMET CTelneHH,. He 6oJpine yem mn.

Mpumeps. 1) V2 u)/ 3— anre6panueckne uncaa 2-if creneuu,
a V2+V3—anreépaﬂqecxoe YyucJao 4-# cTenmeHwH.

HedictButeapo, ecan a=12+V3, 10 a?=5-+2V6, at —
— 10024 1=0, T. e, —KOpeHb MHOrousJeHa f(x)==x*—10x2-4-1
¢ LeJbIMH Ko3(phHULHEeHTaMU, H

[0=(—V2—=V3) (x—V2+ V) x4+ V2=V G+ V2+V3). (&

Uz TeopeMbl eNMHCTBEHHOCTH pa3JIOKEHUST MHOFOYJieHAa Ha He-
NPHBOAUMEIE MHOXHTENH CJlefyer, YTO JioOble HenpUBOJHMbIE HAJ
fiOJIeM PANVOHANBHBHIX YUCEJ MHOXKHUTENU f(X) ZOJNKHBI SBIATHCH
[poH3BelieHNeM KaKuX-TO MHOXHTeJiell 1paBoll yacTu paseHcrBa (4).
Jlerko BHJETh, UTO K3 3THX MHONKHTENEHl HeJib3si COCTABUTH MHOTO-
YyjieH C palHOHAJbHBIMH KO3(PHINEHTAMU CTENEHH, MeHblIeH dyeM 4,
T. e. [ (X¥) — HenpHBOZHMEI HaJ IOJEM PalUOHAJNBHBEIX UHCET MHOTO-
WieH, &, CIeOBATENLHO, COTJIacHo Teopeme 268, }/2 +V 3~ anrebpa-
Hueckoe yHCJa0 4-f cTeneHu.
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?)a=1/3up= V/12, Kak Jerko BHAeTb, — aareGpanueckue
yucaa ©6-i cremeHu, a INpou3BefleHue ocﬁ:f/ 6 — anre6panueckoe
YUCJIO 3- CTeneHH.

Teopemy 269 MOXHO JaTh Takxe B Apyroii ¢opme,

Teopema -269'. M=nuooacecmnso acex Oeticmsumensuolx areebpau-
ueckux uucen npedcmasasem cobol noae.

2, PALHUOHAJIBHBIE NPUBJIH)XEHU A AJIFTEBPAHYECKUX YHCEN

Anrebpanueckue uHcJa HE MOTYT HMeTb CJHLIKOM XOPOIMIUX
palHOHAaMbHBIX TpUOJAMKEeHHHA: NOrpellHOCTb NPH 3aMeHe adreGpau-
YeCKOTO uHcja paunyoHasbHON Jpo6bio He MOXKeT OBITh HOCTATOUHO
MaJia o HOPSAAKY B CPaBHEHUH C BeJMUHHOH, 00paTHON 3HAMeHAaTeJIo
panuoHanbHO# ApoBu. C OTAeNbHBIMH YACTHLIMM CJIy4asiMH, HaTand-
KHBaIOMUMH HAac Ha MBbICJIb 00 5TOM, MBI y3Ke BCTPedaJiich paHblile.

HetictButennro, B 6-i raase (reopema 70) O6bs0 1mOKa3aHo, 4TO
JNIf PallMOHAJBHOTO o, T. €. aare6pauyecKoro 4ucnaa 1-it cremenu,
CYWIeCTBYET NOCTOSHHAs ¢ >0, Takas, 4To A7 JoGo# paiHoHaNbHOM

44 o
ApoGH —, OTJAHYHOIH OT @, OYEET BBIMOJHATHCSA HEPABEHCTBO.

c

|e=5|=%-

b
B 25-fi rmaBe (cTp. 235) 6buI0 IOKA3aHO, 4TO AJIA

o= 1YY g,

npejcTassiomero coboft ajrefpavyeckoe 4ucyo 2-i cTemeHH, MOXKHO
nogobpate ¢ >0, Taxoe, uro Ajsi J00oi pauHoHaNbHOH Apobu Oyzer
HMETb MCECTO HEPABEHCTBO

|oc——g—l>b—c§. (5)

MoxHO poKasaTh, uro HepaBeHCTBO (B) MPH COOTBETCTBYIOLIEM
¢=c(a) UMEEeT MeCTO A/ BCEX KBZAPATHUHLIX MPPAIHOHAJLHOCTEH.
OKa3biBaeTCst, YTO HMeeT MecTo oflas TeopeMa, A0KasaHHas BHEPBLIE
B 1844 r. ¢paHnyscKUM MaTeMaTHKOM JInyBHJJIeM.

Teopema 270 (JIuysuman). Jas mobozo dedicmsumenrsHozo aa-
eebpauteckoeo 4UCAQ o Cmenenu n MONCHO nodobpams rnoAoxKcUmens-
HOe C, 3a8UCAU4EE MOALKO OML O, MAKOE, 4Mo OAs 8CeX PAYUOHAALHUIK

Hucen % (% 7":05) bydem umems Mecmo HepaseHcmao
a c
| a—%|=5- (6)

Ilpu n=1 reopema Gwima noxasana B 6-f rnase, 3zech MBI pac-
CMOTPHM cpasy obwmii cayvall, BKJAOYaOWuH ¥ cliyyad panHoHaqb-
HOTO o,
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Ooxasateancrso.llyers f(x)=Apx"+ A x" 1. .+ A,~—
HENPHUBOAMMBIH MHOrouWIeH ¢ LeJbIMH KO3Q(UIHEeHTaMH, KOpHEM
KoToporo siBjasiercd o. B xauecTBe f(x) MOMKHO, Hampumep, B3siTh
MHOTOYJIEH, MOJAYYaomuiics W3 MUHUMAJBHOrO JJ ¢ MHOTOYJ/eHa
rnocje YMHOMKeHHs BceX Ko3(PUUHEHTOB Ha HaHMeHbllee KparHoe
X 3HaAMeHaTeJeH.

CorstacHo Teopeme DBesy umeem:

[(¥)=(x—a)g(x), @
rae g(x) —MHOrouJeH ¢ AeHCTBHTeNbHBIMA KO3bHIHEHTaMH.
BosbMem npoussoabHoe 6> 0; |g(x)|—HenpepniBHag, a CJaexo-

BaTeJIbHO, OTpaHHueHHasi GYHKUUS OT x B cermenre [a—&; a-- 8],

T. €. CYIIECTBYET NOJOKHTENbHOE yncao M, Takoe, uro | g (x) | << M,

IAs BceX X W3 sToro cerMeHra. O603HauuM uyepes ¢ = min e 6) ,
1

TAK UTO € <X 47 M ¢ << §. JIist MPOHBBOJIBHOTO PAIHOHATBHONO YKC/Ia

a
7= MOTYT NpPCICTABHUTLCH [B€ BO3MOXKHOCTH:

b
1)% Jgexar sHe cerMenra [a—9&; a--8]. Toraa
'oc—‘rg—’>6>c»>b~c,,.
2) —Z~ YIOBJCTBOPSIET HepaBeHCTBAM O — 6\§< a8, Torna
lg (% <M u, noicrapnissi B (7) BMeCTO X 3HaueHHe i;-, noJy-
yaem:

()= e (et . o
HenpuEoMuMBlil Hall TI0JIeM PALHOHANBHBIX YHCEJ MHOTOUJeH f (X)

cTelneHy 7 =>2 He HMeeT pAaIMOHAJBHBIX KOpHeH, a mpu n=1 He
HUMeeT KOpHeH, OTJHYHBIX OT &, TaK 4TO

!f <%) _ ]Aoa"+Ala”‘;:+...+A,,b“} £0,

[Mockoneky uncaurenp |Ag "+ A" W0+ ...+ A,b"|—uenoe
HEOTPHULATe/IbHOE, OTVIMYHOE OT HYJS YHCIO, T. €. yucio, GoJjbllee

U pasHoe 1, TO
1 (2) = ®

CpapuuBas HepaseHcrBa (8) u (9), monyuyaem:

1 a
;la—;la—m
TaK 4To 4 B 3TOM caydae HMMeeM:
a c
lOC——?l}b—,;.
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KoHeuHo, 3aMeHUB ¢ HEMHOT'O MeHbIell BEJUYHHOH, MOXKHO B BHI
paxenuu (6) BMecTo SHakKa == HanucaTb 3HaK .
I[Ipuwme p. Ilycre D —HexBagparHoe nenoe uuciaec. Hafiru ¢ >0,

a
Takoe, 4YTo JJIg BCEX palHOHAJBHBIX 4HHCEN — HMeJIO 6nl MecTo He-

b
ot

V' D — kopenb muorounena x*—D. Jlens x*—D Ha ﬁ—]/ﬁ, Ha-
xomaMm:  g(¥)=x-+VD. Tpu VD—8<x<VD-+8 nmeem
[g(x)|<2VD+8, . e. M=2VD+6. B xauectse c Oepem
mm( 1 6), IpPH 5TOM BHICOJHEH BCEro B3fATb & TaK, UTO

2]1/D+6
= — 2 D —_] = . = — D .

VBT’ 8242V Dd—1=0, 1. e & VD+VD+1

Ipu Takom 6 moamyyaem c=VD+1—VD, 7rax uro npu  Jobbx

LHeJbIX a U b uMeeM:
VD+1—VD

vD

Teopema JInyBHJUIA TNOKA3HIBAET,  YTO [PUGIMIKeHHe moﬁoro

PaBeHCTBO

anrebpanyeckoro Yucja CTelneHy 7 pallHoHa bHEIMU ,upoﬁsmn orpa-

o 1
HUYCHO CHH3Y BEJUYNHOU NOpAAKa e B HacCTHOCTH, JJisT KBajparu-

1
'BE .
MoxHO nokasarb, 4TO, KpOMe KBaApaTHUECKHX HpPpalUCGHANb-
HOCTeH, MMEIOTCSl U APYTHe HPPAUHOHANbHOCTH, AJAsS KOTOPHIX NOPSAJO0K
npuOIMKEeHHs palHOHAIbHBEIMU APOOAMY Or PAHHUEH CHH3Y BEJHUHHON

YECKHUX I/IppaH,I/IOHaJIbHOCTeﬁ nMeeM 3AeCh BEeJHYUHY HOpAJKa

NOPSAAKA 3.

Teopema 271. Ecau ece a1emenmol pa3Acoicenus o 6 yennyro 0pode
ozparudenst, mo 0aa o MoxmHO nodobpame ¢ >0 mak, umo 0as

o v a
000 payuonabrotl 0pobu - Gydem umems MECMO HepaseHcmso

|e

Hdoxazarteabctso. Ilycts oc=a0+i/a1—i——ua2+...n cyuie-
crByeT M, takoe, uro a,<<M npu Bcex n=0, 1, 2, ...

> (10)

a
BospMeM NpoH3BOJBLHYIO APOOb 1 mnycrb b saxgmueHo MexIy

IByMs 3HaMeHaTeNsIMH COCeJHHX NOAXOAAWMX 1Apobeil, Tak uyro
Qu;<<b<<Q,(s=1), T0r8a, NOCKOJBLKY NOAXOAAIHE APOOH spJisl-
IOTCSl HAMJAYYLINMA DpUOAHXKenuaMu (teopema 251), umeem:

e=t=o
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[Mons3ysicy Teopemamu 59°, 63’ u 243, Haxomum:
Qs:Qs—las+Qs-2<b(M‘|‘l),
Qs+1=Qsas+1+Qs_1<b(M+1)M+b:b(M2—{—M+])’

1 1
>QJ(Q3+Q5+1)>172 (M 41y (M2+2M +-2)°

P
a_—._‘
l Qs
TaK 4TO

1
RO T3’

o—2
|3

1
(MA4-1) (MP+2M 4-2) -
Teopema 272. Ecau siemenmol pasi0xceHus o 8 yenwyw 0pods
HeozparuvenHbt, mo 0ai mobozo ¢ >0 cyuwecmeyem OGeckoHeuroe

T. €. HepaBeHcTBO (l0) cmpaBemuBo npu c=

. a
MHOOICECTIB0 PAYUOHAAbHOLX Opobell + , maKux, 4mo

-t
b

4
<F- (1
Ilokasateancrso. [Iycrs oc=a0+-'/a1+—1/a2+ ... Bosbmem
npoussoabHoe ¢ >0. [To ycnoBuio cymecTByer GecKoHeyHOe MHO-
1 o o
XKECTBO §, TAKHX, UTO g, > . Jlas xaxpoit moxxoxsuiedt ApoSu

P : 1
Q—’ C HOMEDOM S, TaKUM, HYTO dg.q>>_-, COrJIacHO Teopeme 241
§

6yneM HMeTh:

Py 1 1 1 4
— = = = —
| * Qs QsQs+1 Qs (Qsbs41+ Qs-1) Qlagey Q2

YTO JOKA3LIBAET CYLLECTBOBAHHE OECKOHEUHOrO MHOXKecTBa Apobeit
a
5+ YAOBJIETBOPSIOUHX HEPABEHCTBY (11).

Teopemnt 271 u 272 nokasbiBaloT, YTO CYILIECTBOBAHHE [MOJOMKH-
TEJBHOTO ¢, TAaKOro, 4to s JI060#t JpoOH BHIIOJHSETCS HepaBeH-
ctBo (10), ecTb HEOGXOZMUMOE U JOCTATOYHOE YCJIOBHE Or pAHHUCHHOCTH
3JIEMEHTOB Pa3JIOXKeHUs o B LeNHyIo 1pobb. B Teopeme 271 pokasana
Heo6X0AUMOCTh 3TOrO ycaoBus. Y3 teopemsl 272 crenyer, 4to 2710
yenosue ioctaTouno. [leficTBuTeAbHO, ecau cyniectsyer ¢ =0, Takoe,

o a -
yto Aasa mobof gpofu 5 BBHITOJIHSETCA HepaBeHCTBO (10}, 10 1o

TeopeMe 272 3ACMCHTH PA3yIOMKCHHS ¢ B UENHYIO ApobL HE MOTYT
GBITh HEOT DAHHUYEHHBIMH,

B 1908 r. nopeexckuil mareMaTuk Axcenap Tys nokasas teopemy,
Jawuyo ropasao 6ojee TOUHYIO, 4eM B TeopeMe JIMYBHJJA, OUEHKY

a ‘n
CHH3Y pPasHOCTH ‘oc———l;f . HanpHeftuue pe3yJbTaThl B 3TOM Halpas-

nenun Obiid noayuensl 3ureseM, [uconom, Feandongom, llueii-
nepoM., HawuGosee Tounas oueHka 6blsa nosyuyera B 1955 r. aHrauit-
ckuM Matemarnkom Portom. Mbl npuBoguM Ge3 J0Ka3aTeNbCTBA
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NOJYUYCHHYIO MM TeopeMy. DTy TeOpeMy, UMEIOHIYIO OueHb (OMblLIoe
3HadeHHe B TEOPHH 4HCeJ, NMPHHATO HaakBaTh Teopemoii Tys—3u-
reqnsi — Pora.

Teopema 273 (Tys—3urens— Por). ITycmo o— aseebpaueckoe
wiCA0 cmenent n==2; mozda npu aobom € >0 cyuecmsyem moabko

. a
KOHEYHOe HUCAO PAUUOHAAbHOIX 0p06eu B makux, 4mo
a 1
‘ o ' <jae-

Us sroii TEOpEeMbl BBHITEKAET, UYTO IJ4 Joboro anre6pauqecxoro
YHCHIA O CTENEHH n>=2 U IIPOU3BOJBHOIO NOJOXHUTEJALHOTO &€ MOMXHO

nofo6pats ¢ >0 T1ak, uro Aad JoboH panHoHaNLHOT ApodU % 6yner

HMETb MECTO HepaBeHCTBO
a 4
l oL— F} = pETer

Hna anreGpawueckux umpces cremeHH, Gojbliefl yeMm 2, 5TOT pe-
3yJbTAaT S3HAUHTEJbHO YyJayumaeT Teopemy JIluysuaas. [Ipy n=2
Teopema JImyBmais, ofHako, jpaer GoJsiee TOUHBH pesynabrart. [Tosb-
3ysich Teopemoii Tys — 3urens — Pora, MOXHO I0Kaz3aTh CJelyOILYIO
HHTEPECHYIO TEOpPEMY TeOpHU Heonpeneneﬂﬂmx Y PaBHEHHI,

Teopema 274. Ecau [(2)= A"+ A2" "1 4. .. 4 A, —nenpu-
600umbti HAO NOAEM PAYUOHQALHULIX HUCER MMOS0YAEH C LeAbiMi
Kosppuyuenmamu cmenenuw nz==3, mo npu aobom yeiom B=£0

ypasrenue
Ax"+ Ay + ...+ A Y =B (12)
He mogcem umems GECKOHEUH020 MHOMCECAN Pellerull 8 Yerblx 4uciax.
Hoxasarenscrso. Ilyers o, @y, ..., @, —KOPHH MHOIO-

uneHa f(z), 1. e. [(2)=4,(r—a,)...(z—a,). Iockoasky [(z)
HCPHUBOJUM, BCE €rO KODHH DA3JIHUHBL, T. €. CYHecTByeT 6 >0,
TAKOe, UTO |o;—o;|>>8 npu Beex i=£]. [lpeacraBum MHOrouJeH,
CTOSAILHUA B JIEBOH qacm ypasHenus (12), B Buge

Ap" A=Y+ Ay =y (3) -
= A" (%—oq).. .(-;C———ccn>. (13)

MpexnonoxuM, 4t0 ypassenue (12) umeer MecTo NpH HEKOTOPHIX

2 = B
nensix x u y >0, Takux, 4ro y > T'A—’r; TOTJZa M3 ypaBHe-
[

auit (12) u (13) noJjyuaem:

x x )1 181
=g Joa= 5 Jm— = a0
Cpeznn MHO}KHTEJIQI/I Jnesod uactu (14) mo xpahiHefi Mepe onuu

B
He TPEeBOCXOAUT — ]/I, 7, l, , HHaue Jepas vacTp Oblia Obl GoJbiiie
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npaBoil. MaMeHHB HyMmepauuio, Mbl MOXEM CYHTAaTb, YTO TAKUM MHO-
X
xureneM 6yJer locl_ml, T. €. uTO

o — 1% IBI
! _l TAT <
Torga npu i=2, ..., n umeeM:
X X
‘O‘i_‘?':'(o‘i“al)‘[“(al—g)(>|°‘i_°°1f“
8 8
s, -3
— 4, NoJb3yack paBeHcTBoM (14), noayuyaem:
loa x| 1 1B| 1 1 1B .(2)"‘1
YUY T x] e x ] 0T 1A\ ’
2 oo Up
4 Y
T. €.
X 4
L 15
10‘1 y < yn ) ( )
Tie

~(3)7

& | 4gf °
Tockonpky muorounen (12) HempHBOAMM HAJ TNOJEM Pal{HOHAJb-
HBIX 4HHCeJl, CTeneHb ¢, He MeHblle 2. CyiecTBoOBaHMe CKOJIb YIOJHO

X
GobIINX LesbIX YHCeN i, TAKHX, YTO HeCOKpaTHMast Apobb - YRopaer-

BopsieT HepaBeHCTBY (15), mporuBopeunt TeopeMe Tys — 3uredas-—
KA

y* TR

Takum obpasoM, B mapax IeJbX 4ducesa x, y, rie y >0, yzosner-
BODAIOIMIUX ypaBHeHHIO (12), 3HAueHHS y OrpaHHMHYEHBI, T. €. UHCJIO
TaKHX Y KOHEUHO.

s KaxJoro y 4HCI0 BO3MOXKHBIX 3HAYEHHH X He HpPeBOCXO-
IHT N1, T. €. UHCJIO TaKUX fap KOHeYHO.

Kaxno# nape umesnix unces x 1 y, rjie ¥y << 0, yAOBJETBOPAOLIHX
ypasrenuio (10), cooTBercTByer mapa x, —y (rae—y >0), saBasio-
mascs pellieHHeM YpaBHEHUS

A" —Ax" Yy 4. ..+ (—=1)" A" =B.

Taxnx nap Takme MoOXeT ObiThb TOJBKO KOHEUHOe YHCI0. Mul
JioKasasH, TakuM o0pasoM, yTo TeopeMy 274 MOXKHO paccMaTpuBaTh
Kak cjeictBue teopeMmsl Tys—3urens— Pora.

Teopema Tys—3urenss—Pora sBnsercs opHum H3 HauboJsee
riy6oOKHX pe3yJbTaTOB TEOPHH anreGpanyecKHX HHCeJ.

ITockonbky (Teopema 242) nas Jnw6oi nppauuox—xanbﬂocm a

cyluecTBsyer 6eCKOHEUHOe MHOXECTBO panuoOHaJAbHLIX YACeN —, TAKHX,

Pora, Tak kak npu y=y,, n=3, 0<<e<<1 umeem

b ’
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1
lno‘a—%l<—b—2, TO pesyapTaT TeopeMel Tys—3urens —Pora

HeNb3s YJYYWIHTb, 3aMEeHHB B IIPABOH UacTH 521? uepe3 —1—’1;; OJIHaKO
He MCKJIOUeHa BO3MOKHOCTL TOTO, UTO AJst JII0GOro areGpandecKoro o
IPH JOCTATOUHO MajoM ¢ >0 u —;17&05 BCerJa BHIIOJIHAETCS Hepa-
BEHCTEO

a c
] Oﬁ—? >ﬁ‘ .

CornaCho Teopeme 272 otciofa cJjefoBajia Gbl OTPaHHYEHHOCTD
9JIeMEHTOB Pa3JIOXEeHNs B NenHylo apobp moboro anrefpaundeckoro
HPPaLHOHAJBLHOTO YHCJA.

BmecTe ¢ TeM HeKOTGpble MaTeMaTHKH CUHTAIOT GoJiee BEPOSITHLIM,
YTO 5TO HEBepHO, T. €. IPEAN0JaraioT CYIEeCTBOBaHHe aarebpau-
YeCKHMX HMCeJN, Y KOTOphIX 3JeMEHTH pPa3jioXKeHHs B HeNHylo APobb
HeorpaHuueHHH. He wHckJloueHa BO3MOXKHOCTL TOTO, YTO, KpOMe
KBaJpaTHUeCKHX HppalHOHaJbHOCTEH, He CyllecTByeT ajareGpanue-
CKHX HPPAIHOHAJBHBIX YHCeJ C OTPAHWUYEHHBIMH 3JIeMEeHTaMH.

XapakTep pasnoxeHud anre0panueckux uyHceJ cTeneHu, 6oablue
yeM 2, TakuM o6pasoM, copeplLIeHHO HeuspecTeH. Jlo cux mop He-
U3BECTHO pasJioxeHHe XOTs Obl OAHOTO anre6panuyeckoro 4mcja cre-
NeHH n>>2 B nenHyio apoGb. Do 6B oueHb MHTEPECHO, ecad Obl
YAaa0Ch NOJYUYATb PasjioKeHHe B LENHYIO ApoOb XOTs Obl OfHO# 13
NpocTeHIIUX UppanMOHaNbHOCTeH 3-i CTeneHu, Hanpumep f/?, U
no KpaitHell Mepe BLISICHUTb, OFPAaHUYEHBI JU 3JIEMCHTBEI TOr0 pas-
JIOXKEeHus.

F'JIABA 30
TPAHCUEHAEHTHDBIE YUCJIA

1. TPAHCUEHJEHTHBIE YHCJA JHYBUJJA

B npespiaymeil raase Mbl paccMaTpHBaJH UHCHAA, SBJASIOLEECS
KOPHSMH YpaBHEHMIl ¢ IeabMu Kospdunuentamu. Mcuepneisaior au
TaKye YMcJIa BCe MROMKECTBO JeHCTBHTENbBHBIX YHCES MM e CYIecT-
BYIOT JeHCTBHTENBHBIE UMC/IA, OTJAHYHEE OT ajrebpanueckux? OcHos-
Hble TeOpeMbl TEOPHH MHOXKECTB NPHBOJST HAC K BHIBOAY, YTO MHO-
JKecTBO aJjreOpaHuecKHX 4HCeJ] CUETHO, a OTCKAA YXKe HenoCpejcT-
BEHHO CJieflyeT CYIieCTROBAHHE IeHCTBHTENBHBIX HeaJreGpauyecKux
yuce.

Teopema 275. Mruosicecmso 6cex anzebpauyecKix 4Hicea CHemo.

IoxasartenbcTso. PaccMoTpuM cHayasla MHOKeCTBO M, Beex
anre6panuyecKUX YUCEs] CTeleHH 7.
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- Kaxnomy HenpupoIMMOMY MHOTOWIEHY C LEXBIMH KO3(punueH-
TaMu

fx)y=au"+ax" " 1+...4aq,

comocTasum yucyo H=|a,|-+|a,|+...+]a,|

OueBHAHO, YTO CYLIECTBYET TOJILKO KOHEYHOE YHCJAO TaKHX MHO-
TO4JICHOB C 33JaHHBIM 3HAueHHeM F{, a c/eOBaTeJBHO, HOCKOJBKY
KaXKJpii Takod MHOTrOW/eH HMeeT He OoJjpiie 4eM £ KOpHeH, cy-
HIECTBYET TOJBbKO KOHEYHOE YHCJO ajre6pandecKUX UHCEJa ¢ 3aJaH-
HBbIM 3HauYeHHeM BeJHUMHBI /1 A1 COOTBETCTBYIOLIErO MHOIOUJEHA.

[punasass H suauenus 1!, 2, 3, ... u paccMaTpuBas BCe COOT-
BETCTBYIOULHE HENPHBOAUMBIC HAJ NOJIEM PANHOHAJIBHBIX YHCEN MHOIO-
ygeHH M HMX KODHH, MNoJydaeM MHoxecTBo M, anreGpanueckux
ypceJ CTeNeHH # MNpPeACTaBJIeHHBIM B BHJAE CYMMBl CYETHOTO MHO-
JKeCcTBa KOHEUHBIX MHOMKECTB, T. €. M,—CuerHoe MHOMKEeCTEO.

MuoxectBo M Bcex anrefpaudeckux wuucena pasio M, M, +
+Ms+..., T. e., ABJAAACh CYMMOH CUETHOT'0 MHOXKECTBA CUETHBIX
MHOXeCTB M,, Takke HpeicTaBiseT coOOH CUETHOE MHOMKECTEO.

Teopema 276. Cyuwecmeyrom Oelicmeumeistsie Heareebpauieckue
qucaa.

IHoxasaTteanbcTBO. MHOXecTBO fAeHACTBUTEJNBHBIX YHCeN] He-
cuerHo. B sTOM MHOKecTBe JeliCTBHTeNbHBIE ajrefpauueckue 4ucJa
COTJIaCHO TMOC/efHeHd TeopeMe OOpasyloT CUeTHOe [OAMHOKECTBO,
a CJeJloBaTeJbHO, He MCUePIBIBAIOT BCe MHOXKECTBO JEHCTBHTE/IbHBIX
yrce.

Onpeneaenue 76. Jwboe Hearcebpaudeckoe HUCAO HA36IBACMICS
MPAHCYCHOEHMHBLM.

Takum o6pasoMm, o Ha3BIBAETCS TPAHCIEHAECHTHBIM UHCJOM, €CJIH
He CYIUECTBYET HH OJHOI'O MHOTOYJEHA ¢ HesbMu KoadduuueHTamu,

KOPHEM KOTOPOro SIBJISIETCS o, T. €. ecH Aas seex n=1, 2, ... opu
7I060M KOMILJIEKCE LeJblX, He PaBHLIX OJHOBPEMEHHO HYJII0 HHCEJ
((Cgs €1y - -y €p)) HMeM: € @ 1. ¢, 0.

W3 noxasatesbcrBa TeopeMbl 276 BUAHO, YTO MHOMKECTBO Jefi-
CTBHUTEJIbHBIX TPAHCUEHIEHTHBIX UHCEJ MOJydaeTcs HCKJIOUeHHeM Hu3
MHOMKECTBA BCeX JHeHCTBUTENBHBIX UHCEN, HMEIOero MOIIHOCTD
KOHTHHYYM, CUETHOrO MHOXKeCTBa; 9TO OOBIYHO BBIPaKaIoOT, rOBOPH,
YTO TIOUTH BCE JEHCTBHTENbHBIE YHCJA TPAHCLUEHIEHTHDI.

13 Teopemsl 269 caenyer, 4TO CyMMa, Pas3HOCTb, NpPOH3BeleHHUE
M YaCTHOE JBYX HEepaBHBIX HYJIO YHCeJ, M3 KOTOPbIX OJHO TpaHC-
HEeHJEHTHOe, a Jpyroe—aJnarebpandeckoe, sIBJAsETCA TPAHCUCHACHTHLIM
YHCJOM. B YaCTHOCTH, TPAHCHEHAEHTHBIMH UYHC/JIaMH SIBJASIOTCSH
KOMIIJIEKCHBIE YHCJa BUAA o -+ Pi, roe o — JeiicTBUTEIbHO TPAHCHEH-
JeHTHOe, a [ — JelicTBUTeIbHOE anrebpanyeckoe 4uca0. Bompochl
CYUIECTBOBAHUS TPAHCUEHJEHTHLIX YHCEN BO3HHMKJH BIIEPBHE B pa-
Gotax Ditnepa. PaccyxueHusi, npuBeleHHEie B TeopeMax 275 u 276,
NOKA3BIBAIOIHE CYIIECTBOBAHUE TPAHCUEHASHTHBIX YHCEJN, IIpHHAK-
aexar HeMenkomy martematuky I'. Kanrtopy.
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BrepBrie CYIeCTBOBAaHUE TPAHCUEHACHTHBIX YHCeJ1 GblAO YCTAHOB-
JgeHo JlnysuaseM. [loxasaTeabCTBO CYUIECTBOBAHHS TPaAHCUEHAEHT-
HBIX ynces y JInyBuuist a(eKTHBHO; Ha OCHOBE CJeHYIOIEH TeopeMEl,
SIBJISIIONIENCA HENOCPEJCTBEHHBIM CJeNCTBHeM TeopeMbl 270, cTpoATCS
KOHKDETHBIE TPHUMEPH TPAHCUHEHAEHTHLIX YHCEJ.

Teopema 277. [Tycms a.— delicmeumenvroe wucao. Ecau daa aobozo
namypaavrozo n=1 u moboezo Odeticmeumersrozo ¢ >0 cyujecmsyermn

xomsa 66t 00Ha payuonareras 0pobb g—, (% :,zéoc> , makas, 4mo

a

o

c

Mo o.— MpaHcyeHOermHoe 4Lcio.
HoxkasarteabctTBo. Ecau Ob o 6biio anre6panyeckuM, TO
Hauuiuch Opl (Teopema 270) 1enoe NOJOKUTENbHOE 1 U IeHCTBUTEb-

o a a [
Hoe ¢ >0, Takue, uto AAA J0OOH Apobu T Obly10 OBl IOL—-?‘ZI)—,? )
a8 3T0 MNpPOTHBOPEUHT TOMY, YTO COIVIACHO YCJIOBHIO TEOpeMbl AJf

Q
S9THX 1 U ¢ CYUeCTByeT Apobb 3 Takas, UYTO HMeeT MeCTo 1).

[pexnonoxenue, yrto o — anre6panueckoe, MPUBENO HAC K NPOTHBO-
peuMIo, cJeloBaTeNIbHO, o — Heaarebpaudeckoe, T. €. TPaHCUCHIEHT-
HOE, YHCJIO.

Yucsa o, Jst KOTOPBIX npu Jobuix nz=1 u ¢ > (0 HepaBeHCTBO
(1) umeer pemreHue B HeJBIX YHCAAX @ W b, HA3LIBAIOTCS TPaHCIEH-
JeHTHBIMA uucaaMd JInyBuJIS.

1 1 1
HpHMep‘“=W+W+TO—SI—+“' =0,1100010 ...—T1paHc-

LeHJeHTHOe YHCJIO.
HdokasaTeabcTBo. Bo3bMeM NPOH3BOMNBHEIE JefiCTBHTENBHbIE

1 1 1
nz=1 u ¢>0. BosbMeMma = 10# (m_l_m—f—...-i— W)’ = 10#!,

2
rie 2 BboI6paHO HacToJbKO GoJbliyM, uto 10 = < 1 k = n; Torla

a ! 1 1 11
}a—‘b =10<k+1)1+10(k+2)1+---<1~07,;:,1—,,<1 +yta T >==

2 1 1
IETERSTLC T

Iockoapky RISt MPOM3BOMBHBIX n>1 u ¢ >0 MO)XHO HafiTH
a a [
Apobb - Takyio, 4TO ‘a—yl<y,—, TO & — TPAHCUEHJEHTHOE YHCJIO.

Ecan BMecto TeopeMbl JIHYBHJISI BOCHOJIB30BATHCA PE3Y/bTATOM
Pora (teopema 273), To TeopeMy 277 MOXHO CYIIECTBEHHO YCHJHTb
H JaTh B CJEAYIOLEM BHJIE.

Teopema 277'. IIycme o — Oedicmeumenvtoe wucao., Ecau 041
nekomopozo &€>0 u moboeo ¢>0 cyujecmsyem payuoHaibroe
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a
YUCAO + ( == a), maxoe, 4mo
a c
’a -— ?b—! <%
mo o.— mpancyerdenm Hoe wUuco.

Hoxasarteabcrso. Ecau 6n o Obwio anreGpanuecKuM cre-
ney n>=2, 10 npu Jwobom &>0 Haumom; 661 ¢ >0 Takoe, uTO

i 060 npobu ~ab— Obisio  Obl la——Z—I b2+5 (teopema (273), a

9TO0 MPOTHBOPEYHT YEJIOBHIO TEOPEMBI. .
Corqtacuo Teopeme 70 o He MoxKeT ObTh M aJjreGpanueckuM 1-i
CTeNeHH, TAaK KaK TOrja UMesaoch Obl ¢ >0, Takoe 4To AAA J0OOH

a
Apobu  BBIMOJHSJIOCH HEPABEHCTBO

=5 |=5 =5 -
Taxkum obpasom, OL——TpaHCLleHlIeHTHOG YUCJIO.
[Tpumep. Hom»syacr; TeopeMoii 277', mokasaTb TpaHCUEHJIEHT-

—1)"

HOCTb YHCJIA “—Z( 7
23

n=1

1
Bosbmem s=% u mpoussoJbhoe ¢>0. Bri6pas b=—-,
o

— 1\
a=23k< —gt L ”),

. 1
riae k Hactonbko GoJpmoe, uro 2%° o* >, HMeeM:

k
a 1 c.20:53 c
OL-———I-)— e — +,,,< -——-——7———=

ek
23k+1 23k+2 3k+1 23'3 b2+

TaK 4TO & — TPAHCUEHAEHTHOS YHCJIO.

2. TPAHCUEHAEHTHOCTb YHCJIA ¢. COBPEMEHHOE COCTOSHUE
BOTIPOCA 0 TPAHCHEHAEHTHBIX YHCJAX

Teopema JluyBuais, Hasaft BO3MOXKHOCTbD CTPOMTBL TpPAHCIEH-
JIeHTHBIE UYHCJIa ONpejes]eHHON MPHPOABl, Ha3BaHHBIC HAMH YHCJAAMH
JluyBuMaA, He JaeT, OFHAKO, BO3MOKHOCTH ONpPEENHTb, SBAAIOTCS
AW anre6panyecKUMH HJIH TPAaHCUEHIEHTHBIMHU PA3JMUHBC ITOCTOSIH-
Hble, C KOTODHIMH Mbl OCOOCHHO YacTo BCTpPeuaeMCs B MareMaTHdec-
KMX BBIUUCJEHHSAX M HCCIEJOBaHHMIX.

B dacTHocTH, 3TA TeopeMa oKasasach HEJOCTATOYHOH HJA KOKa-
8aresibCTBA TPAaHCHEHAEHTHOCTH 4HCJA € — OCHOBAHHSI CHUCTeMH Ha-
TypaJbHBIX JorapugmoB. TpaHCUeHJEHTHOCTh ¢ Oblia JAoKa3aHa
TosbkO B 1873 r. ¢pannysckum maremarukom L. Spmurom.
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Teopema 278. Yucao e mpanciendenmno.
HokasartenbcrtBo. Ilpeamnonoxum, uYTO ¢ —KOpPEHb MHOTO-
WieHa C LeJbIMH KO3(phUUHEHTaMU Cy, €;, ..., C,, TAK HYTO

Cotcret. .. Fce=0. (2)

O6osHaynM uepes M HanGoJbILYIO H3 aGCOJIOTHBIX BeJIHUHH K03(-
duLUueHTOB C,, TaK uTo npu Bcex s=0,1, ..., n numeeM |c,|<< M.

(n+1)y
Ilpu sapaHHOM n QYHKUUS ﬁTnpu YBeJIUUCHUH Y CTPEMHTCH

y—
K HYJIO H, MOCKOJIbKY CYUIECTBYIOT CKOJb YTOJAHO O0JbIINE IPOCTHE
yMcsia, Mbl MOXeM BHIOpAaTh MPOCTOE YHCIAO p Tak, 4YTo OyAYyT

OJHOBPEMEHHO BBUIOJHATbLCA YCJJAOBHA:

P (n+1)

=0T <W, p>lc,| n p>n.

Paccmorpum q)yHKumo creneau (n41)yp—1

f( ) 1)!()6 l)p(x_z)p.“(x_n)p.

HHTGFpHpr{ no 4acTtdaM, Haxoaum:

(et (t) dt = —[ () +%](0) + ("' () dt =

== () +1 D)+ (FO) -+ (0) + e (1) dt= ...
]
Iponomxum s1oT mpouecc, noka He JOWAEM IO NHPOU3BOAHON
nopaaka (n-+1) p, paBHOA TOXKIECTBEHHO HYJIO; TOJYYHM:
x
§e'f(tydt = —F (1) +€°F (0), 3)
0
rie F(x)=Fx)+F (x)+Ff(x)4... (mo mnpousBomuoil mnopsaka
np--p—1I).
HoxcraBasa B (3) BMECTO x UMCJIO S U YMHOKAA HAC,, (0<Cs<In),
HMeeM:

¢.F (s) +c, g e~ (t) dt =ce°F (0). (4)
[}

TlpugaBast s suauenus 0,1, ..., n, cKAagpBast IpU TAKUX S paBeH-
cTBa (4) W npUHEMAas BO BHHMaHHe, YTO BBHAY TOKJAecTBa (2) npasas
YACTb NOJYYaeTCHd PAaBHON HYJIO, HAXOKUM:

CF ) e F (1) + ... Le,F () + 3 e, (et [y dt=0. )
$=0 - g
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Pasnoxenue f(x) mo creneHsM X HMeeT BHA:

f(x)=v_'—])—,(Ap_1xﬂ-‘+Apxﬂ +.), (6)

rae A,y Ap ...—ueisie gncaa. Iomydaen:

FO=F0)=...=f7"2(0)=0, a j*"P0)=4,_,=
=(—1)"?.17.27 . .n?
€CTh LIeJIoe UYHCJO, KOTOpoe, MOCKOJBKY p mpocroe M n<p, He
zeaurcs Ha p; [P(0), f?*1(0), ..., KaK Jerko BuueTh u3 (6), — ue-
Jble 4Mcna, Jedsuiecss Ha p.

F(0)= [P~V (0)+ P (0) +f**V(0)+ ... npexncrasisier coboi
cymmy unesoro umcaa [fPTV(0), ne pesasimerocst Ha p, W APYruX
UeJBIX uMcesi, KpaTHbX p, Tak uto p 4 F(0). [lockoabky p=>|cyl,
1O Oyger Takxe p 4 ¢ F (0).

Pasnoxenne f(x) no crenensiv x—=k, rae 1 << k<< n, nMeeT BHL

F(9) = (B, p (F— RV + By i 6= R) P 0, (D)

rie Bee Kosduuuents B, ,, B, ,.q, ... —UeJbE YHCIA.
Iuddepenunpys (7), Jerko BHAETb, UTO NPH BCeX TaKHX &
F(kR)=f(R)--[" (k) ... —1eJsoe uucio, nejsiueecs Ha p.

B cymme
R=c,F(O)+c,F(1)+...-¢c,F (n)

nepBoe cjlaraeMoe He JeJHTCS Ha p, a BCe OCTaJbHble CcJaracmble
JeNnsTCsT Ha p, TaK uTo R — IeJIoe Yuciio, He Jedsleecs: Ha p, U,
TakuM 06pasoM, OTJIHYHO OT HYJH.

Ilesioe uMcsio, OTVIHYHOE OT HYJs, MMEET MOAYJb, GOJBIHH WU
papubiil emunuue (reopema I1X), Tax uro |R|=1.

OuenuM Tenepsb BeqnuuHy | R|cBepxy. Cornacro (b)

RI=| X e {eTeyar).

Bo Bcex wmHTerpanax, BXoAsfmuX B R, BenuunHa { npoberaer
3HAYEHNs], He BBIXOAMIIHE 3a mpejessl cermenta [0; n], a npu Ta-
KHX ! clpaBeljIiBO HEPaBEHCTBO:
aP=1pnp

)= o =1 =27 .. —ny < T

tax 49T0 mpH Bcex s=0,1, ..., n uMeem (teopema XX):

N _t n(n+1)p
[§es Fhydt|<ed =
aZ+1 P 1

’RigM(n+l)enm<§ R

YTO NPOTHBOPEUHT IOJNYYEeHHOMY paHee HepaBeHCTBY |R|=1.
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[pennosoxenne, 4TO e— ajre6pauyeckoe HUCAO, NPHBENO HAC K
IPOTHBOPEYHIO; CNeJ0BaTeNbHO, € — HeaJre6paudecKoe, T. €. TpaHC-
HEHJEHTHOE, YHCJIO.

Passusas Meron dpmura, B 1882 r. Jlungeman gokasaj reopemy,
YCTaHABJMBAOULYIO TPAHCLUEHIEHTHOCTb JOBOJIBHO OGIIKPHOrO KJacca
upcest. Mbl npuBeseM 3Ty TeopeMy 0e3 JOKasaTesbCTBa, TaK Kak
OHO JIEXKMT B TOM e Kpyre HIell, 4TO H JI0KA3aTeJbCTBO TPAHCIEH-
JEHTHOCTH YHCJA e, CYIECTBEHHO WCHOJb3Ys, OJHAKO, PAX CBOHCTB
MHOXKECTBA anreGpanyecKux UHcesI.

Teopema 279 (Jlunneman). Ecau Ae®i-- A+ ...+ A’ =0,
e0e Ay, A, ..., A,—aneebpauueckue wucaa, cpefu KOMopsLx Xoms
6oL 00HO He pOBHO HYMO, Oy, Cly, ..., O, NONOPHO DPASAUNHOL U
Ty, .. ., O, — GAcebpauUeckiie 4UcAd, Mo oy — MPAHCYUEHOEHINHOE HILCAO.

Teopema 279 o3Hauaer, 4TO €cJU Oy, ..., O, —INONAPHO pas-
JNAyHble agrebpauyeckye uyucsa, TO NpH JHOOBIX, He DABHBIX OJHO-
BPeMeHHO HYJ/IO, ajrefpandeckux umenax A,, ..., A, BepaxKeHue
Ajeti+ . 4 A% =£0. IToT pesysbTaT BHIPANKAOT, TOBOPSH, UYTO
e™, ...,e% npu TakuX a; JHHefiHO He3aBHCHMBI Haj MojeM aired-
pamuecKuX 4YHceJs.

M3 ofweit teopemnl JlunieMana, B 4aCTHOCTH, BBITEKAIOT CJELYIO-
iive pesyabrate (Teopemst 280 u 2807).

Teopema 280 (Jimngeman). :rt——mpaﬂrueuaeﬂmnoe 4Ucao.

HefictButeasno, 2i — anre6panyeckoe 4ucyao (KOPEHb YpaBHeHHS
x%4-4=0). Ecau 6n m Obuio anrebpanyeckuM, 1o (Teopema 269)
aare6panueckum Gbuio Obl U YHCIO 27i.

UsBectno, uto e2¥ =1=e?, T. e. e®—¢%"' =0, a Torja corsacsuo
Teopeme 279 (npu A, =1, A._,,:—-l, ay =0, cx2~2m) yucao 0
661710 Gbl TpaHCUEeHAeHTHEIM. [ToyueHHOe TPOTHBOpeuHe oK a3LIBAeT,
4TO 7 TPAHCLEHJEHTHO.

Teopema 280°. [1pu nobom areebpaudeckon o (o = 0) In o — mpanc-
yendenmmoe wuc.o.

HeficrButenso, ecau Op Ino=pf 6ba1 agrebpanyecKuMm YuCJIOM.
To U3 el =a =0’ ae’—e*=0 cornacHo Teopeme 291 caenoraio Oul,
yro 0 Takke TpaHcuenjentHoe. ITosiyyeHHoe NPOTHBOpPEUHE MOKA-
3bIBAaeT, YTO inl¢ TPAaHCUEHIEHTHOEe YHCJIO.

Meron Opmura— JluHgeMaHa oOKasajcsi, OJHAKO, OECCHJIBHBIM
YCTAaHOBHTb TPAHCUEHAEHTHOCTb MHOTMX JAPYIHX BEJHYUH, YacTo
BCTPEUAIOKXCS B MaTeMaTHKe, TAKHX, HanpuMep, Kak 272, log,3, ¢
H T A

B nepwon ¢ 1882 mo 1929 r. Teopus TpPAHCUEHASHTHBIX YHCeN
fIO4TH He jABuUrasach Bhepel. V3BecTHrie MeTOAH OBLIM MCYEpIAHD,
a4 HOBHIX NyTeil JANs [0KA3aTeJbCTB TPAHCUEHIEHTHOCTH He OBLIO
BHJHO.

B 1929 —1934 rr. cosercku#i marematur A. O. Teastons seen
B TEOPHI0 TPAHCUEHIEHTHBIX UHceJ CYIIECTBEHHO HOBLIE METOJHI,
NO3BOJIHBILIHE €My ‘M JpYrHM MareMaTHKaM, paboTaBLIUM B 3TOM
Hanpap/ienuy, YCTAHOBHTh TPAHCUEHACHTHOCTh MHOTHX BeJIHUUH,
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apudMeTHueckasi MPUPOJa KOTOPHX O 3TOro He Oblia H3BECTHA,
B uacTHOCTH, 3THM MeTOZOM Obl1a HOKA3aHa TPaHCUEHACHTHOCTBb

yKasaHHbIX Bbllle Bequuud 2V%, log, 3, €* M MHOTHX APYTHX, O KO-
TOPHX [0 3TOro He OBIIO Jaxe H3BECTHO, fBJSIOTCS JIH OHY Hppa-
IIHOHAIbHBIMH .

O6masa teopema, pokasansas A. O. IenaphoHROM (Mbl IPHBOJAUM
ee Ge3 moKasaTeJIbCTBA), 3aKJIOUAETCST B CJEAYIOMLEM.

Teopema 281 (Teantonn). Ecau a—aszebpaueckoe wucao,
omauuroe om O w 1, P-—aseebpaudeckoe UppPaAYULOHAILHOB, MO
of— mpancyenOenmuoe 4ucio.

Jroit Teopemoil Obia pelleHa 3HaMeHHTas mpobjeMa, MOCTaB-
agennas I'mapGeprom eme B 1900 r. Ha MeXAyHAapoLHOM Chesje
MaTeMaTHKOB W CUMTaBLIAsiCS OJHOH W3 Haubojee TPYHHBIX CpeaH
uesoro paja MpoGseM, BHIABHHYTHIX HM Ha 3TOM Chesjie. HacTHeM

fogrs
cayuaeM 9Toff TeopeMbl SBJAAETCA TPAHCUEHAEHTHOCTD quce.nal/b ,
rae a>1 Hedoe, a b uejoe, OTAHYHOE OT 71-H CTEIEHH.

TpaucueHIEHTHOCT €" TaK e MOJyuaeTcsd Kak YacTHHIA cayyai
Teopembl [enbgoHfa, Tak Kax B TeOpuM GYHKUMI KOMINJIEKCHOTO
MePeMEHHOr0 JOKAa3blBAETCs, 410 €" = (— DL

Kak npocroe c/eiCTBHe 3TOH e TeOpPEeMbl MOJyyaercst, 4ro Jo-
rapuMel PANUOHANBHBIX WHHCEJ NpPH pPalHOHAJNbHBIX OCHOBAHHAX
cicreMbl JorapudMoB JinG0 palHOHaJbHbBI, JHOO TPAUCIECHACHTHH,
T. €. He MOTYT ObiTh ajre0panuecKiMH HppalHoHanbHOCTsIMH. TIpo-
6neMa onpefesieHHs apU(METHYECKON MPUPOAB TaKUX UYHCeJa Oblia
HOCTaBJeHa elle JHepOM.

Pa6orer TesibdoHga W APYrHX MaTeMaTHKOB, CPejd KOTOPHIX
MOXHO B MEepBYyI0 ouepexb Hassarh 3ureas, Maunepa, llneiipepa,
[HuanoBcKOro, B MOCHAEAYIONME TOJbl CYIECTBEHHO IPOABHHYJIH
TEOPHIO TpPAHCUEHIEHTHHIX 4uHceJ. Bmecre ¢ TeM 0 MHOTHX BeJH-
yyHaX, YAcTO BCTPedydlolMXCSi B MaTeMaTHKe, Mbl 0 CHX DOp He
MOXKEM CKa3aTb, SBJASIOTCS JH OHM TPAHCUEHAEHTHBIMH HJH ajre6-
pandeckumu. Tak, Hanpumep, npearnoJaraior, Yro siijieposa MocTo-
saHasg C, BeejeHHast B 4-# raase (Teopema 54), — TpaHCUeHIEHTHOE
yncno. Joxasath 5T0 NMOKa He YAAJIOCh, H, KaK GblJIO OTMeYeHO B 6-i
TJaBe, He ONPOBEPTHyTa Jake BO3MOKHOCTH TOro, 4ro C-— paimuo-
HaJBHOE YHCJIO.

Hemopuueckue xommenmapuy x 30-it zanse

1. [TpoGnemsbl, OTHOCAIMIHECS K TEOPHH TPAHCIEHICHTHBIX YHCE,
BOSHHKJH BIlepBble B paborax Diijepa, CTaBUBLIErO, B YaCTHOCTH,
3ajayy AOKAa3aTebCTBa TPAHCHEHAEHTHOCTH HPPaUMOHAJBHEIX 3HA-
yeHHH JiorapuPMHYeCKOH (QYHKIHH.

Teopema 275, mOKa3piBalOWlas, B YACTHOCTH, CYIIECTBOBaHHE
TpPaHCIEHJEHTHEIX 4uces, Opuia JaHa B paborax leopra Kauropa
(1845—1918). :
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2. ®pannysckuit Matemarux Jluysuaan (1809 — 1882) uspecren
cBouMy pabotaMu o Teopul audibepeHIHAJbHEIX YPABHEHUH, 3aHUII-
THYECKUX (YHKUME ¥ TeOpuH TpaHCUEeHAEHTHBIX HHCeJs. Bonpockrcy-
IECTBOBAHKSA TPAHCUEHJEHTHBIX 4uceJ OblIi paccMorpeHs Jluysua-
AeM B paborax, onyfimkoBanumx B 1844 u B 1831 rr. jgo pabor
Kanropa. Uncna JIuysuang npoile ONpeieiuTb Kak uyHucaa o, L5
KOTOpHIX NpH JI000M m==] cymecTByeT OeckoHedHOe MHOXKECTBO pa-

[ a 1
UHOHANBHBIX YHCRJ + , TAKHX, UTO |G — <Z,—,‘.JIGFKOBHA€TI:,‘{TO

3T0 onpefesieHHe COBAJAeT C TeM, Kaxkoe Obulo HAaHO Ha CTpa-
Huite 272.

3. UI. 2pmur (1822 —1901)— dpannysckuii MatemMaTHk, paso-
TaBWIKHE B objactd Teopuu (QYHKUME, aare6pel H TeOpUH UHCEJ
(TpaHCHeHJeHTHBIE yuCcJa, KBajpaTHuHble (GOPMEI).

4. Teopema JIuHAeMaHa SIBJASAETCH YACTHBIM c/ayuaeM o6IUX TeopeM
Burens u lupmosckoro o6 anrefpauueckofl He3aBHCHMOCTH 3Haye-
BUll Tak HaspiBaeMblX E-QyHKUHH npu anre6pandyeckux 3HAYCHHSIX
aprymenra.

5. Teopema 281 omyGaukosana A. O. Tensdongom B1934r. o
aroro (B 1929 r.) Teopema 6plja MM JlOKasaHa [IJs1 YaCTHOro Cay-
yag, Korja f} —MHMMas KBaJpaTHUecKas HPpPalHOHANBHOCTh.

FTJTABA 3l
NPEACTABJNEHUKE UHCEJ KBAJPATUUHBIMH $OPMAMH

1. OGuue cBoiicTBA GMHADHBIX KBagpaTHuHbIX hopm

B 14-it rnaBe Mbl paccMaTpHBafNM HeoNpeReJIeHHOE YpaBHEHHE
1-it creneHu: ax--by=c. 3anaua, nocTaBjeHHAs TaM, 3aKJIO4anach
B NpPeACTABJEHHH LeJOr0 yucaa ¢ B BHAe dopmer ax--by, The a
H b—3ajaHHble, a X U y— HEH3BECTHBIE LEeJble YHC/a.

B 910l raBe paccMOTPUM BOIPOC O HMPEACTABJEHHH LEJbIX M-
cesi B BuAe QOpMEl 2-6 CTereHHd C JABYMSI HEH3BECTHBIMH, MJIH, KaK
OOBIMHO TOBOPAT, GMHAPHOH KBaApaTHUHOH ¢OpPMBL.

Onpenenenne 77. Buuaproil xeadpamuunoil opmol Haseisaemcs
suLpasicerue suda

ax? -+ bxy +cy?,

The a, b, ¢c—HeKkomopbie Yyeasle HUCAA.

ByzeM a, b, ¢ HasplBaTb COOTBETCTBEHHO HEPBBLIM, BTOPLIM H
TpeTbUM KO3hdunueHTOM (OPMEI U AJd KPATKOCTH TaKyio (GopMy
ofGosnauats depes {a, b, ¢}, Tax uToO

{a, b, c}=ax®+bxy+cy. A

[lepemenunM %, y OyfeM nNpHAABATH TOJBKO LeJble 3HAYCHHS.
®opma (1) npexacrasnser cobofi (YHKIHIO OT JABYX apryMeHTOB,
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y KoTopo#i B KawuecTBe MHONKECTBA 3HauyeHHH aprymeHTOB Oepercs
KoJplUO uedamx uuces. OcHOBHAs 3ajaya, KOTOPYIO MBI 3/ieCbh CTa-
BHM, — OTHICKaHHe TpeAcTaBaeHuii saganHoro N B dopme (1), T. e.
HaXOXJeHHe LeNBX X H Y, TaKHX, 4TO

ax?+ bxy--cy?=N. $)]

Onpenenenne 78. Coomnuowenue (2) npu yeaix x, y Oyoem
nasoisame npedcmasrenuem wucaa N gopmot {a, b, c}.

Jlasi kaxaoil gopMer (1) 6yaeM paccMaTpUBaTh MHOXKECTBO HEJIBIX
yncen N, mpeacTaBUMEIX 3TOH (OPMOIl,

Onpenenenne 79. Jee ¢opuer {a, b, ¢} u {A, B, C} nasviearomcs
pasroimu, ecay a=A, b=5B, c=C.

TakuM 06pa3oMm, PaBeHCTBO ABYX (POPM O3HAUAET TOXKJECTBEHHOE
PaBeHCTBO, W ecayu jpe (GOPMBI PaBHEHI, TO OHU [IPHHUMAOT OJHHA-
KOBHIe 3HAYEHHS AJs Kaxjoil napbl 3Hauenni x 1 y. Ecan B gopwme (1)
nocsie 3aMeHs x na ax’ 4 By’, a y na yx' +08y’, rrea, §, v, 6 —neane,
noayyaerca ¢opma Ax'2-+Bx'y’+Cy’?, 10 OymeM IOBOPHUTH, YTO
JuHeldnas TNOACTaHOBKA

by » 3
y=1yx'+8y’
nepesogut dopmy {a, b, ¢} 8 popmy {4, B, C}.

3aMeny x B y B ¢opMe (1) ux Bplpamenusivu u3s (3) Oylem Ha-
3HIBATh NpUMeHeHHeM JuHelHOH noacranoBku (3) K ¢dopme (1).

HauneM ¢ paccMOTpeHHsi HEKOTOPBIX OOMHX CBOHCTB GHHApHBIX
KBaZpaTHYHBIX (HOpM.

Onpenenenne 80. Popmor {a, b, ¢} u {A, B, C} nasvisatomca
IKEBUBRACHMHOIMU, €CAU CYulecmeyem AUreiinas nooCmaHosKa

x=ox'+By’ }
y=yx + 6y’

c yeatimu  Kosppuyuenmamu o, P, vy, O wu onpederumeiem

ad—By=1, nepesodswasn {a, b, c} ¢ {A, B, C}, m. e, maxas, 4mo

ax®-+bxy+cy?= Ax'*+Bx'y +cy'?. 4)

SksuBaseutHOCTh QopM {a, b, c} u {A, B, C} Gyaem sauuchLBaTh

B BHAE
{a, b, c;n{A, B, C}.

Jluneiinnie nojcranoBku (3) ¢ ueamma o, f, vy, 8§ u onpenenu-
teneM ad — Py =1 mb OyieM Ha3bIBaTh YHHMOAYJSADHBIMH IOJACTa-
HOBKAMH H 0603HaYaTh B COKPALLCHHOH 3amHCH 3HAKOM

S:("ﬁ).

\y o
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s cootHomenu#t (4) u (3) crepyer:
A =qaa? -- boy +cy?
B =2a0f b (ad +By) 428y 1.
C=af?®+bpd +cd?

Taxkum o6pasom, dopmel {a, b, ¢} u {A, B, C} 5KkBHBaJeHTHH
TOrJa U TOJBKO TOLZA, KOI'la CYIIEeCTBYIOT LeJsle yucaa o, §,vy, S,
TaKHe, YTO HMEIOT MecTo cOoTHoureHus (5).

Onpepenenne 81. [Huckpumunanmom ¢opmor {a, b, ¢} Haswsa-
emca ducao A =0b?—4ac.

Teopema 282, Ixsusasenmusie Gopmbt Umerom 00U u mom oice
Ouckpumuranmm,

Oorasateanctso. Ecam {a, b, c}ww {4, B, C}, To cyme-
CTBYIOT HeJssle @, P, y, 8, Ipu KoTophIx cooTHOueH#sA (5) BEpHBL.
HenocpencreenHoe BHIYHCJIEHHE TAET

B?*—4AC = (b*—4ac) (ad — By)? = b2 —4ac.

Mnl He Oygmem paccMatpuBaTe GOpPM C JUCKpHMHHaHTOM A =0,
TaK K4K B 3TOM CJjyyae HMeeM:
4a (ax®+ bxy 4+ cy?) = (2ax + by)?,
T. €. MOCJe YMHOMXKEHHA Ha 4a Mbl IosJydyaeM KBajpar JHHEHHOH

¢opmMbIL.

Teopema 283. Ommnoulenue 3IKBUBAACHMHOCMU — KBAOPAMUUHDLY
opm o00aadaem ceolcmeamu PeGAEKCUBHOCIL, CUMMEMPULHOCTL
U MPAH3UMUBHOCHU, M. e.:

) {a, b, c}n{a, b, c}.

2) Ecau {a, b, c}yn{A, B, C}, 10 {A, B, C}w»nia, b, ¢}.

3) Ecau {a, b, c}wn{ay, by, ¢}, {ay, by, ¢} onfa,, by, ¢},
mo {a, b, c}n{a,y, by, c,}.

HDoxasatenbcTBO. 1) YHUMOAYpHAA MOACTAHOBKA (é?),
T. €, NOACTAHOBKA

(5)

x=x
y=y'
nepesoutT opmy {a, b, ¢} camoe B cebs.
2) Ecan nozpcranoBKa (ng), raead —fy =1, nepeponur {a, b,c}
B {4, B, C}, 10 obpaTHasi NOACTAHOBKA (‘E_Y_E) TOXe YHHMOJLY-

aspra u nepesoxur {A, B, C} B {a, b, c}.

3) EC‘HH {a’ b’ C}m{al’ bl’ Cl}’ {al’ bl’ Cl)w{aﬁr b2v 02}9
T. €. CYUWECTBYIOT YHHMOAYJISAPHBIE NOACTAHOBKH: ,

Oy ﬁl) (0«2 ﬁz)

Gml, Y2 8,/)° ©)
nepeBojiAllue COOTBETCTREHHO {a, b, ¢} B {a,, by, ¢,} ¥ {ay, by, ¢,}
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B {a,, by, C,), TO NMPOU3BEJEHHE MOJCTAHOBOK (6), T. €. MOACTAHOBKA

<u1a2 +Brvs 03P+ Blaz) @
Y102+ B1Y2 V1B + 618,/
nepeBogut {a, b, ¢} B {a;, b,, c,}.

Onpepnenutess NOACTAaHOBKH (MaTpHIbl) (7) paBeH NPOH3BEICHHIO
ofpefenuTeNeli NOJACTAaHOBOK (Martpuu) (6), T. e. Toxe pasen I.

13 teopeMbl HENOCPEACTBEHHO CJIEAYET, YTO JABe KBajpaTHUHbIE
GOpMbi, KBMBAJIEHTHBIE OJHON K TOl e TpeTheli, SKBHBAJEHTHH!
MEXAY COOOH.

Teopema 284. Ecau {a, b, c}wn{A, B, C} n A, B, C He pasuo
odnospemenno HymMo, mo Hauborswiuid obuyuti deaumens (a, b, ¢)=
=(4, B, C).

HoxasaTteancTBo. V3 dopmyn (D) HemocpeACTBEHHO BHIHO,
410 1MOcKoJbKY A, B, C He paBHBI OJHOBPeMeHHO HYJIO, TO M CPEAH
ypcea @, b, ¢ wmeercs 0O KpaiiHell Mepe OXHO YHCJO, OTJIHYHOE
OT HYJN#,T.e. (TeopeMa 27) cymiecTBYIOT HauGosbiine ofmye JenH-
tenu (A, B, C) wu (a, b, ¢). U3 Tex xe cdopmyan (5) BuaHO, UTO
e dia, d|b, d|c, T0o d{A, d|B, d|C.

[TockosibKY OTHOILIEHHE SKBHBAJIEHTHOCTH CHMMETPHYHO, TO H U3
d|A,d|B,d|Ccnepyerd|a,d|b,d|c. MHOXecTBa o0muX AeaUTeNeH
ya, b, cuy 4, B, C coBnajaor, a cjiejoBaTesbHo, H (a,b,c) =
=(A, B, O).

Onpegenenne 82. Popma {a, b, c} naswsaemcs npumumuscrot,
ecau (a, b, c)=1.

Ecan
N=ax*4-bxy-+cy® u (a, b, ¢)=d,
TO

N a b
F=ux +bxy+cy®, tRe ay=1, b=,
1

c
=% (a, by, ¢)=

u ¢opMa {a;, b,, ¢;} OyAeT yXke NPHUMHTHUBHOM.

Hsyuas mpeicraBjieHHe HATYPaibHLIX YHCe/ KBaAPaTHUHLIMH (Gop-
MaMH, JOCTATOYHO OTPAHHYMTBCS PACCMOTPEHHEM MPMMHTHBHBIX
KBaJpaTUUHHIX (OPM.

Teopema 285. IJxeusarenmrvie Keadpamuunbie gopmor npedcmag-
asom 00HO 1L MO Jice MHOJNCECHBO UEAbLX Hucen.

HOokasaTteabctso. Ilyers {a, b, c}n {4, B, C}, T. e. cy-
MECTBYET YHHMOAYJSPHAS MOACTaHOBKA (3), Takas, YTO IPH BHINOJ-
HEHHH COOTHOLIEHHH (5) HMeeT MeCTO TOMKJIECTBEHHOE paBeHCTBO (4).
LlenrM 3naueHusiM x°, y', OYEBMAHO, COOTBETCTBYIOT II€Jible 3HAYe-
HHUSL X M y, W €ClH

N=Ax"4-Bx'y’ +Cy'?, 10 u ax®-+bxy+cy*=N,
T. ¢. Joboe uucyo, npeacrasuMoe dopmoit {A, B, C}, npencrasumo
dopmoit {a, b, c}.
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TockoNbKY OTHOLIEHME SKBHUBAJIEHTHOCTH ofnajaeT CBOHCTBOM
CHMMeTPHUYHOCTH (TeopeMa 283), To M Jioboe uHCI0, NPEACTaBHMOe
dopwmoit {a, b, ¢}, npencraBumo dopmoit {4, B, C}.

Onpenenenne 83. Kaaccom {a, b, ¢} nasvisaemca  MHOCECMBO
acex Keadpamuunolx opm, asKxeusarenmublx gopme {a, b, c}.

Coraacap Teopeme 283 (TpaH3HTHBHOCTb OTHOMUIEHH ST 9KBHBAJIEHTHO-
cru), ecau {A, B,C}w{a,b,c}, To MHOXKeCTBO KBaApaTHUHBIX dopM,
sKkBHBaJeHTHEIX {A, B, C}, coBnagaer ¢ MHO¥kecTBOM ¢OpM, 9KBHBA-
aentHniX {a, b, ¢}, 1. e. {4, B,C}={a, b, ¢}. Knacc {a, b, ¢}
o0beiUHsIeT BCe KBaJpaTHuHble GOPMEI, SKBHBaJeHTHblE JI000H U3
¢dopm sTOrO Kjacca.

Bce ¢opMmbl manHOro Kjacca MMEIOT OAMH M TOT XK€ JHCKPHMMH-
HauT (Teopema 282). Bmecre ¢ TeM OZHH H TOT e JHCKPUMHHEHT
MOT'yT HMeThb U (GOpMbl pasHbiXx KJjaccoB. Hanpumep, B5x%+4y? u
2x? + 2xy + 3y? — HesKBHBAJIEHTHbIE (HOPMBI, TaK KaK UHCAO 7 Npei-
CTaBUMO BTOpPOH Hu3 HHX (¥=1, y=1) U He npexcTaBUMO B BUJe
5x24-y? HU npu KakUX LEJBIX X U y. Bmecte ¢ TeM 3TH (OPMBbI
KMCIOT OJMH M TOT Xe JUCKpuMHHaHT A = —20.

Onpepenenne 84. [Ipedcmasarenue N 6 sude (2) ¢ e3aummuo
NpOCMBLMU X, Y HO3HIBAEMCA COOCMBEHHOIM RPEeOCMABACHUEM.

OueBuZHO, UTO JOCTATOYHO pacCMaTpUBaTh COOCTBEHHLIE Ipej-
crasnenns. [eficrButenpHo, ecad (X, y)=d u. N nOpelcraBuMo
B Buze (2), 10 d?|N u

=a(F) e (3) (4)+e(2)”

N
— coOCTBEHHOE IpeacTaBJ/IcHHE B

Teopema 286. Yucao N npedcmasumo cobecmeernbim o6pasom gop-
moti {a, b, ¢} moeda u moasko moeda, Koeda cyujecmsyem Gopma
{A, B, C}w{a, b, c}, makaa, wmo A=N, 0<B<2|N].

JokasarteanbcrtBo. 1) Ilycrs npu nmeavlx x=a, y==0§, 'k
(2, B)=1, BHIMOJHSETCH PABEHCTBO :

N =aa®+ boy+ cy?.
Pemus HeompejieneHHOe ypaBHeHHE
ad—Py=1
C HeHM3BeCTHRIMH O, y, HaxomuM O u vy, a 3aTeM IpeACTaBHM YHCJIO

Q =2aaf b (a8 + Py) -+ 2cyd

Q=2|N|g+r, rae 0<<r<<2|N]|.
Ilpeo6pasoBanue

x=ax’ + <[3——ou]‘—jj¥> ¥,
y=w’+(6—w ’i}') Y’

B BHJAEC!:
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¢ onpejenureneM ad—fy=1 nepesonur dopmy {a, b, ¢} B nexo-
Topylo5 skBuBasieHTHYI0 ¢opMmy { A, B, C}, rae coraacHo dopmy-
aam (D)
A=qa?4bay+4cy? =N,
N N N
B =2ac (6—aq’—A,J ) +0b (oc (é—w ~'—N—’) + (B—aq —'Wl) v) +
. N N
+2cy (6—vq %) =Q—2¢ 15" (@2 +bay + o) =
=Q—2|N|g=r,

tak uro 0 << B << 2|N|.

2) Cymecrsosanue ¢opmsl { A, B, Clw{a, b, ¢}, rre A=N,
03HauaeT, 4TO HEKOTOpasi VHHMOAYJ/sApHAs MOACTaHOBKa (3) mepe-
soxut {a, b, ¢} B { A, B, C}, T. e. BHIIOJIHSETCS TOXKAECTBEHHO®
PaBEHCTBO \
ax® -+ bxy+cy? = Ax"* -+ Bx'y' - Cy"".

B uactHoctu, npu x'=1, y’=0, rae (I, 0)=1, u coorser-
CTBYIOIMX LEJBbIX 3HAYEHHAX X =0, Y =7 HMEeM:

N = A =aa? -+ bay 4 cy?, 8
1. e. N npeacrasumo ¢opmoit {a, b, c}.

910 [0Ka3aTeJbCTBO IOKA3BIBAET, YTO, 3Has MOACTaHOBKY (3),
nepesogsmyo {a, b, ¢} B {N, B, C}, mpl no (opmyae (8) Haxo-
zuM npeictasnenue N gopmoit {a, b, ¢}.

Teopema 287. Jas Kandozo cobemsennozo npedcmasrenus N =0
gopmoti {a, b, c}:

N =aa? 4 bay + cy?,
u sadaunoii gopmer {N, B, C}, axsusazenmmuoti opme {a, b, ¢},
cyugecmayem moasko 00HG YHUMOOYAAPHAA AUHEUHAR NOOCMAHO0BKA

euda <:: §>, nepesodswas {a, b, ¢} 6 {N, B, C}.

o P o '
HODoxasartensbcrtBo. [Iyctp (Y 6) H v — JIBe YHUMOJY-
AsipHbE TNOICTAHOBKH, mepesopsmue {a, b, ¢} B {N, B, C}.
Hockonbry N=£0, T0 @ ¥ y HE MOTYT DaBHATLCA HYJMIO OAHO-
BpeMEHHO.
Ecau, nanpumep, «=%40, To U3
ad—py=ad’ —p’'y=
noJlyvaem:
§—06"=X (5—p"). 9
CoraacHo dopmyiam (5) npu A= N nmeem: aa?--bay--cy?=N,
B =2a0p +b (a8 --By) +2cyd = 200"+ b (28" 4 B'y) +2cy8”, or-
KyJa mnojyyaem:
(2az+by) (B— ") = — (b + 2¢y) (8. (10)
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3amensss B (10) 8—3&8’ no dopmyne (9) u mepeHOCs BCe UJCHH
B JeByl0 d4actb, mnojydaem: 2N (p—B’)=0. Ilockombry N =40,
10 B=p’, a, cregosaresbHo, BBUAY (9) m 8=0". Cayuait y50
paccMaTpuBaeTCsl aHaJOTHUHO. .

Teopema 288. ITycme A— Ouckpumunanm Keadpamuuroil gopmot
{a, b, ¢} u uucao N npedcmagumo cobcmeennvim 06pasom 3mol
goprodi; moada:

1) cpasrenue

22=A(mod4|N}) (11)
umeem petuerus;

2) Jlas kasdozo cobemeennozo npedemagaernun N opmoii { a, b, ¢}
cywecmsyem gopma { N, B, C}ww{a, b, ¢}, maxaa, wmo B ydoe-
aemsopsiem cpasreruro (11) 1 0<<B<T2|N|.

JlokasaTedbcTBOo. [IycTh CYIECTBYIOT eJble, B3aUMHO Hpo-
cThie X U y, Takue, uto N = ax?--bxy+ cy?. Cornacno Teopeme 286
cymecrsyer ¢opma {N, B, Clw{a, b, ¢}, Trarag, uro
0<B<C2|N|.

Teopema O paBeHCTBe IMCKPUMHHAHTOB SKBHBAJNEHTHBIX (DOPM
NOKa3blBaeT, YTO TOTJd’

B2—4NC =b%*—4ac=A, (12)
B*=A (mod4|N}),

T. e. cpaBHenne (11) umeer pemieHHs U B yAOBJETBOPSAET 3TOMY
cpaBHenuio, npudeM 0<< B<<2|N|.
Uucsio pemienuii cpasrenus (11) Gbli10 onpesiesieno B Teopeme 226.
Mpumep. Yucino 86 He npexcrasumo dopmoit x%--3xy--y?,
TaK Kak 3fecb A=35,

(®)=(3)-(5)=(3)=(5)=—
$B)T\5)T\F)T\F)T\3)7
u cpabHenue: x2 =5 (mod 8-43) He uMeer pelleHHH.

Cpasuenne (11) MoxeT HMeTb pelleHHe H Torha, Korza N
He npejcTasumMo opmoit { @, b, ¢ } . Hanpumep, 1, ouepuano, He npef-
craBuMo Qopmoit 2x2 1-3y?, a BMecTe ¢ TeM 3jech A= —24 u cpas-
HeHHe x%==-—24 (mod4) nMeeT pelleHHUS.

Teopema 289. [laa xawcdod keadpamuunoli gopmor {a, b, ¢}
cywecmsyem sxksusarenmuas gopma { A, B, C}, makas, umo

[BI<|Al<|C]I. (13)

IlokasateabcrBo. Qopmul {a, b, ¢} n {c, —b, a} sxBusa-
1 0
NepBYI0 H3 HHX BO BTOpYlo. MEI MOXKeM MO3TOMYy Beerlia HauaTh
¢ dopmbl, y Kotopoii |a|<<|c|, u ecanm mpu stom |b|<<lal, To
uckomast gopma Halinena. Ecau || >|al, 1o HafifgeM uenne f u r,
TaKue, UTO

JIeHTHBI, TaK KaK YHUMOAYJAPHAA NOACTaHOBKA epeBoOjuUT

b=2|alt+r,
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rge |r|<<|al, T. e. BO3bMeM B KauecTBe r HaHMeHBIIHHA mno abco-
JIIOTHOH BeJHYHHE BHIYET HO MOJYJHO 2[a|, KoTopH# (Teopema 98)
sakyioueH B cermente [—lal; |al].

YHUMOIY N pHAS NOLCTAHOBKA 01/} rae k= —'—Z—’ t, T. €. HOI:

CTaHOBKa.
lel ,
x=x"— — ty’,

y=y,
riepeBofuT dopmy {a, b, ¢} B sxsuBanentHyw dopmy {a,, by, ¢},
e corsiacHo opMynam (5) @, =a, b, = —QaI—Z—' t+b=b—2lalt=r,

T. e. B gopmy, rae |b|<|qy].
Ecan |, |<<|¢,|, To dopma {a,, by, ¢, } yloBJeTBOpsieT HOCTAR-
JIEHHBIM YCJIOBHSIM.
0—1
Ecm ¢ l<|ay], T0 mnojcTaHOBKOIN (1 0> nepeBoauM

{ay, by, ¢;} B sxBuBanentuyo dopmy {¢;, ~—by, a,}, T. e. B hopmy
{as by, ¢y}, THE

[ap|=[c;|<[ay[=]al n |c;|=]|a,|=]al<]c].

1 £ 0 —1)\
npOI/ISBG‘JlGHI/Ie MNOACTAHOBOK < ) H <] 0) paBHO MNOALTaA-

01
kB — 1
noske | | O) .

Takum of6pasoM, IPH |a|<:|c| M3 ABYX YHHMOIYJSAPHEIX MNOX-
1 & k—1
01)"\1 o
yIOBJIETBODSIOUIYID NOCTABJEHHBIM YC/JIOBHAM, JH60 Bropast nepeso-
ut {a, b, ¢} B sKBUBajseHTHYIO (OPMY C KO3(pQHLUUEHTOM HpH X2,
MEHBIIUM N0 MOAYJIO, YeM Yy nepsoHadajbHOH (GOpMBlL, NpHUYEM
KoahuIHenT NpH y? He yBEJHUHBAETCA IO MOAYJIO.

Moaynb KosppuuneHTa npu x> MOXKET MPHHATh TOJNBKO KoHeu-
HOe YMCJNO pasJUYHLIX 3HAUEHHH, MeHbHIMX ueM |a|, TaK uTo,
MpPOONKAS TaKue npeoGpa3oBaHusi, Mbl JOJ/DKHBI BCTPETHTHCA C Iep-
BBIM cjy4aem, T. €. mpuiit K skBuBanentHo#t dopme { A, B, C},
Takoll, uro |B|<<|A[<<|C].

Mpumep. Has gopmut { 11, 6, 5} HaliTh 9KBHBANEHTHYIO GOPMY
{A, B, C}, takyw, uto |B|<<|A|<|C].

3recy [c]<<|a|, mosToMy cHayala npHMeHSEM MOJCTAHOBKY

CTAaHOBOK aubo mepBas Jaetr KBaxpaTuyHyio GopMy,

{ o/ fepesoidmyio mamry dopmy B dopmy {5, —6, 11}.
Jlast aroft hopmbl HAXORUM:
6 10(— 1)+ 4, t=—1, k=1,
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11

01

B dopmy {5, 4, 10}, yrosaersopsitomyio ycaosuam (13).
Teopema 290. IIpu awobom A =£0 cyuwjecmayem moabKO KOHedHOe

YUCAO HEIKBUBANEHMHBIX POPM, UMeoUUX OUCKPUMUHARM, PaBHbLE A,
Joxasarteancto., Ilyers gpopma {a, b, ¢} Takas, uyro

YHumonyasipHasi NOACTAHOBKA nepeBogur {5, —6, 11}

[bl<<|al<|c|. (14)
Paccmorpum nBa cayuast:
1) A=b2—4ac>0. Torma ac<<0, —4ac=A—b2<<A,

|acJ=—ac<%<% .
2) A =b%*—4ac<<0. B atom caryuae oueBHIHO, uTO ac > 0 u b2<<ac.
— A =3ac + (ac—b?) = 3ac, ]ac]=ac<~—-—[§— .
TakuM o6pasoM, B o6oux cayuasx u3 nepasencts (14) caexpyer
blr<lalfc]< Al

CyIiecTByeT TOJIBKO KOHeuHOe uucjo KoMmjexcoB ((a, b, ¢))
C HeJIBIMH @, b, ¢, YHOBJIETBOPSIOMIUX STHM YCJOBHSAM, H ITOCKOJABKY
Kaxjas xBajapaTHuHasi GopMa 5KBHBaJeHTHA opMe ¢ yeaosusmu (14),
TO CYILECTBYeT TOJBKO KOHEUHOE UMUCJA0 HeIKBUBAJIEHTHBIX (QOpM
{a, b, ¢} naunoro guckpuMmunanta A. Mpl nOKasamd, TakuM 00-
pa3oM, KOHEUHOCTb YMCJa KJaaccoB JIO00TO JAaHHOTO JUCKPHUMH-
Hanta A =£0.

2. NIPEACTABJIEHHE HATYPAJIbHBIX YUCEJ NOJOXUTEJbHO
ONPENEJIEHHBIMH KBAJAPATUUYHbLIMH $OCPMAMH

[Tockonbky
ax®+-bxy +cy*=a (x +2% y>2+(c—§;)y2=
=q (x—]—% y)z_ﬁ_ y2,

To py A <0, a>0 dopma {a, b, ¢} npunuMaer, Kpome HyJd,
TOJIbKO TOJIOXHUTENbHbE 3HaueHUs, a npd A <0, a<<0—Toabko
OTpHLATeJIbHbIe 3HAYEHH .

Onpenenenne 85. Popma {a, b, ¢} npu A<<0, a>0 nasor-
6aemes noaoxcumeasvHo onpedeaennot, a npu A <0, a<<0—ompu-
yameabro onpedeeHHoll.

[TockombKy mpH TakoM A uHCJa @ H ¢ UMEIOT OJHHAKOBbLIE 3HAKU
W KaxkJofi MOJIOXHTeNbHO onpejenentoil dopme [a, b, ¢} coorper-
CTBYeT OTpHLATENbHO onpelenenHas dopma {—a, —b, —c¢}, npu-
HUMaIOIasi Te e 3HAueHHsi, HO ¢ oOpaTHBIM 3HAKOM, JAOCTATOYHO
paccMOTpeTh TOJMBKO ONMH H3 3THX [BYX caydaeB. Mpi GyneM pac-
CMaTpUBaTh NOJOXKHUTEJILHO ONpeje/eHHbie QOPMBbI,
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W3 teopembr 285 caenyer, uTo ecam {a, b, ¢}— nOJOKUTENBHO
onpenenesHast opma, To M Eechb KJacc {a, 0, ¢} COCTOHT H3 IO~
JIOXHTENbHO ONpejie/ieHHBIX (opM. MoKHO N05TOMY FOBODHTb O KJlac-
Cax MOJIOMKHTEJILHO Ol peJeJIeHHbIX (OpM.- [lJist NOJIOKHTENBHO Onpe-
JeleHHBX GopM TeopeMy 283 MOMKHO HECKOJBKO YTOUHHTL K JaTh
ee B CJIEAYIOUEM BHJE.

Teopema 289, [ia xancoii nososcumensro onpedesernrioi popmot
{a, b, ¢} cymecmeyem sxeusarenmnas gopma {ay, b,, ¢}, maxas,
umo

- << bl<a1<cl,

a ecau a;=c;, mo 0<< b, <<a,.

Hoxasarenbctno. [ToCKOABKY y NOJIOXHTENBHO ONpefieseH-
HbIX opM KOIDPHLHEHTH NPH X% M y? NOJIOKHTENbHB, (HOpMy
{a, b, ¢} cornacHo Teopeme 289 MOXKHO 3aMEHMUTb SKBHBAJEHTHOR
¢dopmoit { A, B, C}, Taxoii, uto —A<B< A<C.

Eciu B=—A4, 10 dpopmy {A, — A, C} nmoacranoskoii ((1) })
nepesogum B { A, A, C}.

Ecin A=C, B <0, 1o dopmy { A, B, A} noacranoskoit (_(1) (l))
IepeBoJUM B 9KBUBAJIEHTHYIO hopmy { A, —B,C}, rae 0 << —B << A.

Takum obpasom, B mepasencrBax (13) MOXHO H3GexaTb cayuast
B=— A, aBcnayuae, korga A=C,— cienats KosppuuHEHT npu Xy
HEOTPHI{A TeJIbHbIM.

Onpenesenne 86. [Toromumensvro onpedesennas gopma { A, B,C}
HAasvIBAEM L RPUBEOeHHOU, ecau

(15)

—A<B<A<C,
a npu A=C 0<<B< A=C.

Teopema 291. B xascdom KAaacce NoAONUMEALHO ONPEOeNCHHOLY
opm umeemca 6 mounocmu o0Ha npugedennas popma, m. e. oOHa
opma, ydosremsopaowan ycaosuam (15).

HoxasateabcTBo. IlycTh ABe 5KBUBaNEHTHbIE MOJOKHTENLHO
onpesenenusie Qopmel {a, b, c}w{a,, b, ¢} ynosrersopsioT
ycnoBUsSM: —a <b <a <c,

—a, <lb,<o,<0c,
a NpH DPaBeHCTBE @ W ¢ WM @; H C; COOTBETCTBEHHO b Wi by
HeOTPHLATEeNbHbL.
Pacemorpum ciyvait, xorga a; <<a. Cayuahi e<<a, BBUAY CHM-
MeTpHH pacCMaTpPUBAETCS COBEPIIEH HO aHaMoruuHo. O603HAUNM Yepes
[
y 5) YHUMOLYJADHYIO TOACTAHOBKY, IePeBOASILYIO {a, b, ¢}
B {a,, b, ¢, }, 1aK uro
a; = ao® 4 boy - cy? 16
by =24 +-b (ad+ py) + 2y | ° o)
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M3 nepsoit dopmyasl B (16), mockoabKy a<<c¢, | b| << a, nonydaems

az=a, =at—aloy|+ay?, (7
OTKYyJa
[ayl<l—(la[—]v])*<]1,
T. e. |oy| paBen O mim 1.
Ecmu |ay[=0, T0, mockonsky ad—Py=1, « #u y He Moryr
OJHOBpeMeHHO obpamarbest B HyJb, OJHa H3 3THX BeJUYHH pasHa 0,
a gpyras 1o MOAYJIO paBHa 1, Tak 4To U3 HepaseHCTB (17) noayvaewm:

az=a,=a(@+y)=a, a=aq,.
Ecau |ay|=1, 10 a?=v2=1, u u3 (17) takxke nonyuaem:

az=a,=a, a=0,,
T. €. BCerja a==a,.

PaccmoTpuM Temepb TPH BO3MOXKHEBIX clyyast.

1) Ecan ¢>a, 1. e [b|=<<a<Cc. B a10M ciydae, IOCKOJBKY
Joy|<c 1, paBeHcTBO a=ga, =aa’4 bay+cy? MOKET HMETh MeCTO
toapko npu y=0, a torga ad—Py=1 paer ad=1. Bropas gop-
Myna B (16) npunumaer BHL: b, =20aB-+b, 1. e. 2a|b, —0.

[lo ycnoButo

—a<bs<sta, —a<<b;<a,

TaK yro 2a|b; —b MOXKeT HMeTb MeCTO TOJIbKO Npu b=b,, a TOrza
M3 DaBeHCTBA JMCKPHMHHAHTOB b?—d4ac=b? —4a,c, nosyyaem, 4o
H C==¢,.

2) Ecau ¢, > a,, TO MOXKHO paccMOTperh IpeoOpasoBanue, mepe-
Bogsimee {a,, by, ¢;} B {a, b, c}. Tlockonbky poxasano, 4TO
@, =@, COBepUICHHO aHAJOTHUHO moJydaem b, =b, ¢, =c.

3) Ecau ¢=a==a,=c¢;, TO U3 PABEHCTBA NUCKPUMHHAHTOB

b? —4ac = b> — 4da,c,
noJygyaeM b2=b§, U TaK Kax COTJacHO YCJIOBHAM & u b, HeoTpH-
LHaTeJbHE, TO b=b,.

PaspaGoraHHas HaMH TeOPHUs NO3BOJSIET ONPeNeNUTh, SIBJSIOTCS JH
JiBe 3aJaHHBle TOJIOKHTENbHO ONpejejeHHble (OPMbl 3KBHBAJIEHT-
HBEIMH, H B CJlyYae HX SKBHBAJEHTHOCTH —HAfTH NOJCTAHOBKY, Hepe-
BOAALLYIO OJHY H3 HHX B JApyryto. UYrofm pemdth 3TOT BONPOC,
Mbl, NDHUMEHSIS aJrOpPHUTM, H3JOXKEeHHBH B JOKa3aTesbCTBax Teo-
pem 289 u 289’, samensieM KaxkAyI0 M3 3THX (OPM SKBHBAJNEHTHOH
thopMoii, yjoBaersopsomeii ycaoeusm (15). Ecaum Mm npu stom
HoJIy4uM OZHY H TY Xe ¢dopMy, To (Teopema 283,) nepronavaibHbie
GopMbl  3KBHBAJIEHTHbl. EcAd MBI DOJIyuMM JiBe pasHele (OpMEI,
yaoBAeTBOpsomHUe yenoBuam (15), 1o corsiacHo Teopeme 291 jpBe
nepeoHauagbHble QOpMbl He MOTYT NPHHAJNEKATh OLHOMY U TOMY 3Ke
Kjaccy, T. €. 3TH (GOpMbl HedKBHBaJICHTHEL.

Ecnn moacranosku S u T neperoisT COOTBETCTBeHHO {a, b, ¢}
u {a,, b, ¢,} Bopuy u 1y e popmy { A, B, C}, yxosnerBopsio-

288



uyio ycsosusim (15), To mogcramoska ST~! mepesoautr {a, b, ¢}
8 {a;, by, ¢, }.

I'Ilp H;we]la Ornpene/inTh, SKBHBAJCHTHBI JM (OPMbI {73, 17, 1}
u {3, —3, 1}. Ecqu oHM 3KBHBaJIeHTHB, TO HAaHTH NOJCTAHOBKY,
epeBoAsILYI0 BTOPYIO $GOPMY B HepBYIO.

Dopmy {73, 17, 1} noxcraHoBKoOit (? 0) nepeBoiuM B GOpMY
{1, —17, 73}.
—17=2(—-9)41, t=—9, £=9.

IloncranoBka <(1) ?) nepesoaut {1, —17, 73} B npuBeleHHYIO
dopmy {1, 1, 1}.
0—1\/19 0—1
HOJICTaHOBKaT=<1 o/to1)={1 o) meperoaur{73,17,1}
wenocpencrserso B {1, 1, 1}. Popmy {3, —3, 1} noxcraHoBKO#i

(? —(l)> nepepopuM B {1, 3, 3}. 3nech 3=2.141,f=1,k=—1.

Moacranoska (é_w nepesogur {1, 3,3} 8 {1, 1,1}, a nog-

CTaHOBKA S = (? _(1)) (é —;> = ((1) :;) nepesoxut popmy {3, —3, 1}
nenocpencreenHo B {1, 1, 1}.

@opmut {73, 17, 1} u {3, —3, 1} sxsuBanenTHLL.

- 91 - 10

Ti={_1¢ ST =g,
{3, —3, 1} B {73 17, 1}.

TeopeMbl cymectBoBanus 289 u 289 adhekTHBHBI B TOM CMBICIE,
4TO OHM JAIOT OnpelesieHHbfl CNOCO6 HAaXOXJAEHHS YHHMOAYJASPHOR

MOJCTAaHOBKH <$g , HepeBofsiuefl MOJNOXKUTEJLHO OINpeleNeHHYIO
¢opmy {a, b, ¢} B npusenennyio ¢opmy { A, B, C}. EcrecrBerno
BO3HHMKAeT BONPOC: CKOJIBKO CYLIECTBYET TAKHMX IOJACTAHOBOK H YeM
OHH OTJIMHAIOTCS APYr OT jApyra? Pagu npoctorel cdopMyaupyem
COOTBETCTBYIOLLHE TEOPEMbl JJISI MPUMHTHBHLIX (OpM.

Teopema 292. [asn aoboli npusedennoli npumumueHol ROAONHCU-
meavro onpedesernoll gopmotr { a, b, ¢} ¢ OUCKPUMUHAHMOM, OMAUY-
Ho om —3 u —4, cywecmseyrom 6 mounocmu 08e YHUMOOYAAPHbIE
nodcmanosku, nepesodswue smy gopmy camoe 8 cebs.

[ —
Odxa u3 amux no0cmanosok ((]) ?), a Opyeas \ é_?) .

B

loxaszaTedbCTBO. ECJIH( 6),1‘11eoa6 By =1, nepeBonur

> — OJACTAaHOBKA, licpepoasamasn

Goomy {a, b, ¢}, yROBIETBOPSIOLLYIO YCJOBUSIM TeOPEME], B {a, b, ¢ },
To no gopmynam (5) HMeeMm:

a= a0’ bay -+ cy?, (18)
b=2a0f + b (ad + Py) + 2cy9, (19)
c=aP? 4 bpd -+ cd2.
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HoxaxeM, uto u3 paseHcTsa (18) caexyer
I >a?—[ay| +v2 (20)

leficTBUTeNNbHO, €CJU ¢ >a, TO BBHAY —a<b={a HepaBeH-
crBa (20) ecTh HenocpeicTBeHHOE cJjeAcTBHe paBencrsa (18).

PacematpuBas xe caydail c=a, 1. e. cayuali, xorja 0<<b=<a,
UMeeM, HOCKOJIbKY AMCKPUMHHAHT A oTanueH or —3 u —4,

{a, b, c}=={1, 1, 1} u {a, b, c}5={1, 0, 1}.

Haubonpmiuit obuwuii gesurenns (a, b, ¢)=1, Tak uro bs~a
nb=£0, 1. e. 0<<b<a, u torga us (18) takxKe caefyer HepabeH-
ciso (20).

Ha nepapencrsa (20) caegyer:

[oy|<1—(la]—|v])*<]1, ay=0.

[lpeanosoxum, uyro o =90, Ttoraa u3 ad—Py==1 noayuaem:
By=-—1, y==1. Ilpu ¢>>a »10 nporuBopeunt paseHCTBY (18),
a npu c=a u3 paseHcrB (19) nonyusaem 2b=2ay8, uyTO Hepo3-
MOMKHO, MOCKOJbKY, Kak 3T0 ObLIO OTMEUEHO BbILIe, B 3TOM cJydae
0<b<a.

TakuMm obpasom, as=0, y=0, ad=1.

U3 pasencrsa (19) nonyuaem 200 =0, p==0, Tak 4t0 npu a=1
Haipa JuHefHas TNOACTAHOBKA HMEET BHJ: (

—1 0
BUJ ( 0 —1

Onpepenenve 87. Yuumodyasiproe auneidnoie no0Cmanosku, nepe-
eodsuue Kkeadpamuunyo gopmy camoe 8 cebs, HA3LIBAIGMCA ee a8Mmo-
mopusmanu.

Teonema 293. IIpu A =—4 cyujecmsyem moavko 00HQ npuseder-

KOS NOAOKCUMeENbHO onpedesennas gopma, a umenno gopma {1,0,1}.
Jma gopma umeem uemoipe asmMoOMOpHuUING:

(1) (Tomt)r (—i0) (170)- @)
JoxkasareanctBo. M3 b*—dac=—4, a>0, ¢>0,

lb|<a<<c caenyer:
d<<bac=4402<4+4ac,

3ac << 4, 1<ac<%, ac=1, a=c=1, b=0,

1. e {a, b, c}={1,0, 1}.

[ycTn z 5 ) ectb aBromopusm {1, 0, 1}y Torna u3 (18) u (19)
noJyyaeMm: 1—‘OL2+'Y O=af +y8, 1. e, aubo 1) oczil,\y=0,
p=0, mubo 2) o==0, y==1, 6=0. ITockonsky ad—fy=1,

B NEpBOM cJayuae 5= @, 4 BO BTOpOM B ==—1y, uto n Aaer qupre
aBToMopdusma (21).

0 1), a npu oo=-—1
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Teopema 294, Ilpu A =-—3 cyujecmsyem moavko odna npuseder-
HOSL NOLOXCUMENbHO onpedesennas gopma, a umenno gopua {1,1, 1}.
Ima gopma umeem wiecmo ABMOMOPHUIMOE:

(09): (To=1)s (T71)+ (L121)s (o) (7170

JoxkasareabctBo. M3 b2 —4dac=—3, a>0, c¢>0,
|bf<<a<<c crepyer: dac=3-+b2<<34-ac; ac<<l; ac=1; a=:1;
c=1; b=1, 1 e {a, b, c}={1,1, 1}.

Iycrs (ag —asroMopdusm {1, 1, 1}; rtorma coornoiue-
nus (18) u (19) maror

l=a?4ay+v? 1=2af +ad-+ Py --2v6. (22)

Ecmu ay=0, To, mockoapky ad-—fy=1, mMoryr 6uTb caepyio-
{iHe BO3MOMKHOCTH:
) y=0, a=1, =1, p=0; 2) y=0, a=—1, §=—1, f=0;
3y a=0, y=1, p=—1, 6=14) a=0; y=—1, B=1, §=—1.

Ecmm ays£0, 10 ay=1—a2—y2<<0, |ay|=—ay, ay-=
= (la|—|y)*—1=—1, ay=—1. Cootnomenus (22) u yciosue
a—Py=1 nawoT eme nBe cAeayIOlINe BO3MOXKHOCTH:

Bya=1, y=—1, p—8=1, §+B=1, =1, §=0;

6) a=—1, y=1, 6—Pp=1, 6+ B=—1, §=0, p=—1.

Teopema 295. Yucio asmomopdusmos npumMumusHol NoA0KH U~
meabro onpedesennoli gopmer {a, b, ¢} ¢ Ouckpumunanmom A
pasHot

1) 4 npu A=—4,

2) 6 npu A=—3,

3) 2 npu ecex ocmaavrbix 3navenusx A.

HokasateabctBo. [lycte S—HexkoTopast YHHUMOAYAApPHAS
JHHEHHasi MOACTAHOBKA, Nepesoasmas {a, b, ¢} B NpUREIEHHYIO
dopmy { A4, B, C}, a U—asromopdusm { A, B, C}; Torpa SUS™1 —
aproMopdusum { a, b,.c}. Mu noayuyum Bce aBToMopdusmel {a, b, ¢},
ecan B SUS™! npu saganHom S Oyjgem B KauyectBe U GpaTb pas-
quunble aproMopdmamm { A, B, C}. [eiictButensno, ecau V-—
Npou3BOJBbHLIA aBroMopduam {a, b, ¢}, T0o S™'VS nepesogur
{4, B, C} camoe B cebg, T. e. S"VS=U, V=8SUS"1.

TTockoapky SU,S"'=8SU,S~! toapko npu U,=U,, To uucio
apromopdusmoB y {a, b, ¢} n {A, B, C} oauHakoBo, T. e. co-
raacHo TeopeMam 292, 293 u 294 paBHO uerblpeM npu A==—4,
mecty npu A=—3 u ABYM BO BCEX OCTaJbHHX CJayYafx.

Onpezenus uucjo aBTOMOP(U3MOB, YKaKeM HX KOHK PETHYIO GOpMY .

Teopema 296. IIpumumuenas noaoxcUmesbHo onpedeseHHAA

gopma {a, b, ¢} c Quckpumuranmon A, kpome ((1) (1)) u <_é _?) ;
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uMeent ewje MoAbKO caedyioujue a8mMoMopOUIMbL:

=b . b
{2~ T ) Ae—a
b’ —5 ] P - ’
a 7 ¢ 3
14h 16 — 145
9 (”T —¢ /T ”\ 2
N L A WP ) L N
\ 2 2 2
(= e
[ l+b!tlpu A=-—3
\ 9/

HoxasaTtenbcTBo. [logcranosku ((1) ?) J7i (‘é_?), oye-

BUAHO, ABJAIOTCA aBToMopdusMaMM 1Js Jofoll  KBagpaTUUHOH
¢opmel. Ecam puckpumuHanT A oTanued or —4 H — 3, TO (Teo-
peMa 295) ApPYrux aBTOMOD(H3MOB HeT.

Mycte {a, b, c}—dopma ¢ puckpumpHanToM A =-—4; nox-
T
CT4HOBKA ( p | TEPEBOIHT ee B tdhopmy
a 2
\ 2

a (—--%x—cy)zJ,r»b(:‘—bx—-cy) (ax—}—-b- y>+c(ax+~'2’—y>2=

=Y (axr - bxy + o),
T. €., NocKoNbKY b*—4dac=~—4, B {a, b, c}.
Mycrs {a, b, ¢} —dopma ¢ auckpuMuBaHTOM A =— 3; noxcra-
/1=b _,
2
HOBKA L | p | TIEPEBOLUT ee B dopmy
2

a Tx——cy> -+ b( x—cy) (ax+l+b >+

4 (ax—i—l—'g«b y)2=1—t%ﬁ—~—_—b2 (ax? 4 bxy + cy?),

T. e., TOCKoNbKy b®P—dac=—3, B {a, b, c}. Ananoruuso mpo-
14-b
BepsieM, YTO M MOJACTAHOBKA 1—p | TPH A=—3 npexcras-
, —g 1=
2

aser cobolt apromopdusM {a, b, c}.
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Een (@ BY) —astomopauan, 10 (% —B), ouesnmno, raxme
y 6 p —y —3d

sSIBJISIeTCS] aBTOMOP(PHIMOM.
7

b \
7 C
Aptomopdusm _p| mpr A=—4 u apTOMOPHH3MBI
___a —_—
2
[=1+b —1—b
) ¢ T
L _p | H —14p| TPH A =—3 monyualoTcs
N ) 2
W3 yKe HAlJieHHBIX NepemMeHol 3HAKOB Yy BceX sJjemeHnToB. Coriacho
teopeme 295, Hafigs npu A=—4 uerbipe, a npy A=—3 mecTsb
aBTOMOP(H3MOB, MBI MCUEpNaJH BCe BO3MOXKHHIE aABTOMOD(H3MEI
Takux Qopm.

Teopema 297. Hucio yHumodyaiapuolX AUHERbLX NOOCMAHOBOK,
nepesodALyLx NPUMUMUSHYI0 NOAOKCUMEAbHO onpedesernyo Gopmy
{a, b, c} & okeusarenmuyro eii gopmy {ay, by, ¢} ¢ Ouckpumu-
Hawmom A, pagro:

1) 4 npu A=—4;

2) 6 npu A=—3,

3) 2 npu ecex ocmanbHoLx 3Ha4eHUX A.

Hoxasateabcrpo. [lycts S—rakas JAuHelinasi NOACTAHOBKA,
nepesogsimas {a, b, ¢} B{ay, by, ¢; }, U—npouspoibHuiit aBToMOp-
duam { a, b, ¢}; Torna US Takxe nepesomut { a, b, ¢} B{ay, by, ¢, }.

Mpl nmosiyuuM Bce YHHMOZYJISIpHbIE INOACTAHOBKH, NEPEBOASIIHE
{a, b,c} B{ay, by, ¢, }, ecin npu sajanHoM S OYJieM B KauecTse
U 6path pasauunble aproMopduamer dopmei {a, b, c¢}. [efictu-
TJNbHO, €cayM T —TMpou3BOJIbHAS YHHUMOARYJspHas JuHeHHas NOA-
craHoBKa, nepesogswas {a, b, ¢}, B {ay, by, ¢}, 0 TS™1—
apromopdusm {a, b, ¢}, T. e. TS™*=U, T=US.

Bumecte ¢ TeM paseHcrso U,S=U,S BO3MOXHO TONbLKO MpHU
U,=U,.

TaxkuM 06pasoMm, UHCJIO YHHMOAYJAPHBIX IOACTAHOBOK, Iepe-
popsunux {a, b, ¢} B {ay, by, ¢, }, paBHo umucay aBTOMOP(PU3IMOB
{a, b, ¢}, T. e. cornacHO NpeAbLYyINeH Teopeme paBHO: 4 mpH
A==—4; 6 npu A=—3 u 2 npu BCeXx OCTAJbHHIX 3HaueHuAX A.

Teopemp! 3TOH T/aBbl JAAIOT BO3MOXKHOCTb HafTH Bce COOCTBEH-
Hble MPEACTABJCHUS MOJNOKHUTeILHOrO 4ncia N NpHMHUTHBHON MOJO-
KUTEJBHO onpelesenHolt dopmoit {a, b, ¢}. las storo:

1) Pemaem cpaBnenue B*=A (mod 4N) n naxoguM sHauenus B,
YJIOBJIETBOPSAIOLLHE 9TOMY CPaBHeHHMIO, Takue, yto 0<< B<C2N. Ecau
TaKHX 3HaueHud B mer, To (Teopema 288) He cyumiecTByeT IpeAcTas-
aenuit N cdopmoit {a, b, ¢}. Eean xe Taxue B cyllecTBYIOT, TO
KaxjaoMy npeacrapaenuio N dopmoit {a, b, ¢} coorsercryer (Teo-
pembl 288 u 282) sksusajentHas Qopma { N, B, C} ¢ takumu B
u C, rae C onpejensercs u3 paseHcrsa (12).
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2) Haiins Bce B, yroBaerBopsiiolnye cpasHentio B2 = A (mod 4N),
TaKue, 4TO 0<B<2N ¥ coorBercTBylomue C, Mbl MOXEM COCTa-
Buth Bce Qopmel { N, B, C}, a 3areM, BHIIENHB M3 HHX, KaK 370
6plJI0 [I0KA32HO BHIHIE, q)oprI 9KBHUBaJeHTHblEe {a, b, c} HaliTu

¢
BCe YHUMOAYJ/sApHBIE TMOACTAaHOBKH BHJIA <Y g), nepesoggamiue

{a, b, ¢} B Takue {N, B, C}.
Corsacuo Qopmynam (5), rie A=N, xKaxjgasd mnapa o, Yy eCTb
pelIeHUe HeONpeJeJeHHOTO YpaBHEHHS
N =ax®+ bxy+cy?.
Mpumep. Hafitu Bce mpexncrasienus uucna 73 ¢opmon

3x2— 3xy 4 2.
OueBHAHO, YTO B JAHHOM Clydae BCe INPeACTaBJIEHHS COOCTBeH-
uete. Jluckpumunast A = — 3. CpasHenue B? =—3 (mod 292), sxBu-
BajenTHOe cHcreMe B?2z=—3(mod73), B?*=-—3(mod4), umeer

(reopema 226) uerslpe peileHud. Haxoxs 3TH pellleHHs, NoJyuaem:
B= -+ 17 (mod 292), B == 4- 129 (mod 292).

W3 BosmoxHBIXx 3sHaueHuil B ycqosuio O<< B<C2.73 ypuosjer-
sopsitor B=17 u B=129. 3nauenus C, onpelienseMsle H3 paBeH-
ctBa B2—4.73.-C=— 3, paBHH COOTBeTCTBEHHO ! u 57.

®opma {3, —3, 1}, KaK Mbl BLISAICHWJM B NpUMepe Ha CTPaHHIe
289, sxBHBaseHTHa cpopme {73, 17, 1} u nepexogut B Hee C 1mo-

MOLIBIO - NOACTAHOBKH ( 10 1) TaK 410 X, =1, y, = 10 npexcrasnser
co00fl pelleHHe ypaBHEHHS ‘
3xt—3xy -y =T73. - (23)

YMHOKASA < 1(1) ?) clleBa Ha yxasaHHbie B Teopeme 296 pas cay-

yasi A =— 3 aBTOMOP(H3MBI @ :D , (::1.) ;)‘cboprl {3,—3,1},

HAXOUM eile JBe TOACTaHOBKHM, nepepopsmue {3, —3, 1} B
{73, 17, 1}, a umenuo (:? :D (1? %), YTO Jaer elmie aBa

pemleHust: X, =—38, y;=~—7 U X3=9, y,=17
OcranbHble TPH NOACTAHOBKU IMOJYYAlOTCHd U3 HAHJEHHBIX Hepe-
MEeHO!l 3HAKOB BCEX 3JEMEHTOB, YTO JAaeT eule TPH pPeHIeHHs:

Xg=—1, yy=—10; x,=8, y;=7; xg=—9, yg=—17.

Ipu B=129, C=57 dopma {73, 129, 57} noxcraHoBko#
<(1) _(1)> nepesoputca B Qopmy {57, — 129, 73}. Dopma
{57, — 129, 73 } noxcranoBkoit G '—(1)> nepesogutcsa {1, 15,57 } 1,
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HaKOHEIl, 5Ta (JOpMa NOACTAHOBKOM (1) "‘D nepesopurcs B {1, 1, 1}.

0 — 1 —1 1 — —
IMpouseenenne U:k1 é) (1 O> <0 D:( } _g)

nepesogut {73, 129, 57} nenmocpexcreenxo B {1, 1, 1}, a npous-
Befenue SU™Y, rae S:((l) :}) nepesogut dopmy {3, —3, 1}

B {73, 129, 57}. Haxonum

- 0 —1\/—8 —7 1 1\,
su 12(1 —1)<—-1 ~1>=(—7 —6)’
%;=1, Y,=-—T—peuresne HeONPEeJENCHHOr0 ypaBHenus (23).

YMHOK s <_; . é) CJIeBa HA aBTOMOP(UIMEI <§ _ i) ) <::l’) é) ’

8 — 8 — 7
HaXOZUM ellle jiBe NOACTAHOBKH: ( ;o 9> U (_ 17 _15>, epeBo-
namue {3, —3, 1} B {73, 129, 57}, u monyuyaeM COOTBETCTBYIOLLHE

pewenua: x,=9, y,=10 u x,=—38, y,=-—17. Meuss 3uaxuy,
HaXOJAMM ellle TpH pemwlenus: Xo=—1, y,o=7; x,;,=—29,
g =—10; x,,=38, y,,==17, Tax uto ypaBHeHue (23) umeer Bcero

12 pemieHull B IleJiBIX YHCJaX.

Hemopunecrue wommenmapun k 31-it zaase

1. Teopuss kBajpaTHYHBIX (POPM BO3HHKJA KaK €CTECTBEHHOE
o6o0iieHre psijla 4acTHHIX 3aJay C HeOlpele/IeHHbIMH YpaBHEHUAMHU;
HEKOTOpEIE M3 3THX 3ajay Mbl PacCMOTPUM B CJeAVIOWIell riabe,

;B 1773 r. Jlarpamx B cBoefi pabGore ,Recherches d’Arithméti-
que“ ony6JuKOBaJ OCHOBHEE pe3yJbTaThl O NMpPEeNCTaBJEHHM uYucel
OMHapHLIMH KBaApaTHYHbBMHM (opmamu. B To Bpems kax no Jlarpawu-
xa (Pepma, Diiiep B Apyrue MaTeMaTHKH) H3YuYaju TOJBLKO GOpPMbI
YacTHOIO BHJA, JlarpaHx, paccMarpuBag OUHapHBIE KBaJpaTHUHbIE
tdopmbl Buxa (1), 3anoxkusn ocHoBp ofuleH Teopuu. JlarpaHx pac-
CMATPUBAJ JHHeHHble NOACTAHOBKM C ONpejeJHuTesIEM, PaBHBIM = 1.
OH nokasajJ BO3MOXHOCTb 3aMeHHl 3aJaHHOH ¢opMbl Apyroit ¢op-
Moji, yjpoBjersopsuomel ycaosusaMm (13) teopembl 289, v ycTaHOBHJI
OCHOBHYIO CBSI3b MeXJAY BOIPOCOM O NPEACTABHMOCTH UHCe] KBaj-
paTuuHOH (OPMOIl M CYNICCTEOBAHHEM peLIEHHH COOTBETCTBYIONIEro
cpaBHeHUd 2-H CTeneHu.

Jlexanap B 1798 r., usnarag B cBeoeit kuure , Essai sur la théo-
rie des nombres* pesyabraTsl Jlarpamka no TeOpHH KBaAPATHUHbBIX
(¢opM, BHeC cylleCTBeHHbie YNPOIMEHHS M JONOJHEHHs. B cBonx
HCCTEI0OBAaHUAX OH T0JIb30BAJICSl 32KOHOM B3aMMHOCTH, JOKa3aTelb-
CTBO KOTOPOTO, OKasaBIleecsl, ORHAKO, HENOJHBLIM, GBJIO HM IIOMe-
meHo B 3TOM ke KHHre. TakuM oOpasom, yacth pesyabraToB Jle-
anjapa 6bl1a NOJHOCTBIO 06OCHOBAHA TOJIBKO MOCJE BHIXOAa rayc-
cosckux ,,Disquisitiones arithmeticae®,
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[TpuMeHsieMasi B HacTosIee BPeMsi B TEOPHH KBaJAPaTHUHLIX HOPM
TEPMHHOJIOTHSI BBeleHa B OCHOBHOM I'ayccoM, KOTOPb#f B CBOMX
,Disquisitiones arithmeticae* nan cucremarnyeckyio Teopuio GuHap-
HBIX KBaApaTHYHHX (GOPM, IPHYeM B OT/IHUHE OT JlarpaHiXa oH Taxk xe,
kax Jlexxaunp, 6pan ¢opmbl Buaa ax®--2bxy-+cy?. Taycc panexo
NPOABHHYJ Teopuio Takux Qopm. Paccmatpupas suHeliHble npeo6-
PasoBaHMsl ¢ MPOUSBOJBLHLIMH ONpPENeJUTEeNAMU, OH BBeJ NOHSITHE
3KBHMBaJEHTHOCTH KBAAPATHUHLIX (OPM, CYLECTBEHHO pasjnyas mpe-
o6paszoBaHus ¢ ompefenureasMu, pasHbMH -+ 1 u — 1. Taycc, He
OTPAHHYMBASACH JIEJEHHEM HA KJacchl, Aan 6oJlee MOJIHYIO KJaccu-
¢ukanuio OuHapHeix kBagpatnuHslx dopM. HcecaenoBanus Iaycca
CYLIECTBEHHO ONHPAJIHCh HA PA3BHTYIO UM TCODHIO KOMIO3HIHHU OPM.

2. Yucjao kaaccoB h(A) maHHOrO HZHCKpPHMHHAHTa A paccMaTpu-
BaeTcd Kax uHcaoBas GYHKIUA oT A. DTa GYHKLASA HrpaeT GOMbILYIO
poJib B pa3/IMYHBIX 3ajauaX TeopUM uuces. Msyuenue sTol dyBKRuUUH
6b10 Havyato B paborax laycca u fxobH, HO 0COGEHHO BaxKHbIE
pe3yabTaThl ObLIM HOJYYeHb! 3jech Jlupuxie, KOTODHIH Jasl BEIBOJ
dopmys, BEIpaKaOmMUX 3Ty GYHKUMIO yepe3 ApYyrue, CPaBHHTENBHO
IIpOCThle apHU(MeTHUEeCKHe BeJMYHHBHI.

3. KBagpatuunste ¢GopMbl ¢ OGJBIIHM, YeM ABAa, YHCJAOM Iepe-
MeHHBIX HauaJii u3yuarscsl eule [ayccom (TepHapHbie opmbl). Hau-
Gosiee ofmue KBaxpatTHuHsle GOPMbI OT 1 NIePEMEHHBIX TaKKe H3yua-
guch yxe B XIX Bexke. B Hacrosimmee BpeMst TeopuUst Takux ¢opm
¢ GOoMbIINM YCIEXOM Pa3BHBAETCS MHOTMMH MaTeMaTHKaMH.

T TABA 32
HEKOTOPBIE JHOPAHTOBbI YPABHEHWS

1. MPEACTABJIEHWE YUCEJ B BUJAE CYMMbI JBYX KBAJAPATOB
M B BUAE X:4-29?

O6mue MeTOnB! peuleHHs IHODAHTOBEIX YpPaBHEHHH ¢ AByMs

HEH3BECTHBIMU
agx" +a X"+ ... Fay"=N

B [eJIBIX YHCJaX X ¥ Y NOYTH He paspaboTaHbl.

Mpi HayHeM ¢ HeCKOJIBKUX ANO(AHTOBLIX YpaBHEHUH, sIBJASIOMHUXCS
YaCTHBIMH CJAY4asiMM YpaBHeHHH, H3YUEHHHIX B NpeAbiAyllel riaze.
B xauecTBe nmepBOoH 3ajzauM pPacCMOTPHM BONIPOC O NpeiCTaABIEHHH
uyces B BHIE CYMMBl IBYX KBaJpaToOB.

Teopema 298. Y pasnenue

x4-y*=N, (1)

ede N (N >0) yeaoe, umeem pewienus 8 yeaovlx, 63QUMHO Npo-
CMbLX HUCAGX X U Y mo20a U mOAbKO mo20a, Koe0a KAHOHUYECKOe
pasaoocenue N He codepacum npocmoix 4ucer p euda 4n-+3 u
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44 N. Yucao cobecmeennoix npedcmasgaenuii N 6 sude (1) pasro 4vu,
20e v—uuCAO pewseHuil cpasHeHUs

2?=—1 (mod N). 2)

Mpumeuaune., Uueno pewennii cpasuesus (2) 6uI0  onpefeneHo
B Teopeme 226.

HoxasateanbcrBo. Ha crpannue 190 (uacThblit cayuail Teo-
peMni 213) Oblio HafiieHO, 4TO MPH B3aHMMHO NPOCTHIX X H Y UYHCJIO
BUjaa x2-y* He ZReJauTCcsl Ha NpPOCThle 4Hcaa p=4n+ 3, n03TOMY,
ecau N uMeeT XOTs Obl OZHH TaKOH Jenuresib, ypaBHenue (1) He uMeer
peuteHnil ¢ B3auMHO mpocthiMM x # y. IIpu (x, y)=1 no xpafinei
Mepe OJHO U3 4YHCeT X, y HEUeTHO; JeBas YacTb ypaBheHus (I)
cpaBHuMa ¢ ! uad 2 no mozpynio 4 u ecan 4/N, 1o ypasHenue (1)
TaKKe He HMeeT pelleHHs C TakUMH X, Y.

Ecan N He wuMeer mpocThIX Jeiuteneir Buia 4n-+3 u 44N,
10 (Teopemnl 226 u 207) cpaBHenue (2) uMeeT pelleHus, T. e. v =40,

3amensis B uepes 22, JIETKO ONPEJEJUTb, YTO UHCJAO pEUIeHHH
CpaBHEHUS

B?=—4 (mod 4N) (3)

B fABa pasa O0oJjblle, 4YeM YHCJAO pelieHHH cpaBHeHus (2), T. e.
paBHo 2v. TlockoJbky BMecTe ¢ KaxAbM B cpasHenuio (3) Bceria
yposaersopsieT H 4N — B, T0o YHCJIO pellieHHH 9TOTO CPaBHEHHUS, TAKUX,
uto 0<< B<C2N, paBHO U H, CJAeJOBaTeJbHO, COIJIAaCHO pe3yJbTa-
TaM, NOJYYeHHBIM B TpeIbiAyllell TaaBe, CYUleCTBYeT v ¢opm
{N, B, C} ¢ nuckpumuHanTOM—4, y xoTophix 0<< B<C2N.

Bce atu dopMer corsacHo TeopeMaM 291 u 293 3KBHBaJIeHTHBI
{1, 0, 1} u ana xaxno# us HEX (Teopema 297) cyHIecTBYIOT ueThipe
VHUMOZYJASIpHBIE JIHHeHHble NOACTAaHOBKH, nepeBogsmue {1, 0, 1}
B Takylo dopmy {N, B, C}, T. e. ofmee umcao Takux npeoGpa-
30BaHHH paBHO 4v.

PasjuyHbM YHUMOAYJSADHBIM JIMHEHHEIM MOACTAHOBKAM COOTBET-
CTBYIOT pasjuuHbie npefcraBieHHss N B Buje (1) (reopema 287), u,
TakuM 00pasoM, pe3yJibTaThl, NonyuenHsle B 31-% raase (cM. cTp. 293),
TI0OKAa3bIBAIOT, YTO YHCA0 mnpeacTtasieHuilt N B suge (1) pasuo 4v.

Ecmn N=pf ... p& unn N=2p} ... p, tae sce p,—mpo-
cThie uncsaa Buga 4n-+1, TO cpaBHenue (2) umeer 2° peiweHu#l, u
ugcao npepcrasiaeHuit N B Buze (1) pasno 2°F2,

. Kaxpomy peiueHnio x,, Yy, ypaBHeHHS (1) MOXHO CONOCTaBUTb
BOCEMb peIlleHH, MOJNYYaloluXCs MepecTaHOBKOH 3ITHX BeJHUYMH H
pas3JIMYHBIMY H3MEHEHHsIMU B X 3HaKax. Ecyu paccMaTpuBaTh TOJNBKO
HIOJIOXKUTENbHbIE 3HAYEHHS HEH3BECTHHIX, TO pelueHuit Oyger v.

Yacrueit cayuyait Teopemsl 298 st npocThix sHaueHuit N Obla
JoKasaH JDiaepoM.

Teopema 299. Ecau He ciumame passudHbiMy PA3A0NCEHUR,
omausarouuecs NnopaGKoM Ccageaemblx, mo Kaxcdoe npocmoe Hucao
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p=4n-1 eduncmsennoim obpasom pasiazaemci Ha cymmy O0syx
K8a0pamos.

HokasarteabcrBo. Ilpu N=p=4n-1 cpasHenue (2)
uMeeT JBa pewleHus (v=2). YpaBreHue x*--y?==p umeer ABa
pelleHHs] B NMOJOXKHUTEJbHBIX YHCJAaX, HpU 3ToM (X, y)=1, x5y,
TAK YTO €CJH pasJoXeHus p=x2-}y® u p=y*-+x® cuutarb Onu-
HaKOBBIMH, TO OYJNET B TOYHOCTH OJHC K TOJBKO ONHO Da3joKeHHe.

Pemienns ypaBuenus x?-y?=p MOXKHO HalTH, paccMaTpHBas
yuesa p— 12, p—22%, p—32, ..., noKa He HalijileM cpelu HHX KBai-
para. IlpumeHenue oO0mUX TeopeM mnpeibAyllell rJjaaBbl Tpebyer
o6biyHO OoJiee JUIMHHBIX BBIYMCJEHMH, YEM HeNOoCPEACTBeHHbIH Noj-
Gop. CoBepilieHHO aHAJOTHYHO TeopeMe 298 MOXKHO pPaccMOTpeTb
NpelCTaBJeHUs] NOJOKUTEJBHEIX uHcen B Buje x2-2y2

Teopema 300. ¥ pasnerue

x*+2y*=N, 4)

20e N—noaoocumensbroe Hedemuoe 4UCAO, UMeem peuleHUs 6 ie-
AbLX 63QUMHO NPOCMbIX HUCAAX X, Y mo2da U moabko mozda, Koeda
Kanonudeckoe passoxcerue N He colepycum RpoCmolx Huces p
6uda 8n-+-5 n 8n-+-7. Yucao makxux npedcmasrenutli pasHo 2v,
20e v—uucao peulenull CpasHer us

22=—2(mod N). (5)

JdoxasarteabctBo. HeobxopumocTs ycaoBus Oblia nokasana
Ha crpanune 190 (vactHmi cayuail TeopeMnl 213).

Ecau HeuetHoe N He MMeeT NpoOCThIX JeauTeseidl Buza 8n-+5 n
8n 47, To cpaBHenue (5) umeer pewenus, T. e. v 0. Coseprienno
TaK e, Kax 1 B TeopeMe 298, nosyuaem, uro uncno ¢opm {N, B, C}

¢ JucKpuMmHHaHTOM A= —8, takux, uro 0<<B<C2N, pasHo v.

Tax ke, Kak B Teopemax 293 u 294, noxaxeM, 4TO BCe (OpMbI
¢ nuckpuMuHanToM A = — 8 sxBuBasentss gopme {1, 0, 2}

JlefcTBUTENIbHO, €CNH Yy NpPHUBEJEHHOH MNOJIOXKHTEJAbHO Olpefe-
aennoit ¢opmer {a, b, ¢} muckpumuHanT A =b%—4ac=—8, 1o,
NOCKONBKY |b]|<<a<Cc, umeeMm: 8<< 8+4-b*=4dac=8-b><< 84 ac,
2<ac<§, T. e. ac=2, a=1, ¢=2, b=0. _

Takum obpasoM, npu A=—8 Tak xe, KaK 0pu A=—4 u npu
A =—3, nMeercd OJWH KJAacC MOJOMKHTEJbHO ONpeReJIeHHBIX (opM.

Haa xaxpoh u3 v dopm Buza {a, b, c} cymecrBylor (teopemMa 297)
JBA YHHMOJXYJSIPHBIX JIHHEHHBIX Npeo6pasoBaHus, NepeBOASHIHX
{1, 0, 2} B {N, B, C}, u Toria, npuBuMas ONATb-TAKH BO BHHUMAaHUe
TeopeMy 287, nouyuaeMm, uro ypaBHeHHe (4) HMeeT 2u pelennii
C B3aMMHO HPOCTLIMH 3HAYEHHSIM X H .

Yucao pemenuft cpasuenus () ompepensieTcsi Teopemoft 226,
Coraacro 310l Teopeme, ecau N=pi' ... pf“‘, THe BCce p;—Ipo-
cThie uucna Buja 8n-+1 u 8n--3, 10 v=k2°, H UHCIO HpeICTaB-
jgeanii N B Bune (4) paBHo 2°*1, B yactHoCTH, OTCIOZA BhHITEKAaeT,
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yto Joboe npocroe uucsa0 p Bujga 8n--1 wmau 8n-+3 eauHCTBEH-
HbIM 00pasoM MOmKeT OblThb NPEICTaBJIEHO B BHIAE CYMMB!I KBajpara
U YJBOEHHOTO KBajpara HaTypaJ/ibHBIX 4HCesN,

INpumeuvanue. [lpu vernom N =2N, moryr 6utp fBa Ccjiyuas:

1) Ecnu Ny Hewernoe, TO, 3aMeHAd B ypaBHeHuM (4) X uepes 2y; H COKpa-
mas #Ha 2, MBl BO3BpallaeMcsl K CAy4ar, paccMoTpeHHOMYy B Teopeme 300.

2) Ecan Ny uwerho, T. e. 4| N, To u3 paBencrsa (4) cmenyer 2|x, 2|y, T.e.
He CyHIecTByeT pelieHMi ypaBHEHHS (4) ¢ B3aHMHO NMPOCTHIMH X H Y,

Yucno pemteHu#l ypasrenul (1) u (4) OblIO JIETKO OnpelesiuThb
6narofapss TOMYy, uTO IJsi IOHCKPHMHHAHTOB A=-—4 u A=-—38
CyLIecTBYeT BCEro TOJMBbKO MO OAHOMY KJacCcy KBaApaTHYHBIX (opM.
Jlerko BuzeTh, uro ecau {a, b, ¢} —NONOKUTENHHO ONpeleNeHHAs
dopMa ¢ B3aUMHO INPOCTBIMH @, b, ¢ U €CJIH CYHIECTBYET TOJHKO
OfIMH KJIACC NMPUMHUTHBHBIX (hOpPM ¢ JuCKpuMHHaHTOM A =b%—4ac,
TO COBEPIIGHHO Tak e, Kak B Teopemax 298 u 300, moxkHO ompe-
JeJUTh YHCJAO0 COOCTBEHHBIX DeLUeHHH ypaBHEHHS

ax®+bxy—+cy*=N.

UsBectuo, uro pasi caenyomux 3nayeHnit — A << 100:
—A=3, 4, 7, 8, 11, 12, 16, 19, 27, 28, 43, 67 (6)
— CYIECTBYeT TOJBKO [0 OJHOMY KJAacCy TaKUX KBaApaTHUHLIX
opm.

2, NPEACTABJNEHUE HATYPAJIbHLIX YHCEJI B BUJE CYMMBI
YETBIPEX KBAJLPATOB

B 1770 r. Jlarpamxk poxkasaln, 4TO KamJOe HaTypajbHOE HHCJIO
IPEACTABMMO B BHJE CYMMBI UYeThipeX KBajpaToB NeJblX YHCeJ.
JloKa3aTe/qbeTBO 3TOrO 3aMeuaTeNbHOrO (akTa ONMUPAeTCS Ha H3BECT-
Hoe anrebpanyeckoe TOMAECTBO Jiijepa:

(@1 -+ az + a5+ ai) (b1 + b3 -+ 05 4-b)) = ci - ea s +ci, ()
rae
c=a,b; + ayby + ash, +-asby,  cy=a,by —asby -+ azby,—aqbs,
Cy=03b3—azb, + by — by, g ==aby—aeb; - aby—azh,.

CnpaBeyIHBOCTL 2TOTO TOXKJECTBA NPU JIOOHIX a4y, Gy, dg, dy,
by, by, by, by Jerko npopepseTCs HENOCPEACTBEHHbIM BHIYHCJICHUEM.

HayneM ¢ paccmoTpeHusi pasOueHHH NMPOCTHIX YHCEN HA CYyMMY
KBajpatoB. B TO BpeMsi Kax npocThle 4Hc/aa BHEa 4n--1 npexcra-
BHMBl B BHJZE CYMMbl IBYX KBaJpaTOB HATypaJbHBIX 4HCe] (Teo-
pema 299), mpocTble unucja BHAa 4n -3 He BCerja IPeACTABUMbI
Jaxe B BHJE CYMMBI TpexX KBaJpaToB uesnX uucen. Jlerko, Hampu-
Mep, BaMETHTb, YTO YHCJO 7 Hedb3s NPEACTaBUTb B BHAE CYyMMDI
TPEX TaKHX KBajpaToB. BMecTe ¢ TeM OKasblBaeTCs, YTO Kaxjoe
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NPOCTOE YHCJIO NPeiCcTaBUMO B BHAE CYMMbI UYeThipeX KBajpaTOB
HeJbIX YHCeI.

Ins npocTelx uucen BHAa p=4n-+1 310 npeacrasiaser cofoit
HEMOCPEJCTBEHHOE CJIEJCTBHEe TeopeMbl 299, Tak Kak H3 p=g%b?
cnegyer p==qa®-+b*40%402. JlokaxeM, 4TO M NpOCTHie YHCIA P
Buia 4n-+3 TaKkKe MpeACTaBUMBI B BUAS CYMMbl UEThIPeX KBajpa-
toB. Uto6nl HMeTb J0KAa3aTeJIbCTBO, He 3aBHCAINEE OT Pe3yJbTaToB
31-it raaset, 6ygem Gpath oOmui caydafl TPOH3EBOJILHOTO NPOCTOrO
ypcna. HaM moHazobutcs chepyiomias BCloOMoraTejlbHasi TeopeMa.

Teopema 301. [[aa ao6o20 npocmozo wucaa p>2 cywecmsyom

yeavie quCAQ M, Xo, Yo, maxue, umo 1= <
Xy -+yo41=pm. 8)
INoxaszateabcTBo. Hiucaa
9 _1 2
02, 12, 92, ..., (”—5—) 9)
NONAPHO HeCPAaBHUMBI MO MOAYJIO p. JleHACTBHTENBHO, TO, YTO Cpeu
—1\2
uncen 1%, 2%, ..., (’12——> HeT CpPaBHHMBIX MO MOAYJIO p, Mbl

noxaszanu B Teopeme 203, a TO, YTO ITH uHCJA HecpaBHHMH C O,
ouesngno. OTClOfa BHITEKAET, Y4TO H YHCJA

11—, 122 ...,——1—(”—}'>2 (10)
NONAPHO HEeCPAaBHMMB! O MOZLYJIO p.

O6iee uucso uuces B mnocaexosatensHocTsAX (9) u (10) pasHO
p--1, 1. e. npesocxoaur ofllee UYHCJO KJIacCOB IO MOAYJIO p, a
5TO 3HAUUT, YTO Cpelyl HHUX, B3ATHIX B COBOKYIMHOCTH, €CTh IO
KpaiiHelt Mepe ojHa mapa YHCes, NPUHALNEKAMHUX OXHOMY KJjaccy,
T. €. CPABHUMBIX mo MoxyJio p. ONHO U3 yucen TakKOH maph Ipu-
HaIJMEeXHT nocyefosatesnoiocTd (9), a apyroe—(10), 1. e. npu He-

-1 —1
KOTOPHIX Xo M Yo, THe D x,<<?3-, Ogyog%, MeeM:

2
xo=—1—yi(mod p), xj4+yt+1 EO(modp),'
X3 4-yo+ 1 =pm,

m =

%(x3+y§ +h=- [( “1\2 ( >+1]=”2—"—§2—~;’+3<—’2’-

Us paeencrra (8) HemocpejACTBeHHO BHAHO, 4TO m == 1.

Teopema 302 (Jlarpamx). Kascdoe npocmoe uwucio npedcma-
BUMO 8 eulde CYMMoL Hemoipex KeAOpAmOoS yeavlx wucea.

HorkasartenbctrBo. CornacHo mnpeipliymiel Teopeme AAs
KaxJoro npOCTOr0 4Yucaa p>>2 CYUeCTBYeT m, Takoe, YTO

1<m<£ \ ,
2 pm=xi+yo -+ 12402,
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T. €. pm NPeiCTaBHMO B BHAE CYMMbl ueThipex Kpappartos. OGo-
3HAYHM Yepe3 pm, HauMeHblLIee MOJNOXKHTENbHOE UHCHIO0, KPaTHOE p,
NpefCTaBUMOE B BHIE CYMMBl HeThipex KBaJpaToB LeJbX YHCes;
TOrAa

2 2 2 2
Pty =a; + @y +ay - a4 (11)
TpY HEKOTOPBIX LeNbIX &, Gy, Ay, Oy M 1<m0<%.

JloxamxeM cHayajJa, YTO m,— HedeTHoe uHcao. JefcTBHTENbHO,
ecan Gbl ObIO my=2m’, T0 U3 pasenctBa (11) caenosano Gbl, 4TO
CPelM uuCel a,, dy, d;, @y He MOXeT OHITh OFHOTO WJIH TPeX He-
YETHBIX YWCEJ, T. €. UHCJIA Oy, {4, 4y, Gy JHOO BCe UeTHble, aHO0 Bce
HeyeTHBle, JHOO, HAKOHell, JiBa UYeTHBIX M JBa HeueTHuX. Mpl Mo-
KeM TOria pas0uTh TH yucJa HA JBe 1aphbl, TaK, YTO B KamAYIO
napy BXOASIT UHCJA OJHMHAKOBONH UYETHOCTH M, eCjd, Hampumep,
2|a, +a,, 2la,4 a,, sanucate pasercTso (11) B Buje:

S, 2 /g —mag\ 2 )
pm’ =5 (a} +ai +ai +ab) = (%) 4 (A5%) ¢ (B8

+(B5%),
rae 1scm’<<m, UTO NPOTHBOPEYUT TOMY, 4TO pm, ObJO Hau-
MEHBIIHM UYHCJIOM, KpAaTHBIM p, TPENCTABHMBIM B BHIE CYMMbI
YeTHIpeX KBaApaToB wenblx umcen. Takum o6pa3oMm, m,— HeueTHOe
YHCJIO.
O6o3HaunuM uepe3 ry, ry, r'y, Iy COOTBETCTBYIOILHE HAUMeHbIIHe
no aGCOJIIOTHOH BeNHYMHE BBIUETHI YHCEN 4y, Q,, Gy, (4 110 MOAYJIO

my
my TaK, 4TO, NOCKOJbKY 7, HeueTHO, Bee |ri| < " . Ilockoabky Bee
r;==a; (mod m,), u3 pasencrsa (11) caeayer:
2 2 2 2__ 2 2 2 2 _
ribrebrari==a; 4 as-+a; +a, =0 (mod my),
Mot == 11~} ry-+ri-ri, (12)
B 2 2 2 -1 mg\2
O<t=c-(ritratrstry) < —(3F) 4=m,.
0 [}

[Tepemuoxkas pasenctBa (11) u (12) u noaes3ysice dopmynoir (7),
nojyuaem:

mept =(ai+a;+as+ai) (ritritrs4ri)=

2 2 2 2
= Cy - €3 + €3 Cy, (13)
rjpe

JE—} 2 2 2
€y =ayry+a,ry+agrg+agry = ay+a, + a3+ a; =0 (mod m,),
Co==QyFy— Aol + Ayl g — 047, == 0 (mod m,).

Has ¢, v ¢g aHaJoru4no noaydaeM cy==0 (mod m,), ¢, ==0 (mod my).
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Hensa sce unenn paBencrBa (13) wa mj, nonyuaem:

PG HE ) o
rjpe Bce r-;lc—l- HeJinle.

0
[Tockoabky pm, OBLIO HAUMEHbIIMM NOJOXKHUTELHEIM YHCJIOM,
KpaTHBIM p W TPeACTABUMBIM B BHJE CYMMH UeThIpeX KBajipaTos,
a 0<<t<Cm,, 10 paBeHcTBO (l4) noxasmeaer, uto t=0. U3 pa-
BeHcTBa (12) mosyuaem:

ry=ry=ry=r,=0, g;=0(modm,) npu i=1, 2, 3, 4,
mg’ai+a§'+a§+air ﬂlglmop’ moip,
T. € MOCKOJbKY 1 <Cm,<< %, T0 my=1. PaBencrso (11) npunu-

MaeT BHA p=aj-a;--a;-+aj, T. €. p NPEICTABUMO B BHAE CYMMEI
yeTHIpeX KBAJpaTOB UEJBIX UHCEJ.

Ilpu p=2 umeem: 2= 124 124 (24-02,

Teopema 303 (Jlarpamx). Kamcdoe namypaisHoe wuucio nped-
cmasumo 8 sude Cymmbl vemolpex Keadpamos yeavix Hucen.

JdoxasateabcTBo. Mb JoKasanm, YTO KaxJoe HPOCTOe
YMC/IO TIPeJCTABAMO B BHIE CYMMBI UYeTHIPEX KBaJpaToB HEJNBIX
uncesl. Popmyna (7) nokaswiBaeT, YyTO NpPOH3BefileHHE HBYX, a CJe-
JOBaTeJbHO, M JIIOOOTO YHCJa NMPOCTHIX YHCENT, KaXA0e M3 KOTOPBIX
NpeiCTaBUMO B BHAE CYMMbl YeThHpeX KBajApaTOB UEJEBIX 4Hced,
TaKIKE NPEJCTABUMO B TAKOM BHJE.

INockonbky kampuoe HarypambHOe uHcJ0, Gonbilee ueM 1, ecTsb
npousBefeHue NpocThix uucena, a 1=124-02-02-+02% yrBepxKie-
HHUE CNpaBejIHBO JJISl BCEX HATYpaJbHBIX YHCEJ.

3. NIPOBJIEMA BAPHHIA

. PaccmarpuBas pasueHust yuces Ha CYMMY KBaipaToB, MH,
€CTeCTBEHHO, NOAXOZMM K GoJjee ofmeli npobsieMe O mnpeicTanJe-
HHUAX uHCeNd B BHJE cyMM n-X crenerefi. B 1770 r. anramiickuii
MaTeMaTHK Bapuur BhicKasas 6e3 JOKa3aTeJbCTB P NpeloKeHRui,
OTHOCAIMXCSA K 3Toll nmpobieme. Bapuur yTBepxpas, YTo Kaxjoe
HaTypajbHOE YMCJIO NMPEACTABUMO B BHJAE CyMMbl He Gosee 9 Ky6os,
19 GuxBajgpaToB U T. I.

Ofmas npobnema, BO3HHKLIAs B CBA3H C 3THMH B CYUIHOCTH
TOJILKO 3MIHPHYECKHMH COOOpaXKeHHUAMM H IOJYyYyHUBILIAsS Ha3BaHMe
npoGnembl Bapuura, 3akjiioodaercs B TOM, YTOOb! J0Ka3aTb, YTO HJs
KaXJOro HAaTypaJbHOIO n CYLIECTBYeT §, Takoe, 4To Jio6oe 1eJoe
nojioxutenbioe N IpelcTaBUMO B BHAE CYMMBl § cJjlaraemblx, fB-
JISIIOIHMXCS] TOYHBIMH 7-MH CTEIEHSIMH LeJbIX HeOTPHUATeJbHBIX YH-
cen. Pemenne 571081 npoGaemnt ObI0 1osyueHo TosbKo B 1909 r.
Mo pazuM QGopMyaHpoBKY TeopeMsl, JokasaHuno# Bnepsoie M. I'mib-
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GepToM; H3J0)KeHHe JI000r0 M3 H3BECTHBIX JOKA3aTeJIbCTB 3aHSJIO
Obl CTMHIKOM MHOTO MeCTa H [0 CBOEMY XapakTepy BBIXOAHUT 3a
pPaMKH 3TOH KHUTU.

Teopema 304. [aa aobozo ukcuposarroso HAMYpaibHO0 YUCAA
n cyujecmeyem onpedeaeHHoe HUCAO S, 3A8UCAl4Ee MOAbKO Om R,
makoe, 4mo 04 Kaxcdozo Hamypaavbrozo N ypastenue

N=xi+xi+.. . 42 (15)

umeem pewierue 8 YeAblX HEOMPUUAMENbHOIX HUCAAX Xy, Xy, « .., Xge
B Teopeme yTBepxJAaeTcs CYIIeCTBOBaHME LIS KaxKJIOTO A COOT-
BeTCTBYIOLIEro §, 00J1aJalolero TakuM CBOHCTBOM, TaK 4TO §=:=§(n).
KoHeuHo, OCHOBHOE 3Jecb TO, YTO § He 3aBHUCHT oT N, uHaue
yTBepKJAeHHe OBUI0 OBl COBEPIIEHHO TPUBHAJBHBIM, [1OCKOJBLKY
N=xi{+4...+xy upn x;=...=xy=1. s KamIOI0 n MOXKHO
paccMaTpuBaTh HauMeHblllee 3HaueHHe S, IPH KOTOPOM Kaxjoe
HaTypanbHOe uucio N mnpeactaBumMo B Buje (15); aT0 HauMeHblee
3HAUeHHe S, 3aBHCAllee .OT n, 0003HAYAlOT OOLIYHO uepe3s g (n).
Hanpumep, g(2)=4. J[eHcTBUTeNbHO, KaxkJOe HaTypajbHOe
YHC/AO MPEJCTABHMO B BHJAE CYMMbl YeTBIPEX KBaJpaToB LEMBIX He-
OTpHIATENbHEIX uHcea (TeopeMa 303), W, Kak ObIO OTMEUEHO, CY-
[LeCTBYIOT YHCJa, He NpeACTaBHMble B BHAE CYMMbI TpeX KBajipa-
TOB, HanpyuMep, KaK 3TO JerKo BHAETb, Bce uHcjia suaa N =8k 7.
[lIpy n=3 Opuo nokasaHo, 4To g(3)=<9. CymecTByloT ABa
uynucna, a UMeHHO 23 u 239, KoTopble HeJb3sl NPEACTaBUTb B BHIE
CyMMbI BOCBMH KyG0B, uTO 03Hauaer: g(3)==9, a suauutr g(3)=9.
OkasbipaeTcs, 4YTO, KpPOMe 3THX JBYX YHCEJ, BCE OCTa/jbHble Ha-
TypajibHble YHCJA NPEACTaBHMBI B BHAE CYMMBl BOCBMHU KYGOB.
Boofie, M1 KaxXZOro A CYHIECTBYIOT CPaBHUTEJNBHO HeGOJbIIHe
yucna N, 1t KOTOpBIX B ypaBHeHHH (15) mpuxomutcst 6paTh MHOTO
cllaraeMblX; HaJpuyue TAaKHX YHCeJ ONnpelessieT TO, YTO NPH yBeJaH-
uyeHuu n GyHKHus g(n) OGbLICTPO pacTer.
Teopema 305.

gm=2"+ ]2

3"
HdokaszaTtenbcTBO. Bosbmem N =2" [ﬁ] —1; Torpa N << 3",
Tak yTo B npeicrasineHusax N B Buje (15) wesble NOJIOXKUTENbHBIE

Xy, X5, +..y Xy MOTYT PaBHATBCS TOJbKO 2 u 1. Cnaraembix Buza

2" npu takoM N MoxeT OblTb He 0oJjblie, ueMm [‘;]-—1, TaK 4To,
. n 3" __.on .
HOCKOJbKY N —2 ([Qz]“‘ 1) =2"—1, HMeeM:
N=2"4 . 2" L1+ . 1"
M . 16
[37]——1 pas 2" —1 pas (16)
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Ecan B pasnoxewuH N yMeHBLIUHTb UHCJO CTeneHedl XBOHKH H
YBeJNYUTh YHCJIO eNHHHL, TO Ofllee UHCJO CJlaraeMblX TOJIBKO BO3-
pacTeT. HaumMenbllee uucjO csaraeMbelX B pasjoxennu (15) gns

takoro N, kKak 310 BuuHo u3 (16), pasmo [2—:]—{—2"—2, T. €.
n 3"
gm=2"+ 5] —2

n
HwMeroTca ocHoBaHuA mpeanoJiarathb, uro 2" -- [g;,] —2 sipnsieTcs
g BceX nz==1 HCTHHHBIM 3HauyeHHeM g(n). M3BecTHl cjenymomue
pesyJIbTaThl (Teopebe 306 1 306"), koToprie Mbl mpusonuM 6e3 JoKa-
3aTeNbCTB.
Teopema 306. Ecau npu nHamypasbhom n, OmAudHoMm om 4 u
5, umeem Mecmo HepaseHcmeo

39" [3] <o [g—] a7

g(n) =2+ [3—] —9.

Teopema 303 npexacrasasier co6ofl wacTHLil cayuali Teopemsl 306.
Teopema 306'. Ecau npu HamypaibrHOM N umeem MeCmo Hepa-

mo

BEHCMBO
] > [3].
mo
o B E e YR 2

“An n " n
5] o< [2][5] + 2] [5).

Eca craBHTb BONPOC O NpeACTaBJEHUH HATypaJbHLIX YHCeN B
pufe (15) He naA Bcex HaTYpasibHBIX UHCE], 8 TOJNBKO BCEX YHCe,
HayuHasf ¢ HEKOTOPOIo, TO YHCJIO § HeOOXOMHMBIX AJSl 3TOro cjaa-
raeMblX OKas3hlBAeTCsl 3HAUHTEJbHO MEHbIIUM.

Q6o3nauuM yepes G (n) HaHMeHblllee 3HAYeHHE S, IIPH KOTOPOM
ypaBuernHe (15) mMeeT pelneHHe B HeJIBIX HEOTPHIATENBHLIX YHCJIax
Xy, Xg, «.., X, QIS Bcex umces N, HaumHasa ¢ gekoroporo N >N,
T. €. AJsl BCeX HaTypaJbHbIX uqucen N, HCKJwouasd, Moxer ObiTh,
TOJLKO KOHEUHOe HX HHCJO.

[lpu n=2 3nauenus g(n) u G (n) copnajgawor: G (2)=4, TaK
KaK (CM. BBIE) CYINECTBYIOT CKOJb yroiso OoJblike uHcaa, He
IIpeACTaBUMbIE B BHJE CYMMH TpeX KBajapatos. B 1942 r. I0. B. JIun-
HHUK JoKasaJg, uto G (3) << 7. bouo Takxe pokasawo, yto G (4) =16,
G (5) < 23. Kak 6GuicTpo pacrer dyHxuusi G (n) npx ysenudeHHH n?
Kax mHoro mpupercs OpaTh cjaraemulx B ypabHenuu (15) npu 6oJbe
INHX 7, 4YTOOB OHO OBIJIO pa3pellMMO B ILeJBIX HEOTPHUATeJbHEIX
upcjaax IS BCceX HaTtypaswHBIX N, HauuHas ¢ Hexoroporo? Paj
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KPYIHBIX COBPEMEHHBIX MaTeMaTHKOB pa3pabaTeiBajid MeTOAbl OUEHKH
¢yukuuu G (n). OcobeHro adpeKTHBHBIM oKasaJcs Metox M. M. Bu-
HOTpaZoBa, AOKas3aBIIETO, YTO

G (n)=0(nlnn).

4. HEONPEJEJIEHHOE YPABHEHUE ®EPMA

PaccmoTpuM Teneph HeonpeglesenHoe ypasHeHue Pepma
x2—Dy?=1, (18)
umetomiee GoJiblloe 3HaueHHe BO BCell TeOPHH IHOGAHTOBBIX ypaB-
nenu#l. MBl JOKaXkeM, UTO NpH KamAOM HATYpaJlbHOM 3naueHHH D,
OTJIUYHOM OT MOJHOIO KBajpaTa, 3TO YypaBHeHHe HMeeT GeCKOHeu-
HOe MHOMXECTBO pelIeHHH B UeJblX 4HCJaX, W HajuM OOIHH MeTOX
IV HaXOXJEHHS BCeX ero pelleHuil.
Teopema 307. [Iycmv D —yeaoe noroscumersroe wexsadpamuoe
YUCAO U Xg, Yo (X9 >0, yo > 0)— pewenue Ouoganmosa ypasnenus
(18); moeda x, u y, npedcmaganwom cobOti COOMBEMCMBEHHO HUCAU~

meab u sHamexamerb odHol us nodxodauwux dpobei k YV D.
X
JNokasatenbcTBo. M3 xj—Dy;=1 caenyer, uro D‘—‘:>

>VYD>1u B
(xo""KDyo) (xo +V5y0) =1,

_ 1 1
T ]
“4V| %

Yo

Yo

Xo_ Py
T. €. COTJIacHO Teopeme 245 7 =='—o0IHa H3 NOAXOAAIIUX JAPO-
0 s

6eit kK V' D. TIocKONBKY X, H Y, VAOBJETBOPAIOUIHE YPaBHEHHIO
X P

(18), —B3aMMHO NpOCThle UHCAA, U3 PaBEHCTBA gﬁzQ—‘ caepyer:
4] s

x0=Ps, yO=QJ'

B Teopeme 265 Mbl moayuunu obmmit pux passnoxenns YD B
LenHyw ApoOb, a HMEHHO:

l/5=a0+li/a1+i/a2+...+—‘/ak_1+—u2aol+... (19)

OxaspiBaeTcs, uTo pelleHusaMH ypasHernud (18) MoryT GuITb YHC-

o P
JUTeNV W 3HaMeHaTeJH TOJbKO TeX NMOAXOAALINX Apobefi Q—SK (19),
s
Yy KOTODHIX HHJEKC S uMeeT BHA Rn—1.

Teopema 308. Ecau x4 Yy, (%,>>0, y,>1)— pewenue Juogpan-
mosa ypasuenus (18), mo xg="Pu,_1, Yo=Qp._, e0e Prnot_ pop.

an_l
xo0auan Opods k (19).
HoxkasaTenbcTBO. B npeipaymeil Teopeme Mbl JOKa3aj,
YTO eCJM [apa LeJblX NONOMHTENbHBX YHCell Xy, Y, HPeACTaBjIgerT
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e Bs
e q,

noaxoxamas 1pobs K a=} D. Uncio o ecTb KOpPeHb KBaAPaTHOTO
yPaBHEHHS C LeJBIME KO9(dHIUEHTAME

x2—D =0, (20)

coboft pemenne ypasuenus (18), To x;==P, y,=Q,,

. —
ITosnHoe uacTHOE oaHl:aHl—}——jaHz—l—... pasyioKeHH st VD s

nen#ylo Apobb npeicTaBiseT coGofl KOpeHb HEKOTOPOrO KBajgpart-
HOTO ypaBHEHHsI

2
Agi1%i1+Boy®yy+Copy =0

¢ TeM e JQUCKPUMHHAHTOM, KaK y ypaBeeHus (20) (teopema 262),
U corjacHo (opmynaM 28-i raasei (cTp. 254) (npun=s+41, A=1,
B=0, C= —D) umeem:

As+1=P§_DQ28= I, a Bs+1:2(PsPs—1—DQst—1);

B, ., —UueTHOe HUC]O, KOTOpoe Ml oGo3HauuM uepes — 2/. Pewag
KBaJpaTHOE ypaBHeHHe AJA o ,, noayyaeM o, =[-+VD, 1. e.
pasJIoMeHHe O,y B UENHYI ADPOOL NOJKHO HMEThb TOT Ke NEepHOJ,

Kak B pasyoxenuu (19) uucna VD, U OTJHYAETCS OT HEro TOJbKO
HayaJbHbIM YJEHOM. DTO MOXKeT OBbITh TOJBKO NpH [=ga,, §--1=
=kn, 1. e. s=kn—1. Tenepsb ocraercs TOJIbKO BHISICHHTbH, KaKue
HMEHHO M3 uncen P, _, Qp,_, ABIAIOTCS PellicHUAMHU ypaBHeHus (18).

Teopema 309. Ilycmo D—yesoe nososcumenssHoe HeKsadpamsve

uucno, k—adauna nepuoda passoxcenus VD e yennyro 0po6s. Mot
noayuum ece pewerus ypasuenusa (18) 6 yeawx noaoxcumenrbanx
YUCAAX X U Y, eCAU NOAONCUM:

x:Pkn—ll yszn-l'

-20e n— awboe HAMYypasbHoe 4ucro, maxoe, 4mo kn wemwo.

HokasatenbcTBO. B npensinymeil TeopeMe Mbl yXe ycra-
HOBHJIM, YTO BCe LeJble NOJIOMKHTeNIbHbe pelleHHs ypaBHeHus (18)
HaxonsATcA cpeiu map suja P,,_y, Q,,_,. Ham ocraerca Toabko
BHISICHUTD, TNPH KaKuX n uHcaAa Xy=P,,_y, Yo=Q4,-1 YHAOBJIETBO-
paor ypasHenumo (18).

Ilonnoe yactHoe ay, B pasnoxenun (19) umcna VE UMeeT BHI:

O =JQa0+ ﬂa1+ e +'1Jak—1}+ RS

=0 +V D. 21)
Cornacso Qopmyse (8) 24-ii rnasbl

VB: Prp_ 19+ Prn_s
Qrn-1%n+ Qrnwz’
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TaK 4T0, HOACTaBjsAsA CIOfa 3Hauedus o, u3 dopmynae (21), nomxy-
YaeM:
Dan—1+(aOan-1+an—2) Vﬁf(aopkn—l +Pkn—2) +
+ P, VD. (22)
ITockoabKyY VD HpPalKOHa/bHO, M3 paBeHCTBa (22) ClenyeT:

Prn-1=Qpn-1+ Qpp-s»
Dan-lzaopkn~1+Pkn—2‘
YwMmHOXas NepBoe H3 3THX paBeHCTB Ha P,,_;, a BTOpoe Ha
Q,_; ¥ BBIUMTAsA, INOJyYaem:
2 2 k
Pkn—l""Dan-l = Pkn—len—z——le—Zan—l :('—‘ 1) i

CaenoBatenvHo, napa P,,_;, Q,_1 OYAT sBASTbCA pelieHHeM
ypaBHenus (18) Torza u TombKO TOrAa, Korga (— 1) =1, 1. e.
NpHY YeTHBIX 3HayeHMAX kn. HauMeHbINMH NOJOXHUTeJbHBIMH 3Ha-
UEHHSAMHA X,, Yo, YAOBJIETBOPsiOMMME ypapHenuio Pepma (18), sp-
JsoTCs:

Xo=P,_1, Yo=Q4_y, €CIN k ueTHO.
Xo=Pyy_1, Yo=Qap~y, €CAN k HeueTHO.

[Mpumepr. 1) Hafitn HanMenpmne ueJble NOJOXKUTEJbHBIE
3HAYEHHA X, Y, YIAOBJETBOpsIOuMe ypaBHeHuio x%—22y?=1.

Pasnaras /22 B nennyio npo6p, noayuaem:

Vﬁ=4+1fll Yoy Uy 4 Vo Vg +ﬂ8|+ .

3aech k= 6—ueTHOoe YHCJO0, N03TOMY X, = Py, Y, = Q; — UCKOMBbIE
HauMeHbILHE 3HaueHHss X W y. Buumcass, Haxoaum x,= 197,
Yo =142.

2) HajiTh BauMmeHblliye LeJbi€ NOJOXKUTENbHbE SHAYeHHSA X, Y,
VIOBJIETBOPSIOMYE ypaBHeHNo x*— 13y = 1.

Pasnaras /13 B nennyio npo6b, noayyaem:

1/1_?,‘=3+l’|1+1/1+1/1+ﬂ1 »[—ﬂ61+...

3nech k=5, HaumeHbiunee yerHoe kn pasHo 10, nostomy Hcko-
Mble 3HAYeHHs1 X,=P,, y,=Q,. Bruucass, HaxoauMm: x,=649,
Yo ==180.

CoBeplieHHO aHAIOTHYHO ypaBHeHuio (18) MOXHO pemuTh ypas-

HEHHUe
X2 —Dy?=—1. (23)

Teopembr 307 u 308 mepeHocsitcst Ha 2TOT cayuyad 0e3 BCAKHX
uaMeHeHu#, a B teopeme 309 BMeCTO YCJOBHSI YeTHOCTH kn Hajo
nocTaBuTh ycjoBue 24 kn. Takum o6pa3om, NPH YeTHLIX 3HAYEHHAX
k puodaHTOBO ypaBHeHMe (23) HE HMeeT pelleHHi.
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5. NPOBJIEMA ®EPMA

PacceMoTpuM HOAHTOBO ypaBHeHHe

x2+y2:z2> (24)
rie X, Yy U Z—HaTypaJbHble YHCAA.

HasecTHO, yTO YHCHa X, Yy, 2 MOXKHO PaccCMarTpuUBaTh KaK AJIMHb!
IBYX KaTeTOB H THIOTEHY3bl NPSIMOYTOJbHOTO TPEYrOJbHHKA.

TeomeTpuueckn 3afaua penleHus HeOnpeAesIeHHOTO ypaBHeHHus (24)
dopMyJHPYETCs KaK 3ajadya HaXOXKJAEHHS MPSIMOYTOJbHBIX TPeyroJb-
HHKOB, Y KOTODBIX AJHHbI BCEX CTOPOH — LieJible 4HcJa.

Dra 3ajaya paccMarpuBasiach MaTEMATHKAMH pPas3jIMYHBIX CTPaH
eme B riay6oKO¥ IpPeBHOCTH.

O6umyue meauTenan ABYX M3  BeJHUWH X, Yy, 2 B ypaBHenuu (24)
JOMKHbL OBITHL JAEJHTEJSIMH TpeTbell M3 HHX H MOTYT ObITb COKpa-
IeHH, MBI MOXeM 1103TOMY OrPAHHYMTHCS PACCMOTPEHHEM B3aHMHO
HPOCTHIX 3HAYEHHH HEeU3BECTHBIX.

Teopema 310. 1) Ecau X, y, z—nonapro 63auMHO nNpocmbie
qucaa, yodosaemeopaiowiue ypaeHeruro (24), mo us Osyx uuces x
W Y OOHO 4emHo, @ Opyzoe HeHemHo.

2) Bsaumno npocmeie uucia x, y, z (x>0, y>0, 2>0), u3
Komopeix x uemuo, ydosaemsopsaom ypasHeruro (24) moada u moasko
moeda, Koeda

x=2ab, y=0a%>—0b% z=0a?+b?, (25)

ede a >b>0, (a, b)=1 u u3 uuces a u b o0no 4emro, a Opyeoe
HE4emHo.

HNoxasarteancrso. 1) Ilpn (x, y)=1 uncna x u y He
MOTYT OLITH OJHOBpeMeHHO uerHbiMM. Ecan 6bl x u y Obuin ofa
HEYeTHHIMH, TO 2 Obl0 Obl UeTHBIM H Mbl HMejd Obl:

2= 5% byt = (2k, -+ 1) + (2%, + 1)2==2 (mod 4),
2=2k, 22==0(mod4), 2=0(mod 4),

TakuM 00pasoM, H3 JABYX 4HCe X H Y ORHO HeTHO, IApyroe He-
YeTHO, a CJENOBATeJBbHO, 2 HEYETHO.

2) JocrtatounocTb ycaobui. [lpu mobbix a u b uucna
x=2ab, y=a*—>b* u 2=0a%-+b? ynoBNeTBOPAIOT ypaBHeHUIO (24).
JleficTBHTEBHO,

(2ab)? 4- (a® — b%)3 = (a® -+ b?)2.

Ecan (a, by=1, (a?—0b2 a?+b?)=d, 710 d|2a%, d|2b? u
fIOCKOJIBKY @ M b pasauuHoit yetHocTH, To (d, 2)=1, d|a?, d|b?
d=1, 1. e (¥, y, 2)=1.

Npun a>b>0 yucaa x, y, z HaTypaNbHbE.

Heo6xoaumMocts ycaosui. [lyers x, y, 2, roe 2|x,—
NPOH3BOJIbHLIE B3aMMHO NPOCThIE HATYypaJslbHble YMCja, YLOBJETBO-
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paonie ypaBHeHHIO (24); Torja, Kak 3TO YCTAHOBJIEHO BblILE, Y H Z

HEYeTHB! H ,
(5)=(=9(=Y)
[Tycts (z—+— Z—'12>=d, torga diz u dly, 1. e. d=1. Ilpous-

2’ 2
2ty  2—y
BeACHHE ABYX B3auUMHO l'IpOCTbIX qgucean —2- H T npeicrasiser

cofolf KBajpaT UeJOro uHcia, a cjefoBaTeNbHO (Teopema 46),
Kakjoe M3 STUX YHUCeJ TaKkKe siBJsdeTcss NOJHBIM KBaApaToM, T. €.
Npy HEKOTOPHIX Uenbix a M b (a >0, b >0) umeem:

z—'5*'—g=c12, z——;y=bz, z=a%+h?, y=a®—0b% x%®=4a’?, x=2ab,

rge a >b>0. Kpome Toro, u3 (x, y, 2)=1 caenyer (a, b)=1.
[lpugaBast @ u b pasHble 3HauyeHus, YAOBJETBOPSIOLUIHE YCJIOBUAM
TeOpeMbl, Mbl MOMEM MOJNYUYHTb BCe PelleHHs ypaBHeHHs (24).

Hanpumep, npd a=2, b=1 noayuaem: x=4, y=3, 2=5;
npu a=3, b=2 nonyusaem: x=12, y=5, z=13 u 1. L

Muorue AuobaHTOBb ypaBHEHHs, B OTJIHYHe OT ypaBHeHus (24),
Booflie He MMEIT pelleHHH B ILeJbX MNOJOXKHTEJbHBIX YHCHIAX.
Hanpumep, ypaBHenue x%-y%-22=0, OYeBHIHO, HE HMEET TAKHX
pewieHdi, TaK Kak JeBas 4acTb ero NPH TNOJOXHTENbHBIX X, Y, Z
fosblie HYJS.

CymecTBYIOT AHOQAHTOBE YpDaBHEHHs, He HMeIOImHe PeieHui B
UeJEiX TIOJIOMHUTENbHBIX YHCJIAaX, XOTs JeBas YactTb ypPaBHeHUs NPH-
HUMAeT 3HaUeHHsi PasHbIX 3HaKoB. IIpuMepoM TaxKoro ypaBHEHHs
MOXKET CJYXHTb ypaBHeHue x*-y*—2z2=0.

Teopema 311. ¥ pasuenue

Bt yt=22 (26)
He paspeliumo 8 Yeabix NOAOHCUMENbHUIX YUCAAX.

JdokasartenbcTBo. [IpuMeHuM WHAYKUMIO 1[I0 2, MNpHAaBas
2 BCEBO3MOMKHBIE HATypalbHble 3HaueHHs. B HaleM A0KasaTelbCTBe
pce OykBbl GYyAYT 03HAYaThb TOJNBKO LeJble MOJIOMUTE/IbHbIE YHCHA,

IIpu z=1 HemocpejcTBEHHO BHAHO, YTO YypaBHcHHe (26) nHe
nuMeeT TaKuX peluesui.

[IpegnosioxuM, 4T0 ypasHeHue (26) He MMEET pelleHHil C Lesbi-
MM TIOJIOXKHTEJbHBIMA X M 4 NPH BCeX z< M, a TPH Z=r1 HMEET
TaKoe pelleHue X ==x,, Y=Yy, T. €.

(x0)2 4+ (yo)? =n2. (27

PaccmorpuM JABa cayudas:

1) (x4, Yo n)=1; TOrga cornacHo npejpinyuieii Teopeme auGO
2lx,, 1160 2|y,. Ecam 2x,, 10 (reopema 310) uMeem: yj=a®—b?,
(a, b)=1, y,—HeuerHoe ymcjo. Kpajparhl HEYETHBIX UHCEJl HMEIOT
pux 4k 41, a oTciona Jierko BUIETh, YTO PA3HOCTb KBAApaTOB ABYX
B3aMMHO NPOCTHIX YUCEN @ M b MOKeT PaBHATBHCA KBajpaTy Heuer-
HOTO Yo, TOJILKO KOrJa @ He4yeTHO, a b uerHo.
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Uz a?=y;--b% upn (a, b)=1 noayuaeM, uro a=u?-v?,
b=2uv, rae (u, v)=1. Janee, u3 (27) nonyunm Takxe x;=a (2b)
u (a, 2b)=1, Tax uto no Teopeme 46 umeem: a=s%, 26 =12 rne
§ M [ UeJble, a MOCKOJbKY b =2uv, 10 {®=4uv. Beugy TtOro uro

t\2
(¢, v)==1, paBeHcTBO <~2~> = Uy MOMKET HMeTb MecTo (Teopema 46

TOJLKO TpPH 4 =x;, v =y;. [logcTapiss B paBeHCTBO a = uZ- v2
HaliieHHble BBIPAXKEHHS JJs @, ¢ H U, moJiydaeM:

X hyi=s (28)

U3 Toxnectea (27) BHAHO, UTO Xp << 1 ,H, KPOME TOTO, MBI HMeJH
poiue s?=a u 2ajx), Tak uTO ssa<<xy<<n, T. e. PABEHCTED
(28) mpoTHBOPEUUT TOMY, UTO COTJIACHO MPEANOJOKEHHIO ypaBHEHUE
(26) He MMeeT pellcHHUH B LeJbIX NOJOKHATENbHbIX YHCAAX NP 2< 11,

Ecan 2Jy,, 10O, paccyxjas aHaJOrHYHO, NOJyYaeM TO Ke TIpo-
THBODeyHe.

4 4 2
2) (x4, Yoy, n)=d>1, TOrma (’%) —{—(%") =<‘%> , TIe uesoe
a’%< n, YTO TaKikKe [POTHBOPEUUT HaIIeMy NPEANOJOKEHHIO.

[Nonyuensoe B o0OMX cily4asX NPOTHBOPEUHE IOKasbIBaeT, YTO
H3 INPeANOoJOXKEeHHsI OTCYTCTBHSI pelleHUH ypaBHeHHs (26) c Hary-
PaNBHEIMH X, Yy U z2< # CJEAYeT OTCYTCTBHE TaKHX pelieHuil U
npu z2=n. Cornaceo teopeme IV ypapneHnue (26) He uMeeT Takux
PeIeHH NpH BCeX HATYPAJAbHBIX Z.

HeopnopoaHoe nuo¢aHTOBO YpABHEHHE C IBYMsI HEH3BECTHBIMH
¢ OJHOPOJNHON JIEBOH YacTbio cTenenu, OOJblied ueM JABa, OOBLIYHO
HMEeT TOJIbKO KOHEuHOe MHOXECTBO peiueHHi (reopema 274). Muo-
rve juodaHTOBbl YPABHEHHS C TPeMsl HEU3BeCTHBIMU TaKike HMEIOT
KOHEUHOe YHCJIO DPEILeHHH MM COBCEeM He MMEIOT pelleHHMH B HeJblX
YHcJIax.

Mbr He umeeM oOfLlero MetoJa (aArOpPHTMA), KOTOPHIH MO3BOJANI
66l st mo6oro JaHHOTO JUo(aHTOBAa YPABHEHHSI pellaTh BOIpOC,
HMEeT JIM OHO WJIH He MMeeT pelleHHsl B LleJIblX YHC/AaX; HEH3BecT-
HO Jaxe, CYIECTBYeT JH TaKoi ajnroputM. Mbl MOXKeM CTaBUTh
BOIPOC O CYHIECTBOBAHMM peLIEHUH B LeEJBIX HJAU LeJbIX MOJIO0XH-
TeJbHbIX YHCJIAX IJIst OTAENbHBIX YPaBHEHHN MJH JJISI HEKOTOPBIX
KJaccoB IHOQAHTOBHIX ypaBHeHHH onpejenieryoro Buja. HauGosee
H3BecTHasi M3 TakHX 3ajau npobieMa, posHuKIas eme y Pepma.

B onsoft u3 kuur Huodanra paccmaTpuBaercsi 3ajava o pasbue-
HYUH 3aJ]laHHOrO KBajpaTa Ha CyMMY IBYX KBajgpaToB, npuyem [uo-
(haHT MMeeT B BHJAY KBaApaThl MOJIOKHUTEJLHEIX PaLHOHAJNbHHIX UH-
cen. Ha mossix coero sxsemnasipa couuHenu#t luodanra, Tam, rae
petuaerca 3ta 3agaya, [1. Pepma sanucan: ,BMecte ¢ TeM HeBO3-
MOMKHO pasjoXHTh Xy0 Ha ABa Kyba wjd OuxsajgpaT Ha nABa O#-
KBajpaTa u BooCile HEBO3MOKHO Pa3/IOKHTb KaKylo-JHOO CTeneHs,
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Goabmylo uYeM JBa, Ha JBe CTeNeHH C TaKHM JKe IOKa3aTesieM.
91 HameJ MOMCTHHE YIMBHTEJbHOE JA0Ka3aTeJhkCTBO 3TOTO, HO NIOJS
KHATH CJUIIKOM Y3KH, 4To0b BMecTHTh ero“. Pepma Tak H He
0o6HapojOBa) CBOE J0Ka3aTeJAbCTBO, M HaM HEU3BECTHO, HMEJ JIH
OH TMOJHOE J[OKasarteJbCTBO 3TOr0 YTBePKAEHUs B TOM CMBiCIe,
KaK MBI €ro TOHHMaeM, T. €. JUIi MHOXKecTBa BCeX HAaTypaJibHBIX
ypcea. Hecmotpsi Ha 71O uTo ¢ Tex nop npowno Oomee 300 ner,
yreepxkaeHne QPepMa, uacTO HasbBaeMoe MNoOc/ejHed TeopeMoi
depMa, He J0Ka3aHo, XOTA M He onpoBepruyTo. Kcrumroe nono-
JKeHHe 3JeCh TaKOBO, 4YTO 1Js1 Hac Oojlee YMECTHO TOBOPUTh He O
Teopeme, a o mnpobieme Pepma.

Tpo6aema Pepma. BepHo .u, uyro Aasi ji060ro neaoro
n =3 ypaBHenue

xn _14 yn:zn (29)
He HMeeT pellleHMil B LEJHX NOJOXKATENbHHX uucJax?

Ecau pas xagoro-aum6o n AOKasaHo, uTo ypaBHenue (29) ne
MMeeT peiieHHil B LeJbIX IOJIOXKHTEedbHBIX UHCJIAX, TO TOBOPHAT, YTO
yTBepKeHHe PepMa BepHO 1Js ITOTO 1.

CrnipaBequBOCTb yTBEpKAeHHss DepMma npu 7 =4 NpPeACTABASET
cofoli HenocpeicTBeHHOe cjeicTBHe Teopembl 311, Tak xak pnsi
TaKOro n ypapHeHue (29) MOXHO 3anucaTb B BHJE

Xyt =(2%)%

Jlerko BMJETb, uTO ecjau yTeepxaenne Pepma BEPHO NPHU HEKO-
TOPOM n,, TO OHO BEPHO W JJA BCEX UHCEJ], KPATHBIX n,. ITO
BLITEKAET M3 TOTO, YTO YyPaBHEHHE x"ok - pyk —znk MOoXHO 3anu-
catb B Buge (xF)% -} (yF)re = (2F)ne.

Jlnst OYeHb MHOTMX uacTHHIX 3Hauenuii n yrBepxjenne Pepma
0Ka3aJ0Ch BepHbLIM. BMecTe ¢ TeM OTpPOMHOE UHCJO Ge3yCleiHbX
NOTMHITOK PeMIMTb 3JeMEHTapHBIMH MeTOlaMu InipoGaemy PepMa B
ofuieM BHAE MpPUBEJO MaTEeMaTHKOB K MbICAH, 4YTO €e pellleHHe He
JEXAT B paMKaX 3JieMeHTapHOil apnpMeTHKH W anreOpbi.

Hcmopuueckue xommenmapun K 32-it 2aase

1. Benukuii apesnerpeveckuii MateMaTuk JinopaHnt xua v pao-
taq B AJexcaHipuu. Bpemst ero XH3HH B TOYHOCTH HEHM3BECTHO;
GOMBIIMHCTBO HCTOPUKOB OTHOCHT ero kX III mmm IV Bexky Hawed
spel. TO HEMHOTOe, UTO Mbl 3HAEM O €ro YKH3HM, M3BECTHO TOJNBKO
Gnarojapa OXHOH apudMervueckoil 3ajaue, COCTABJIEHHOW B IOSTH-
yeckoil (popme Bckope nocie [duodpanta. B orBere, KOTOPBIT MOJY-
yaercsi MpH pelleHHM 3TOH 3afaul, COAEPIKMTCH, B UACTHOCTH, TO,
yro JIuodanT ymep 84 JeT or poay.

Juotdanr nanucaa ,ApudMeTHKY“, cocTosmylo u3 13 Kuur,
,Jopusmp*, Tlomuronanbubie uucaa®“. Dénbmas 4acth ero couu-
HeHufi He coxpanmjack. Yz 13 xuur ero  Apudmeruku” 10 Hac
JOWLIo TOJbKO 7 KHUr. Doabpmias 4acTh M3BeCTHBIX HaM KHHUT
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LA pHOMETHKU" TOCBALIEHA PEIeHUI0 CHCTEM HeolpeJesieHHbIX ypaB-
HeHn# 2-i cTeneHH. Pemias BecbMa pa3HOOGPA3HEIE CHCTEMB HEON-
pelesieHHbIX ypaBHeHufl, JluodaHt nposaBus 6GoJbLIOE MACTEpPCTBO H
n3obperaTeibHOCTD. JluodaHT paccmarpuBaeT pallHOHAJbHBIE, HO,
KOHEYHO, Kak BO BceHl JpeBHerpegeckKod MaTeMaTHKe, TOJMBLKO MOJIO-
JKUTeJIbHBIe 3HAUeHH sl HEU3BeCTHHIX. B omsnuyne ot Epkiauaa u 6ob-
UIMHCTBA JPYTHX JpeBHerpeueckHX MarteMatukos J[JluodaHT He:
u3jaraeT CTPOTO JIOTMYeCKHX JOKasaresbeTB, OOOCHOBBIBAIOMHX
npuMeHsieMple UM rnpueMbl. OCHOBHaS ero leib — JaTh METOJ HAXOX -
nenust pewenus. OH He craBHUT cefe 3afady HAXOMAEHHS BCex
pelleHUll HeONpeaeJeHHOTO ypaBHEHHS Jaxe TOrja, Korjga ux Gec-
YHCJIEHHO® MHOXKECTBO, H  BIIOJIHE VYAOBJIETBOPSAETCH OTHICKAHHEM
opHoro pemienust. Counnenus [uodaHTta oKasanum pemiaromee BJs-
HYe Ha BeChb MOCJELYIOWHUI Nepuoj pa3BHTHS TEOPHH YHCE.

2. Qepma 3HAN [OKa3aTeNbCTBO TOTO, YTO KaXAoe mpocTroe
upca0 BHEA p=4n--1 npexcTaBUMO B BHIE CYMMBI JBYX KBaj-
paToB, HO COXPAHHUJHCh TOJbKO HEKOTODble YKa3aHHUS O METoIe
€ro JI0KasaTtesbCTBa (Tak Has3blBaeMbH ,MeToN cmycka“).

Oftmep B 1749 r. ony6nuKoBan HepBOe M3 U3BECTHBHIX HaM
JoKasaTenabcTB Teopembl 299. OH JoKasaj TakiKe, UTO, €CJH YHCJO
Bufa 4n-+ 1 cocraBHOe, UHO HJIH BoOOIle He NPEICTABUMO B BHEE
CYMMBI JBYX KBajApaioB; MJIH uMeeT OOJblle, YeM OXHO TaKoe
npencrapienne. Taxum o06pasoM, eIMHCTBEHHOCTh NpejCTaBlEHHS
yucaa BuAa 4n-+1 B BHIe CyMMBl ABYX KBaZpaToB— HeoGXOHMOe
H JOCTATOYHOE YCJIOBHE TOrO, YTOObl 3TO YHCNO GBIJIO NPOCTHIM.

Ycaopus cymecTBoBaHHS peiieHHl ypaBHeHus (1) (Teopema 298)
Obliu 0e3 [OKa3aTeJbCTBA H3BECTHHI ellie TOJJIaHACKOMY MaTeMaTHKY
JKupapy (1595 —1632). [lokasaTeabCcTBO TeopeMsi, JaHHOE Diaepom,
OCHOBBIBAJIOCh Ha TeopeMe 299 u ToKaecte

(o] + ag) (b1 4 b2) = (a;b, + a,b,)® + (a,b,—a,b,)*.

3. Teopema © TOM, uTO npoCThle uHcjga Buja p=:8a+41 u
p==8n+3 npeacraBumbl B Bume x%--2y?, Onsa BbickasaHa Pepma
B 1654 r. u nokasana Ditnepom B 1763 r. Dfinep nokasan TaKike,
YTO NpPOCTble 4ucJa BHAA p=6n--1 npeictaBuMbl B Buie xZ- 3y2.
Teopust KBanpaTHYHBLIX GOPM JJs JIOKA3aTENbCTBA TEOPEM Takoro
thna Owinia npHMeHena Buepsble Jlarpawxem B 1773 1.

4, Ecau Bce ¢opMH ¢ JAUCKPUMHMHAHTOM A TNpPUMUTHMBHEL, TO
IOHCKPHMUHAHT A HasbipaeTcs (yHZaMeHTaJjbHbM. HauGoapmuil mo
abcoMoTHON BeJHYMHE 13 H3BECTHHIX (yHIaMeHTaJbHbLIX OTpuUla-
TEJBHBIX JUCKPUMHMHAHTOB A, LI KOTOPOTO CYIIECTBYET TOJbKO
oauH xJjacc,—310 A= —163 (h(—163)=1). IloxasaHno, yTo upH
— 500000 000 << A << — 163 gas Bcex (DyHAAMEHTAJbHBIX JHUCKPUMH-
HaHTOB A BenuuuHa h(A)>1, a cpean QyHAaMeHTaJbHBIX JUCKPH-
MuHanTOoB A <<—500000000 cymecrByeT camoe GoJbliee OAHH
JHCKPHUMHHAHT, Takol, uto h (A)=1 (Xenno6ponn, JIundyr, Jlemep).
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5. Teopema 303 Obiia BbickasaHa Dawe e MesupbakoMm B
1621 r., KOTOpPBLIA MPOBEPHJ ee CIIpaBeAJHBOCTb JJisi MHOTMX HATy-
panbHBIX UYHCEN; 3Ty TEOPEMY YacTo HasbiBaloT Teopemoll baie.
depMa Ha MOJISIX CBOETO 3K3eMIIApa couuHennid Jlnopanra Hamucal,
4T0 MeTOJOM CHycKa TNOJY4YHJ JOKasaTeJbCcTBO TeopeMbl Daure.
TlepBoe H3BECTHOE [0Ka3aTeJbCTO TeOPeMbl MNpPHHaJJNEXHUT JlarpaH-
XKy, ¥ [O3TOMY Mbl HasblBaeM ee TeopeMoii Jlarpamxa.

6. Aurauiickuii MareMaTux Bapuur (1734—1798) nspecten
GoJibllle BCEro MO CBOMM paboTaM B TEOPHH CHMMETPHYECKHX MHO-
rowjeHos. B Teopun uucesa ero HMs CB3aHO TOJNLKO C IOCTABJEH-
HOH HUM mpoGsieMOH O MpeACTABJEHHH YHCEN B BHAE CYMMBI CTele-
Heii (Teopema 304). Dra npobJaema, NOJYYUBHIAS €FO HM#A, NOCTAB-
jgeHa uM B ero counvenud ,Meditationes algebraicae“. Tlocae
Tunsbepta psili MaTeMaTHKOB JaJH pa3juulble, GoJee npocThie,
uyem y T'uabbepra, foxkasaTedbcTBa TeopeMbl Bapunra. CpaBHuTeNbHO
3JieMEHTapHOE JIOKA3aTe/bCTBO TeopeMbl Oblo  pano  JIMHHHKOM.

7. Teopema 306 — pesyJbTaT paboT psja MaTeMaTHKOB, HauMHAS
¢ Jlarpan®a, pacCMOTpeBlIero caydail n==2. UacTHBIMH CIydasiMH
Teopembt 306 sipasiercs TO, uTo g(3)=9, g(6)=73, g(7)=143,
g(8)=279. Cayuait n=3 6b1 paccMoTpen Budepuxom B 1909 r.,
a cayyait n=6—unguiickuM marematukoM Ilunnmau B 1940 r. Ipn
n=7 pesynnpratr Teopembl 306 Onli moayued B paborax Jlmkcona,
Hupena u PabGerenges. Teopema 306" npunamiexut JIuKcoHy.
CymecrpoBanue g(4) 6b10 HoKa3aHo Buepsble JluysuaaeM B 1859 r.
Touunie snaueHus g(4) u g(5) mo cux nop HeusBecTHbi. Yucao 79
HeJb3sl npelacTaBUTh B Bufe 18 Guxpajparos, Tak uto g(4)=19.
C zpyroit cropoHw, 6blIO HOKasaHo, 4T0 g(4)=<35, 1. e. 19
< g(4)< 35 ([lukcon). OtHocurenbHo g (5) u3BectHo, uro 37 <<
< g(5) =< 40 (Yenn LI3biHb-XKYHD).

Hepaserncteo (17) Obito npoBepeHo AN OYeHb MHOTHX n, W
noka He GbuIo HafiIeHO HM OJHOTO HAaTypasbHOTO #, s KOTOPOro
OHO Obl10 Obl HEBEPHBIM.

B 1957 r. Masep Jfoxasaj CyUleCTBOBaHMe n,, TAKOTO, YTO (op-
MyJa

gm=2"+ | 5|2

BepHA IIPH BCEX A =7,

C Apyrofi CTOPOHBI, 3JIeKTPOHHO-BEUHCAUTE/bHbIE MaIUMHL JaJH
BoaMoxkHOCTh Cremiepy B 1964 r. ycTaHOBHTBH ChipaBesIHBOCTDb 3TOM
dopmyabl aasi Beex n<g 200 000.

8. Ilpn Bcex n==2 cnpaselnuBo HepaBeHCTBO G(n)=>n-1, Tax
yT0 ouenka G(n)=0(nln n) He MOXeT ObITh CJAHLIKOM CHJIBHO YAYd-
wena. M. M. Bunorpazos nokasai, uto G(n) << n(31nn--11), a Hyn
I'yan-uan, noib3ysicb MeTofom Bumorpajgosa, moayuua B 1957 r.
01;62112(?: G(n) <n@Blnn+9) npu n=2% u G(n) < n(3lnn+7) upu
n .
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CymecrtByer npejnosioxenue, uto G(n)<2n--1 npum n=%2* u
G(n)=4n npu n=2% k> 1.

CnpaBeniuBOCTb 3TOl THIOTE3Bl 1O CHX NOpP He YCTaHOB-
JieHa.

9. ¥Ypaspenue (18) uvacro nasuiBaloT ypasuenueM Ileans, Tax
Kak MMEHHO IIOJ TaKHM HasBaHHeM OHO QHUTYpUpPYET B Tpylax
Ditnepa. [lennp He 3aHMMaJNCs 3TUM ypaBHEHHeM, U Ha3BaHue OLLIO
Jano JiinepoM no ouinbke, Pepma, NHo-BHEMMOMY, TEpBHII MaTeMa-
THUK, 3HaBIIMA oOmu#A MeroJ pemleHHs ypaBHenus (18), u moatomy
5T0 ypaBHeHHE MHOIHe MaTeMaTHKM Ha3blBaloT ypaBHeHHMeM ®Depma.
QepMa 3HaNK [OKA3aTeNbCTBO TOr'O, YTO 3TO ypaBHEHHE NpPH MOGOM
LeJIOM TOJIOKHTeJIbHOM D, OTIHYHOM OT IOJHOIO KBaJparta, HMeeT
GeCKOHEUHOe MHOMECTBO peILeHHil, HO CBOe J0Ka3aTeJbCTBO He
ony6ankopaa. PepMa 1 peAsOXKHI AHTIHHACKHM MaTeMaTHKaM Bpoys-
Kepy (1620—1684) u Baanucy B xauecTBe 3ajauyl [0KaszaTb YXKe
H3BECTHBI eMy (akT CYINeCTBOBaHHs OeCKOHEUHOTO MHOXKeCTBa
LIeJIOUHCJIeHHBIX pelleHUH ypaBHeHns (18). Bpoyukep naJa merop Ha-
XOXJeHUs pellleHHH ypaBHenus @epma, HO BOIPOC O YHCJE pelle-
HHH 3TOro ypaBHEHMS OCTajiCsi y Hero HeBhIfiCHeHHBIM. KccaepoBa-
Hus Bpoynkepa 6blnu npuBeliens B Tpydax Baanuca, a sateM BouLIH
BO BTOpOH ToM aare6pnl Diiljepa. Bmecte ¢ Tem HM DBpoyHKkep, HH
Jpyrue aHTJMHCKHE MaTeMaTHKH U jaxe DfiJep He J0OKasaju, 4TO
ypabsienye ®epMa NpH JIOOOM 1eJIOM HOJOMHUTENBHOM [, OTIHYHOM
OT NOJIHOTO KBajpara, HMeeT pelleHUsi B LeJHX 4Hucaax; 570 OblIo
caenaHo TonapKo Jlarpanxew.

MoxHO OTMeTHTb, UTO OTAesbHBIE ypaBHeHHst Bupa (18) Bcrpe-
yaJuce 3ajoiro jpo pabor ®epma, Bpoynkepa n Jlarpamxka. Tax,
HalpUMep, TakHe YPaBHEHHS PAacCMATPHUBAJHCh UHAYCCKMM MaTeMma-
THKOM VII Beka Bpamerynra, KOTOpBHIH yMes pellaTh WX, 4 ypaBHe-
Hue x*—2y?=1 BcTpeuaeTcs emle paHblle Yy IpeuecKHX W HHAYC-
CKHX MaTeMaTHKOB HPHMEPHO 3a 4YeThipe CTOMEeTHs A0 Haluell spEl.

10. OtzenpHEIE HeNOMHCNIEHHBE PellleHHa ypaBHeHUs (24) Gnan
M3BeCTHB B ray6okoii apesHoctd. Ofmue pemlenust ypasHeHnns (24)
6blaK Aanbl B Tpyfax EBknuna u duodanta. @opmydasl (25), aaroiude
LeJIOYHCJIEHHbIE pellleHus] YpaBHeHHs (24), paccMaTpUBaJUCh TaKKe
JPEeBHUMH HHJIYCCKHMH MaTeMaTHKAaMH.

JlokasaTenncTBo TeopeMnl 311 6bLt0 gano Pepma, a 3aTeM Diye-
pom. PepMa B OJJHOM H3 CBOHMX NMceM jan B oOWHX depTax JoKa-
3aTEJbCEBO TeopeMbl, a ero apyr ®penuxas jge becen mo st
YKasaHHSIM BOCCTaHOBMJ u onydJauxoan ero B 1676 r. Ilo Bonpocy
o ToM, uMeJs Ju Pepma HoJHOe pelleHHe NpodsieMbl, IOJAYUHBLIEH
€ro MMsi, MOXHO TOJILKO CTPOMTb JOTaJKH, H HMEIOTCS Cepbe3Hble
OCHOBAHHS COMHEBATbCSl B 9TOM.

[lepBoe ony6aukoBaHHOe RKOKa3aTeNbCTBO yTBepkaeHHs: Pepma
npu n=3 6nyio jaHo B 1774 r. DfimepoM. Becbma BeposTHO, uTO
He3aBHCUMO OT ofuero cayyass oHo Opwio uspectHo Pepma. Jloka-
3aTe/IbCTBO Dfijiepa OblJIO He COBCEM MNOJHLIM: HeJOCTaloliee 3BEHO
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6BII0 BOCIOJIHEHO TNocje onyGauKoBaHHus JlarpaHmeM CBOMX HCCJe-
JOBaHUH TO Teopuu GHHAPHBIX KBaAPATHYHBIX (OPM.

Mpu n=>5 noxasartenbctBo yTBepKaeHus Pepma ObUIO JaHO
JlexaugpoM u upuxie B 1823-—1827 rr., a npu n=7—JlamMs
B 1837 r. O6mu# moxxox K npobseme Pepma Gbl1 Hameuen B palo-
Tax HEMEUKOTro Marematnka Kywmmepa, KOTODBI NPHMEHHJ CO3JaH-
HYIO MM JJSl 3TOTO TeOpHi0 ajireGpamueckux uuces. Ilepsonauann-
HbIA pe3y./ibTaT, noJydenubli KymMmepoM, cBs3an ¢ apupMeTHUecKol
npupogoit uucesa bepnysa.

Upcsiamy Bepy.iu (110 MMeHH IIBefilapckoro MaTeMaTika SIkosa

Bepuynnu) Haswbisatorcst uucaa By, B, ..., ONpee/eHHbE COOTHO-
HWEHH IMH
. — -1 —
C§n+1 Bl‘—C;nH B,y + an+1 By— .+ 1 C;zﬂ B,=
1
=M (30)
I[Ipunasas B gopmy.e (30) n mocaefoBatebHO 3Havenns 1, 2,3, ...,

MOMKHO BbIUMCJISITD 3HAUEHHUS Bii

1 1 1 1 5
B,=%, Bi=g5, By=g5, Ba=75, Bi=g5. -

Kymmep goxasaj, 4TO eC/H NP HEKOTOPOM IPOCTOM p YHCIHTEJH
y By, By, ..., Bp—3 He JeATCS HA p, TO NPH A ==p ypaBHeHHe (29)

2
He WMeeT pelleHYUH B LEJbIX MOJOXKHTENBHbIX YHCJAAX. B nanbHei-
meM KyMmMep W ApyrHe MaTeMaTHKH SHAUUTEJIbHO YCHJIHAM 3ITOT
pe3y/bTaT, ¥ B HACTOfee BPeMs TaKHM [yTeM yJlamnoch, B 4acT-
HOCTH, J0Ka3aTb CIPaBeRJHBOCTH yTBepxIeHuss Depma jsd BCeX n
B npelenax or 3 po 4002,

FTABA 33
YUCJOBLIE ®YHKLHHU

1. YUCJI0 U CYMMA JEJUTENEN

B Teopuy dHces PACCMATPHBAWTCS pasHoobpasubie pynxuuy f(n),
3HAYCHHSA KOTOPHIX IPH HATYpPasibHBIX 3HAYCHHSIX N CBA3AHBI C apHD-
MeTHYeCKOH TNpPUPOAOK 1. MHOMKECTEO paccMaTpHBaeMblX (QYHKUAH
yio6Hee He OrpaHHYHBATH 3apaHee KaKMMH-JM0O TpeGOBaHHsIMH,
KpOMe eIMHCTBEHHOro TpeGOBaHMS: Kakiasd (QYHKUHS AOMKHA ObITH
onpefeseHa AJAs BCeX HATYPaJbHBIX 3HAUEHWH apryMeHTa.

Onpenenenne 88. Dynkyus [(X) wasvieaencs 4uciceotl, ecau OHaA
onpedesena NP 6ex KAMYPOAAbHLIX BHAYEHUAX OQp2YMeHma X.

Cor;1acHO 5TOMY ONpefesieHHI0 3HayuTesqbHAsl 4acTh (QYHKUMH,
paccMaTpHBaeMbix OCBIYHO B MaTeMaTHYeCKOM aHaJsuse, TakKHX, Kak,
Hanpumep, e*, sinx, arctgx, log, x,— unciosee pynkuuu. OObUHO
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B TEOPHH YHCeJ PAcCMATPHBAIOT YHCJOBble (QYHKIMU, KOTOpBIE JHOO
BOOOIIE ONPeIeIeHbl TOJIbKO NPH HATyPaJbHBIX 3HAUCHHAX apTyMeHTa,
au60 QYHKUHH, IS KOTOPHIX HATypaJbHble 3HAUEHHUs apryMeHTra
ABJIAIOTCA XaPaKTePHBIMH TOYKaMH, OLPee/IsSIO MY BeJIHYHEY QYHK-
UHH B B JPYrHX TOYKaX. B KayecTBe npuMepa TaKHX YHCJIOBBHIX
(YyHKIME MOTYT CJAYXHTb DACCMOTDEHHHIE HaMH paHbile: GYHKUHS
Ditnepa ¢ (n) (onpegenesne 35), bymkuua [x] (onpegesnenue 16).
Oyukius Dilnepa poolOle OnpejesieHa TONBKO INPH HATYpPadbHBIX
3HayeHHAX apryMeHTa, a y QyHKUMH [x] BCce sHaueHHH Omnpelensi-
10TCSL ee 3HAYEeHHSIMH MPH UEJBX X.

PaccMotpuM cHauasa uucioBble QyHKuuu T(n) # o (n), sasHcd-
e OT JesuTesell apryMenrta. t(n) ompeleisercs Kax YHCJO MOJO-
JKHTEJbHBIX JeJUTeseli HaTypaJbHOTO f, a ¢ (n) onpelefsiercsi Kak
cyMMa MOJIOXHUTeJIbHBIX JHeluTesell n, T. e.

T(n)=31, o (n)=3d. H
din din
Mpumepw. v(1)=1, t(18) =6, Tak Kak y umcna 18 mecrs
NoJO¥KHUTebHBIX Jeauteneii: 1, 2, 3, 6, 9 u 18.
Ecanu p npocroe, 10 T(p)=2.

o (18)=1-+2+3%6--9418=39; o(p)=1-+p.

Teopema 312. Ecau p%s-p%. ... .p%s —KaHOHUYECKOE pQ3NOICE-
HUe HAMYPAALHO20 HUCAQ, MO

T(phe-plee oL -pl) = (0 1) (@g4-1) ... (a5 1). (2)

JoxasaTesqbCTBO. JI1000# MOMOKUTENbHBIA JeJUTENb YHCIA
n=ph.p%. ... -p% (reopema 20) umeer Bup pPipB: ... pbs, rpe
0B, <<y, O0<P<<y, ..., 0P, <<, H, TAKUM 00PA30M, UUCIO
10JIOKUTENbHBIX AeJHTeNel 71 paBHO yucay KOMILIeKcoB((By, B, . - ., B),
rze P, npuHuMaer o;--1! srauenu#i or 0 go o, P, upUHUMAET
@, 1 sHauenuii or 0 70 o, ..., B, nmpuHuMMaeT a -1 3HaveHHH
or 0 no a,. Coraacno teopeMe VI 4HCIO TAKMX KOMILJICEKCOB PaBHO

(o + D (e +1) ... (a,-+1), 1. e
(B p% .. p%) = (1) (g 1) v (ot 1),
[MIpumepn. T(1000000)=v(2¢.5%)=7.7=49, 7(48510)=

=1(2.32.5.72.11)=2.3.2.3.2=72.

Teopema 313. Ecau p%hpl ... p¥s-— KAHOHU1ECKOE pA3AOICHUE
HAMYpPAAbHO20 HUCAQ, MO
0.‘+1__l pa2+1_1 p(slg-l'l_l

Py 2
o (P3P «.. PY) = n—1 " pp—1 'ttt T =1 ¢ @)
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JokazareabcTBO.
o(pclhpgs “‘pgs)z z d= 2 p?tpgz _Hpsﬂa::

1p% p%2 s 0<Bi<a,
dipyt py* . Py

0<Ps<a;
=1 4p+pit...+p8)A+py+pit...+0%)...
coi(Ibptp2+ .o p2o). 4)

JeficTBuTEIDHO, TMEpeMHOKAsA 4YHCJa, CTOSLIKE B CKOOKax, B mpa-
BOH 4acTH, Mbl HOJYYHM caaraembie Bufa pbpb: " .. pbs, rne B, npu-
HuMaer sHauenus oT 0 10 @, f,—o1 0 10 @y, ..., By—ot 0 10 oy,
NpUYeM KaxJoe Takoe cCjaraeMoe cyMMbi B JIeBOH udactu (4) nosy-
YHTCS OJMH M TOJBKO onuH pas. Utobul noayuuts dopMmyny (3),
OCTAETCS TOJIbKO KA bl MHOYKHTEJb 1PABOH YacTH 3aMucaTh B BUJE!

p(l.jl.;-!-] —1
Vpidpi o =
ITpumep. 6(19800)=¢ (2%-32.5%.11) ==
20—1 3B—1 5—1 112—1

=51 3=1 5=i =1~ /2540,

Teopema 314. Dyuxyuu t(n) u o (n)— Myremuniukamusrote
pyHKyuL.

HdoxasateabcTBo. Ecm a=p% ... p% u b=gb . 4B —
KaHOHHMUECKHe Pas3J/iOMEHHsl B3aHMHO NPOCTLIX YHCesl @ u b (Bce p;
W g¢;—npocTeie uHCaa), TO p% ... p%gh ... gb—xanonnueckoe

paanoxenue abu r{ab)y=(a,+1)... (¢,+ DB+ ... ;41 =
=1{a) 1 (b),

Gitl pgs‘*‘l_l qffﬁr'-.._] q?‘""l———l

Py
o (ab) = .
(@b) ==5— PR - P

=o(a)o(b).

CymMMa cOGCTBEHHBIX TIOJOMUTENBHLIX JeJIMTesled HaTypaJbHOIo
yhcaa n ObiBaeT MeHbUIE, YeM n (,Hel0CTaTOuHble yucaa“), a Obl-
BaeT U Oosbiue, yeM 71 (,u30biTouHble YHCJIA").

Muorna, npasia oueHb pejKo, BCTPEHAIOTCA YHC/IAA, Y KOTODPBIX
CyMMa COOCTBEHHBIX INOJIOXKHTENbHBIX JeJuTeNleli B TOYHOCTH paBHa
caMOMy 3TOMY u4ucjay. Takue yuciaa NOJy4YHMJIM Has3BaHUE |, COBep-
IIeHHBIX 4YHcex“. BMecTe ¢ CaMHM YHCIOM 7 CyMMa NOJOXHTeNb-
HBIX JeniuTesell Takoro 4YHCJIa n paBHa 2#, TaK YTO Mbl MOXeM
JaTh CJejyiollee OlpeleseHHue.

Onpenenenue 89. Yucao n Hasvieaemcs coBepulenHbiM, ecau
o (n)=2n. :

CoBepieHHbIE YHCAa paccMaTPHBAJHCh elle MaTteMaTuKaMu [luda-
ropefickoft wkoant B VI Bexe no name#t apel. EBKaupx Hamen ¢op-
MyJy, NO3BOJSIOMYI0 HaXOAWTh YeTHbIE COBEPIUEHHBblE YHCJA. Jilnep
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Jokasaj, uro (opmyna EBKaupga ncuepneiBaeT Bce MHOMXKECTBO YeT-
HLIX COBEepIIEHHBIX yHced. Mbl MOXeM OCBEAHHHTb pE3YJbTaThl
EBkanna u Diiyiepa B BHIE CJEAYIOUIEH TEOPEMBL.

Teopema 315. Yemnoe uucao n ssasemcs cosepiueHnuim mozde u
moasko moeda, Koeda OHO umeem 6uQ:

_ n=2F-1(2%k_1), (5)

rae k=2, a P=2*%—1—npocmoe uucao.

JloxasaTeabcTBO.

1) JocraTounocTbh ycnaosus. Ecamu P=2f—1—npo-
cToe 4yHcsI0, To 2%~1 P —KaHOHHUeCKOe pas/OKeHHe 7, U COMJIACHO
dopmyse (3) nMeem:

o (1) = 2L (P4 1)= (@t —1)2"=2n,

T. €. 1 —COBepIIeHHOe YHCJIO.
2) Heo6xogumocTb ycaosus. IlycTs n—ueTHoe coBep-
mennoe umcao. IlpexcrasuM n B Buse n=2%"1b, rje b— HeueTHOE
uncyo, k=2, Ilockoabky O (X)—MyJAbTHIJIMKATUBHASA (QYHKLUA U
(2%-1,6)=1, 10
6 (n)=0 (2 Yo (b)=(2*—1)0 (b).

ITo ycaosuio ¢ (n) =2n=2%h, Tax uro
(2% —1) 6 (b) = 2%b. (6)

WUs papedctBa (6) BugHo, uto 2fF—1)2%, wu rax xax
2 =1, 29 =1, 10 2"—1|b, b=(2*—1)c, rae c—coBcTBeHnbI
penutens b. IloxcraBaas B (6) BMecro b Benmunny (28—1)c u
cokpamasi Ha 2¥—1, mosyyaem:

o(b)=2Fc=(2*~1)ctc=b+c. (7)

Briue 60 orMeueHo, yto clb u c<<b. Ecam 6w ¢ He pas-
Hsinock 1, TO y b 6piio 6bl 10 KpaiiHel Mepe TpH MOJIOX UTeJIbHbIX
neautens: b, ¢ u'l; o(b)=b-+c-+1, 4TO NPOTHBOPEUHT pAaBEH-
crBy (7). Takum obpasoM, c=1 u b=2%—1 umeer coraacuo (7)
TOJBKO JBa TNOJOXKHUTEeJbHHX genurtenas: b u 1, 1. e. b—npocroe
ypcJo. Torna

n=2%1p=2F1(2k_1),

rae 2f—1= P—npocroe HuCJIO.

[lpocthie uncsa Buga P=2F—1 wMp HasBanu NpPOCTHIMH YHC-
naMu Mepcenna. Buijo nokasano (ctp. 35), uto umeao suma 2% —1
MOXKeT OLITb NPOCTHIM, TOJBKO KOLJa caMO K-—IpOCTOe YHCHO.
Takum o6pasoMm, ueTHHE COBEPIIEHHBIE 4YUCJA 1 UMEIOT BHA:
n==2"1(27—1), rge P=2P—1—npocroe uucJo.

Kaxnoe npocroe uucio MepcenHa P =27—1 jaer HaMm HeKo-
TOpPOE COBepIeHHOEe YHCJIO, H, BBIUHCJASA NO0C/eJ0BaTe/bHbIE YHC/a
Mepcenna, Mbl noJyyaeM Bce UYeTHLIE COBEpUIEHHBIE 4HCJA.
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YkasaHuele Ha crpanuue 35 sHavenus p=2, 3, 5, 7, 13, ...,
npu Kotopelx 2F—1—mpocrele unciaa Mepcenna, mo Qopmyae (5)
(k= p), zatot coBepiueHHtIe YHucaa: 6, 28, 496, 8128, 33 550 336, ... .

Camoe OoJbliOe H3BECTHOE [0 CHX NOD YeTHOE COBEpIIEHHOE
yycJio 211212 (211213 — 1) cooTBETCTBYET CAMOMY GOJILIIOMY W3 H3BECT-
HBIX yuces Mepcenna 21213 —1, Jlo HacTosEro BpeMEeH HEH3BECTHO
HH OJHOTO HEYeTHOIO COBepIUEHHOTO YMCJ/a, U eCTh OCHOBAHUS Ipef:-
fioJlaraTb, UYTO HEUEeTHBIX COBEpIIEHHHIX YHCeJH BOOGHE He cyile-
creyer. Hecmorpsi Ha OGosbiioe uucao paGoT, HAYIHIUX B 3TOM
HanpaB/eHHH, KOKa3aTb 3TO IMOKa HE Y/Aanaoch, W mpobiaeMa cyiie-
CTBOBAHHSI HEYETHBIX COBEPIIEHHBIX UYHCEJ OCTAETCS CPEJH HepelleH=
HBHIX TPYJNHBIX 3a1ay TEODHH YHCeJ.

Muorue MmartemMaTHKH, OCOOGEHHO B pPaHHUN NEPHOA pPasBUTHUS
TEOPHH UHCEJI, PAcCMaTpUBAIM TaK HasblBaeMble , JIPYKeCTBEHHbIE™
ypcna. Ypcena @ u b Ha3LIBAIOTCSl [PYMKECTBEHHBLIMH, €CJIH CyMMa
COOCTBEHHBIX JenuTenell a paBHa b, a cymma COOCTBEHHBIX JeJiH-
Tesefl b paBHa a, T. e. o(a)—a=0b, o(b)—b=a, ui o(a)=
=0 (b)=a+-b.

Hanpumep, uwucna 220 u 284 o6pasyior mapy ApymecTBEHHBIX
yuces. Bonpocy o6 OTbICKaHMH Hap TakuX 4YHCeH paHbIle yiesns-
JIOCh JIOBOJIBHO MHOTO BHHMaHMS, HO COBpPEMEHHASl TEOPHs UHCEes
Majo HHTepecyercs STOH 3ajauefl.

2. ®YHKUHUS MEBHYCA

BaxHyl0 pOJb B TEODUH WYHCEJ HMIPaeT YHCJIOBAST (QYHKIHUSA
Mébuyca, ob6o3Hauaemasi OOLIUHO 4epes W (n).

Onpenenenue 90, Dyuxyued Mébuyca nasosaemea gynkyus p (n),
onpedeseHHAA CAEOYOWUMU YCAOBUAMU:

D w(l)=1;
2) n(n)=(—1)°, ecau xanonuueckoe passoscerue n umeem eud:
n=p; ...

Psi
3) p(n)=0, ecau p2|n, m. e. ecau 8 KAHOKUUECKOE PASAONCEHUE 1l
exodum xoms 6ol 00UH MPOCMOL MHONCUMENL 8 Crmenenu, 6obuied,
wem nepeas.
NDpumeps. p(90)=p(2:3%5)=0, p(77)=p(7-11)=1,

R(56) =p (22-7) =0, p(105)=p(3:5:7)=—1.

Teopema 316.
1, ecau n==1,
dzmu(d):{ 0, ecay n>1. ®)

HoxasarteabctsBo. 1) Ilpu n=1 cymma paBHa p(l)=1,
10 ONpeJeNeHHIO.

2) Ecam n>1, TO CyIIeCTBYeT KaHOHWYECKO8 pa3JIOKeHue
n=p» .. . p%. Jl1a Jwoboro gexurensa d|n, comepmauiero XoTs Obl
OJIHO NPOCTO® 4YHCJO B cTeleHH, OGoJbliell, yem mepsasi, p(d)=0;
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nosToMy B cymMMme (8) MOXHO OCTABHUTH TOJNBKO JeNHTeJNU MPOH3BE-
JICHUSL Py ... Pg T. €.

sud= 3 p@=pl)+ 3 wp)+ 2, wpppt ... =
d|” 21Ps... Ps 1 <li <s 1<t< i<s

=1—CLtC— ... (=1 C=(1—1) =
Mpumep. Mpi n=84, k()41 (@) +p@)+1r(7)+n(6)+
4 (14)+p 21)+p (42)=1—343—1=0.

Teopema 317 (Mébuyc). Ecau [(x) u F(x)—uucaosoie pynk-
yuu, makue, 4mo 043 2106020 HAMYpPAALHOZO N

Sf@d=F @), ©

din

TO l
SF(F)e@=Fn). (10)

din
Hoxasareanctno. M3 pasencrsa (9) ciexyer, uro

2F(%>p.(d)=2u(d) 2 ().

din din I~
d
Kaxjoe f (6) 6yer BcTpeuarbest B ABOMHOH cyMMe cripaBa npH Beex d,
TAKHX, 4TO 81%, T. e. npu db|n, d]% Ilostomy cobupas chiarae-
Mble C OIHVMH H TEMU K€ 3HAUeHHsAMH O, nosydaem:

Se BIO=3F0) Zu@=im,

N Ji

5
TaK Kak ) w(d) pasHa HYMO IS BCeX 8, xpome 8=n, a npu
ak
0=n Mp mosyuyaem omHo cjaaraemoe, paBHoe [(n) (Teopema 316).
Dopmyny (10) nasmBaior obpamelnem Gopmyan (9) cymmupo-

BAHUS HO LSJHTENAM.

[Ipaumepn. OGpamenueMm cooTHoweHust T(n)= 3> 1 apngercs
din

topmyaa ET (%) p(d)y=1.
din
O6pauenneM ¢opmyast (reopema 118) 2 ¢ (d)=m saBiasgercs
dim
tdopmyna
o u(d) =g (m). (11

dim
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Ary dopmyay npu m>1 MOKHO Npeo0pasosaTh CAEAYIOUIHM

o6pasoM:
oim=n X EL=nr(1-1),

dim p\m
TaK YTO NOJYYAEM elle OJHO HOBOE AOKa3zaTenbcTBo TeopeM 116 m 117,

3. N3ETA-®YHKIUHUA PHMAHA

BaxHefinive uuc/0Bble YHKIHHE, pDacCMaTpHBaeMbie B TEOPUH
qUCeJ, HeMOCPEJCTBEHHO CBsA3aHbl ¢ (yHKUMel, NDOAYYUBIIEH Ha-
sBaHne Jngera-(pyHxuuy Pnmana. CucremaTHueckoe H3yUYeHHE 3TOH
GYHKIHY OBIO HAYATO B TPYAax HEMEUKOro MateMarwka PuMana
BO BTOpo#l nososuHe XX Bexa.

Onpenenenne 91. sema-¢pynrxyuel Pumana §(s) Hasosaemcs
Qynryusa, onpedesennas npu s=o--if, ede ¢>1, KaK cymma
abcoromuo cxolawezocs pada:

gt gt gt

t(s)= Z—’s—, (s=0+ift, o>1). (12)

B kypcax MareMaTHUeCKOro aHajausa JoKasbipaercs, 910 {(S)
NpY HaTypaJbHBIX WYeTHBIX § BhipaXKaercs: palHolaJdbLlO depes i,

HanpuMep:
-4
=3 4=
- n?

Jsera-byHkuus PuMaHa siBJisieTcsl YacTHBHIM CJaydaeM TaK Hasbl-
BaeMblX psizoB JupuxJje, T. e. pAA0OB BHJa

<
25

B Tteopun umces oObIYHO paccMartpuBaloTes paAnl [Iupuxae, rje
B xauecTse f(n) QUIYPHPYIOT passinuHbie THCIOBbIE QyHKUUH. MHO-
THe TaKWe DPsIbl BbIPAXalTcs uyepe3 [ (S) ¢ NOMOIUBIO CPaBHHTEIbHO
npoCcThiX (GOPMYJL.

(13)

@
MNpumep. Ilpn pefictBuTENBHBIX $ > | Z EE(?—):CZ(S).
n=1
JleficTBHTENBHO, BO3BOJS B KBajpaT abCOJIIOTHO CXOAAMHUHCH
npiu s>1 pan (12), nonyyaem:
-« - @*x
2 M _ T {m)
s Z Z 2 (ﬂ1n2)s_m§=:1 ms

ny=1 I’ll n,—l 1=

-
=
By
i
I
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TaK Kak B JABOHHON cymMme Kaxjoe UHUCIO M=n,M, NOAYIaeTcqd

CTOJIKO Pas, CKOJbKUMHI crocobamu m NPeiCTaBUMO B BHJE 1IpO-

H3BeJIeHUsT JBYX TIOJIOMHTEJBHLIX HeJuTeNeH, T. e. T (m) pas.
Teopema 318. [Ipu Oeilicmsumenrvron s >1

(n)z_i (14)

Ms

n=1

HokasarteanctBo. Psag E ”—g)

n=1
li%[sr%g YMHoxkast npu s>>1 3T0T psii Ha ab-

coynoTHO cxoasmuiics pag (12), monysaem:

co R A= N R B R

OGosHauum a,n=m, Torga m OyjaeT NPHHUMATH Bce 3HAYEHMS
ot 1 10 oco. das KakAoro takoro m n GyfeT NPHHUMATb 3HAYEHHS,
paBHble BCeM' JEJNMTENAM M, TaK 4TO IOJYYeHHOE pPaBEHCTBO MbI
MOXeM 3anHcaTb B Bune'

z;(s@ = Y Xem=1, (15)

TAK KaK COIJIACHO TeopeMe 316 Y u(n) pasHa Hymo Aas Bcex m,
o n\m
Kpome m==1, npu KoTopoMm mnoJsyuaem cjaraemoe, paBroe 1. Ilpu
s>1, {{s)>0, tak uro, gens oOe wactu paseHcTBa (15) Ha [ (s),
nosaydaem (14).
[Ipy s=2 monywaem, B 4YaCTHOCTH:

jg_@:g_:
~ nt TR

MMpumeuvaunne. Dopmyna (14), Tak Ke Kak U pe3ynAbTaT INpefblfyiiero
npuMepa, BepHa W NPY KOMINIEKCHBIX 3HA4CHHAX $=0 -+ if, ecau o> 1.

cxogutcss albCoJIIOTHO [pH

8>1, rtak Kak

Ms

1

ll

e

- Hcmopuneckue xommenmapun K 33-it zaase

1. Epxkaup B 1X xHure  Hauan“ noxaselBaeT, yro Bce YHCIA,
YIOBJETBOPAOLIUe YCJOBUAM TeopeMbl 315, sABAAIOTCA COBEpIIEH-
HBIMM (JOCTATOYHOCTb YCJOBHIT). Dijep AoKasan, 4TO, KpoMme 4H-
ceJ, yIOBJETBOPSIIOLIMX YCJAOBUSM TeOpeMbl, HeT APYLUX YeTHBIX
coBeplleHHbIX 4ucesn (HeoOXOAHMOCTb YCJOBH).

Heuernble copepllleHHble YHCJA, €CJIH OHM CYIIECTBYIOT, HOJIKHEI
HMeTb CPaBHHTEJNbHO MHOTO Pa3/iIMUHBIX HPOCTBIX ZenuTesneill u OHTH
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BechMa GONHLUIUMH TO BEJWYNHE, a MMEHHO HMEThb HE€ MeEHee 15 Je-
CATHYHLIX 3HAKOB.

2. CoBepllcHHbIe YicJia SIBJASIIOTCS NPOMEKYTOUHBIME MEXAY Tak
HasblBA€MbIMH HEJOCTATOUHBIMH M M30LITOUNDIMH uncaaMd. Yucso n
HasblBaeTcsl HEJOCTATOYHBIM HJIM H3OBITOUHBIM, CMOTPS IO TOMY,
O6yreT Ju o (n) menbme pam Oogblue uyem 2n. HeyeTHble yHucaa
ObIBAIOT KaK HeJOCTAaTOUHBIMH, TaK M HM30LITOUHBIMM; CAMOC MaJeHb-
KOe CcpenH HeueTHbiX U3BBITOUHBIX Yuces—3T0 uucjo 945.

M3BectHo, uTo QyHKuHS A (X), BRpaxamomas YHCHO H3OLITOUHBIX
yycesi, MeHbIIHX WJIM PaBHBIX X, YIOBJETEOPSET HepaBeHCTBAM:
0,241x << A(x) << 0,314x, Tax 4yro COJNBINMHCTBO YHCEJ SIBJSETCS
HejocraToudbiM. B 1933 r. 6bsi0 n0Ka3aHO CyIecTBOBaHHe npejesa
OTHOLIEHHUS :4_)51) HO BeJIHUMHA 3TOTO Npefesia NOoKa He Onpeie/eHa,

3. Eme Dinep pman 60 nap ,apyxectBenumx” uncen. Cpemn
3TMX map 34 TakHe, B KOTOpHIX o00a uucaa uYeTHble, 4 26 map,
B KOTOPHIX o0a uHcJa HeueTHhie. B HacTosilee BpeMsi H3BECTHO
yiKe HeCKOJbKO COT map JAPYKEeCTBEHHBIX. UHCeJ, OJHAKO. CPeild HUX
HeT HHU OJHOH, B KOTOPOH OJHO 4YHCJO OblJJO OBl UETHHM, a ApYroe
HEYETHbIM, H. HEH3BECTHO, CYILIECTBYIOT /M BQOOIlE Takue Hapbl.

4. Hemeuxuil MmartemaTux un actpoioM MéGuyc (1790-—1868)
U3BeCTeH nNpexje Bcero xak reoMerp. OH nepBhil cHCTEMAaTHYECKH
paccMoTpes cBoilcTBa GyHKUMM W (n), noayuusweil ero ums. Oyuk-
uMs p(n) BcTpedaeTcsl BnepBrle B ero pabore 1832 r.; dakruueckd
B HessBHOM BHJe 5Ta (QYHKIMs paccMaTpHBa/ach eie JO 3TOro
ditnepom.

5. Uspecten neanfi paj TeopeM, aHaJOrHYHBIX Teopeme 317,
Jaomux obpalleHHe CyMM pasjMyHOro BuAa (CM., Hanpumep, dop-
myasl (9) u (11) 34-it raase). OcroBHYIO posb B dopmynax obpa-
HEeHUs1 MrpaloT cBoicTBa GYHKUMH MéEOuyca, cGOpMyJIHpOBaHHBIE
B Teopeme 316. Cymma geBofi uwacTH ToxzectBa (8) urpaer poJib
PaspbiBHOIO MHOXHTEJA, MNO3BOJAIOLIEr0 B HEKOTOPOM MHOMKECTBE
3HAUEHUH 7 BBHIIENSTb Te, KOTOpble paBHbI 1.

Cymmy ) f(d) uHOria Ha3LIBAIOT 4YHCJOBBIM HHTErpajioM OT

d/n
byuxuuu f(n).

6. Bepurapn Puman (1826—1866) —oauH 3 KpynHeHuwHx He-
menkux MateMatukoB XIX Beka, octaBHBLIMI (yHEaAMeHTaJbHbIE
paGoThl B pasjnyYHBIX O0GIacCTAX MareMaTHKH H ee MPUJIOXKEHU.
Ocobenno 6oJibuioe 3HaUEHHE UMEIOT ero pabGoTHl MO TeOpHH (QYHK-
1K KOMIJIEKCHOTO NepPeMeHHOT0 M 1O Teopuu psajpoB. Memyap
Pumana O uucje OpocThiX UHCEJ!, He MPeBOCXOASIIMX aHHOH BeJH-
YHHBI SIBJSIETCS OCHOBOH BCero JasbHeHINero pasBHTHSA COBPEMEH-
HOH TeOpHH NpOCTHIX uucesn. B atom memyape Puman paccmarpu-

W

1 .
BaeT J.ISQTy-(byHK_IJ.I/I}O Q(S) = E e CHadaJa AJdsi KOMIJICEKCHBIX 3Ha-
’ n=1
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yeHU# §=0 --if, Takux, yTo ¢ >1, a 3aTeM anaJUTHYECKH HpO-
JOJKaeT ee Ha BCIC KOMIJIEKCHYIO IJiockocTb. OH ycTaHaBnIuBaeT
OCHOBHBIE CBOHCTBA 3TOH (PYHKHHH, B TOM 4HCJe (YHKIHOHAJIbHOE
ypaBHeHHe, Aalollee HelloCpeICTBEHHYIO CBAA3b Mexay { (s) u L (1 —s).
QDyHKNHOHaNbHOE YypaBHeHHe Ais ((S) TMOKa3blBaeT CBOEro poja

. . 1
CHMMETPHIO 3TOH (YHKUHU OTHOCHTEIbHO NPAMOA ¢ =-;. Puman

YCTaHOBHJI CBfA3b MEXIY [(oBefeHHeM ((S) B Tak Ha3blBaeMOH
KpuTtHueckoi noJsoce O=<o<C1 u pacrpelesieHHeM INPOCTHIX YHCEJI.
PumaH BbicKasaJs T'HIOTe3Y, 4TO B 3TO[l 1oJsioce Bee HyJH [ (S) Jexar

o 1
Ha TpSAMOH 0’=§. Ecth Bce ocnoBanus npepnoJiaratb, 410 3Ta

runore3a PuMmaHa BepHa, OJHAKO J0Ka3aTh ee He ylanocb. [Joxasa-
TEeJILCTBO THNOTe3bl PHMana Aaso Gbl BO3MOKHOCTb PELIHTh PSIA BawkK-
HBIX 1P06/JeM, BOSHHKAIOULHX NPH H3YUYEHHH TPOCTHIX YHCeJ.

r1TABA 34
CPEJHUE 3HAYEHKS YUCJIOBbIX ®YHKIIUNA

1. CPEAHEE 3HAYEHHUE YUCNA JAEJHUTEJEN.
CPEAHEE 3HAYEHUE CYMMbl AEJIUTEJEN

Mg MHOTHX YnCa0BLIX (YHKIHH, paccMaTpUBaeMbix B TeOpPHi
ynced, XapakTepHo, 4YTO MNpH  YBEJHYCHHH apryMmMCcHTa 3HAYCHUSH
(YHKUHH MeHsAI0TCA KpaiiHe HeperyaspHo. Hanpumep, dynkuus v (n)
IJIst COCTABHBIX 1, COCTOSHIMX M3 JOCTATOUHO OOJIBILOTO UYHCIA
NPOCTHIX MHOXKHTENEH, MOXKeT NPUHHUMATb CKOJb yroxno Gosblide
3HAUEHUs M BMeCTe C TeM M BCEX HWPOCTHIX 3HAUEHUH 7 HMeeM
T(n)=2.

Ecau Bmecto Takux QyHKUHE paccMaTpuBaTh HX CpejHHE 3Ha-
yenusi Ha cermente [1; N|, To OOBYHO OKa3BIBAETCS, UTO 3TH Cpex-
HHE MEHSIOTCs! JOBOJISHO T'JIAJAKO H MOTYT ObiTh € JOCTATOYHO G0Jib-
IIOH TOMHOCTHLIO AITNPOKCHMHPOBAHBI CPABHHTEILHO NPOCTHIMH BhIpa-
KEHHAMH.

Onpepeneune 92. CpedHum 3Haueruem wucaosod gynkyuu f(x)
na ceemenme [1; N] (N yeaoe) masoigaemcs esutuna

TR+ +i@)
W .

Haunem ¢ paccmoTpenns mnopsika pocTa CpefHHX 3HaYeHUi
HEKOTOPbIX UHCJOBBIX (GYHKUHH, BBeJEHHbIX B NpEXBAYIIEH riase.
Teopema 319. Cpednee 3nauenue ¢ynxyuu T (n), evipaxcaruied
Hucao noaoocumenrsHolx Oeaumered n, na ceemenme [1; N) pasno:

InN-+(@2C—1)+0 (7‘17) ,
20e C—23liaeposa NOCMOAHHAR.
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HdoxasaTenbcTBO. T(n) paBHO UUCIHY TOYEX C LENBIMH f10.1C-
JXUTeJbHBIMA KOODAHHATAMY Ha runepboJie Xy=n, T. €. YUCJY pelue-
Hufl ypaBHEHHUS Xy=1 B LEJBIX MOJOXHUTEJLHBIX YHCIAX X, Y.

[eficTBUTENbHO, [Js KaxJoro pnejutenss d uucaa n napa

n o
((d, -J>> npejcrasisieT cofON pellleHHe 5TOTO YpapHEHHsS M, Ha-

060pOT, KaxkKoe pelleHHe YPaBHEHHS XY =/ B IOJOXKHTEIbHBIX [eJbIX
ypcjiaX X M Yy ONpelesisieT B KaueCTBe 3HAUEHHMS X HEKOTOPHIH BHOJIHE
onpefenexHbll genutenb d. ITocKOJAbKY KpHBBE Xy==n OpPH paz-
HBIX 71 He BUMeIoT OOIIMX TOYeK, TO, NpHjaaras n 3navenuda 1,2, ..., N,
NOJNIYUHM, YTO CyMMa
T(D+t@) ... +1(N)

pasHa OOHlEMY HYHCAY TOUYEK C LENABIMH MOJOMKHTEALHBIME KOOpAH~
natramup B obnact xy<< N, x>0, y>0. Hucno takux ToucKk

B TeopeMe 55 Opl10 00603HaueHO yepe3 S(N), H COrJACHO TOMY, UTO

TaM OBIO JOKa3aHO, MOJydaeM:
N

Tu)+wmyy“.+1mn:§:[%]z
k=1 .
=NInN+(@2C—1)N+0(V'N),
T. €, JeHCTBHUTENbHO

T T 1nN+(2C—1)+0(—l,,—). (1)

VN
[Tpu Gonpmux N Bequumna 2C—1 »‘r-0<—17!:~\7> HHYTOXKHA 110
I
oot Vl V)
cpaBHeHno ¢ In N; lim n N\ 20 u Mbl mOJIyuaeM acumn-

TOTHYECKOE PaBEHCTBO
IV
1
i nz_lr (n)y ~1aN.

MoxHo ckasatb, uto npu OGoabmiux N Ha JOJI0 KaXAOro u3
nepBbix N HaTypadbHBIX YHCEJ B CPeJHEM TPHXOAUTCS [PUMEPHO
In N pmenuteneil.

Teopema 320. Cpeduee 3srauenue Gynkyuu o (n), supaxcaoel
cymmy Oeaumenell n, Ha ceemenme [1; N] pasgro

nﬁ

JoxasarteanbcTBo. Tak Kak Bmecre ¢ d BeauunHa &=

als

TaK¥Ke npo6eraeT BCe HOJIO)KPITG./'Ibe]e ue.rmTenn qucaa n, TO

ZG(ﬂ) > - ZZ~—Z X 7 ©

n=1 dn n=1d\n n<s< N
n—o(modd)
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3amends n yepes sd, BHAMM, YTO, KOTJa n mpoberaerT 3HaueHud,
KpaTHple d u MeHbline, yem N, BequyuHa s npoGeraer Uejble 3Ha-
uenns of 1 A0 HauGOABINETO LEJOTo 4HC/a, He TNPeBOCXOASIIEro

N N
—~, T. € N0 |=|, u, TakuM oOpasom:

d d [_2!]
5 4e Se=d[Y([5]+). @

x<sN $=1
n=¢ (modd)

M3 (2) u (3) nonyuaem:

Sow =4R[4 ([4]+)-

n=1 d=1

[%]g%’«< [%] 41, Tak uro [%] u [%’] +1 ornnuamorcs

or -‘;X Ha BEJHYMHY, 1O MOJAYJI MeHblylo yeM 1, T. e.
N N N N
[F]=F+ow. [F]+1=F+0,

rie Kamnoe O (1) no Moxymo MeHbure wem 1.

Soin- QN[-“]([N] #1) =58 (§rom)'-

d=1
N
Zd2+1v2°“)+0(1v)~ §ﬁ+0(NlnN), O]

Tak Kak (Teopema H4)

3ameTHM Temepp, 4TO

2 d2< Z dd ~1 i (Zml'-_l"'?lT):Tir“' (5)

d=N+1 d=N+1
TaK 4o
N1 N R 1
= Y = =0 ). 6
U3 papencrs (4) u (6) noayvaem:

N
Yo =EN+0WnN), )
n=1
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TaxK 4To

() +o(Q)+...+a(N) a2
N --]’QNJr o(nN),

OTKYJa NOJIy4aeTCsl TaKiKe aCHUMITOTHUECKOE PAaBEHCTBO
1 ul 2
T
WZ o(n)~
n=1

HOas nepeeix N HaTypaAbHBIX YMCEN CpPelHSA BeJHUHHA ne.fm-
TV
TeNed NPHMEpPHO paBHa TQN'

2. CPEAHEE 3HAYEHHUE ®YHKUHHU IUJIEPA

Teopema 321. Cpednee snauenue Qyrkyuu Fidiepa ¢ (n) Ha cee-
meume [1; N] pasHo —3—N+0(lnN)

Hoxkasateabcrtso. Iloab3ysce (bopmy.non (11) 33-i raaen,
noayyaem:

N N N . ‘
W :
n2=1<p(n)=n§: dZ;Er:ELT > n
: n=0 (modd)

[Ipu poxasaTenbcTBe mnpejbiaylieii Teopembl OLIIO TOJYYEHO

TOXAECTBO (3) ‘
% i=zl7]([E]+),
T4K 4TO

N N
Nom=yXu@[7]([F]+1)-
N

N !
3amensisi, Kak ¥ B NpPeAbAylled Teopeme, |—-| U |—~ --1 na

i -i—O(l (]O (1) | << 1) nMeem:
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Mu BocioNB30BaNKCh 316Ch TEM, 4TO BBUAY OUeHKH (7) 4-i riaswl
# oleHKH (D) HacTosileldl rjaaBbl
N )] N .
1 (d) —
2 < d}; 2=0(InN),

d=1 1

o
2 1
= TN
d=N+1

@©
Z B9
t]
d=N+1 d

a cornacHo Tecpeme 318 2”;2‘1)—_:%:%.
d=1

N
Hens mosyuersoe Aasi 3, @ (n) Bbpaxenue Ha N, NPUXOLUM
n=1

K PaBEHCTBY

q7(1)+(9(2);vf‘---+(P(N)=R3§N+O(lnN). (8)

ITonyuenubii pe3ysapTaT MOXHO BBEIPA3UTb TaKXKe B BHIE CJe-
LyioLell TeopeMol.

Teopema 321'. B noayceemenme (0; 1| omuowenue wucaa weco-
Kpamumeix Opobed (apeesorx Opobeli) O BHAMEHAMEAIMU, MeHOb-
wuny ua paspomu N, & obwemy uucay ecex seocaujux mam dpobeil
C MaKUMU e 3HAMEHAMEAAMU CHpPeMUmCs K npedeay, pPAaBHOMY

6
— =0,6079. ..
v
HeficTBATeIBHO, A5 NAaHHOTO b UHMCJAO HECOKpaTHMHIX Apobeii

a
4 B noaycermente (0; 1] paBHO HUHCIY MOJMONKHTENBHBIX @, MEHb-

IIHX WJH PaBHHX b 1 B3auMHO OpOCTHX € b, T. e. paBHO ¢(b).

IlpupaBas b sHawenus 1, 2, ..., N, noiyumm, yTo oOlee
uucao A(N) HecokparTHMbIX ApoGeft B 3TOM MOJYCerMeHTe €O 3Ha-
MeHarenssmu =< N Boipaxkaercss corjacHo (8) B Buze:

AN =D +9@+ ... +o(N) =N +O(NInN)=
= SN(N+1)+0(N InN).

B noaycermenrte (0; 1] mbl umeeM b jgpoGeit co 3anaMeHaTeseM b,

a MMEHHO Apobu:
12 b
B b 3 ey ;‘.
O6uiee uucio B(N) Bcex napoGedt co 3HameHaTeJsMH b<< N
B nmonycermente (0, 1] pasHO
N

B(N)=Y,b=5 N(N+1).
b=1

Heas A(N) va B(N) u pepexols X npeleny, HaXoaum:

i = Jim [0 () == 00070
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OroT pesynbTaT NOKA3bIBAET, YTO HECOKpaTHMble ApoGH COCTAB-

aqi0T npuMepro 60%, or umcia Bcex Apobedt, T. e. ux NpHOAH3H-

TEJAbHO B MOJTOpaA pasa 6oJblue yem COKPpAaTHMbBIX.

3. HHUCJIA, CBOBOJAHBLIE OT KBAJAPATOB

Onpepenenne 93. Yucao Hasveaemes c60600nbim om Keadpamos,
eCAll OHO He OeAumcsi HU HA 00UH KEadpam npocmozo 4ucid, m. e.
eCAU €20 KQHOHUMECKOE PA3ACOCeHUE umeem BU0: N == p,p,...Ds 20e
P Pas - .., Py— PA3AULHOIE APOCMVIE HUCAQ.

O6osnauum yepes Q (x) uucio cBoGOXHBIX OT KBaApaTOB UYHCE,
MEHBIIMX HJH PaBHBLIX X.

Teopema 322.

k=[V7] X
QW= Y [&]nw®.
k=1
Hoxasartenbctpo. Jlokaxkem cHauana dopmyny

Y Q) =t 9

Kamxjoe 4uCO 1 MbI NPEACTABUM, H IIPHTOM €JIHHCTBEHHLIM 00-
pasoM, B BHIe n=Fk=%, rie k*-—unanGonpWuii KBajpar, leasmuuii n,
a s— uucyo, csobojHoc OT KBaapatos. Mbl NMOJAYYHM BCe HATypalb-

Hble uyucna, ecid OyAeM uncaa, cBOGOAHBIE OT KBAaAPATOB, YMHO-
xate Ha 12, 2%, 3%, 42, ... . CocraBuM Tabauuy:

I

71819 10 12§ 13 14 5 {16 17 1181 19 |2

Ip.l 12.2112.3] — [12.5]12-6[12.7] — [ — 1210} 1240 ) — 1124311204 [12.45] — |12.17] — |12. 15| —

q2.4] — 1 —

220 — | — | — [22:2) — | — — 1223 — — - - — | = — j22.5] .,

rfie B k-it cTpOKe BBIIHCAHBI NMPOH3BefeHus k% Ha uyhciaa, cBOGOAHDIE
or KBajparoB. CorjacHO CHEJAaHHOMY Bbillle 3aMeYaHHI0 KaxkKJoe
HATYpaJbHOE UUCJAO BCTPedaeTCs B ITOH TabJHUe OZHH M TOJNBKO
OJMH pa3, TaK YTO Bcero B Tabgume (10X uyepToH) uMeeTcss [x|

yuces, He MpeBOCXOAAUX X.

o X
B epBoH CTPOKE HMEETCH Q (—1—2) HpceJ, He NPEeBOCXOASIHIHX X,

o X
BO BTOPOH CTPOKE HMEETCH Q <§§> quced, He INpeBoCXoAsdauuXx X,
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u T. B Je#icTBUTensHo, mpH JmoGoM k B k- CTpOKe umces, He
MPEeBOCXOAAMHKX X, CTONbKO, CKOJIbKO CYHIECTBYeT yucesa s, cBoGOA-

X X
HBIX OT KBaApaToOB, TAKHX, uTO ks <X, S<z. T e Q 7 ) UHCelL.
Takum o6pa3oM, JOMKHO BHIMOJHATBHCH PABEHCTBO

Q(Z)+e ()t +Q(E)+. =Ix,
rae Q(%) OTJIMYHO OT HYJS TOJBKO TPH k<) x, T. e. cooTHO-

wenne (9) ZoxasaHo.
Tenepp nepeiijieM K JI0Ka3aTeJbCTBY CaMOH TeODEMBI.
Q (x) MoxeM sanucaTb B BHIE:

=3 @ () Zw o, (10)

TaK Kak corjacHo Teopeme 316 cpenu BceX YJGHOB B NPABOW YacTH
pasenctBa (10) COXPaHsETCsl TOJLKO CJaraeMoe ¢ n=1.
B usnenax mpasoii uacTu pasencrBa 10 3Hauenus k2 jgeautenu n,

T. e. k<n<Vx, Tak uwro k npnﬂumaeT sﬂaqex-msx B npefiesax
or 1 Jo ]/x

JlJis Kaxoro Takoro k MMeeM n= (mod k), n< Vx nosTomy,
MeHsi NOPSIIOK CYMMHPOBaHHst B npaeoil uacti ‘pasencrsa (10)
M, noJjaras n=ks, nojyuaem:

ew= X w0 T Q(i)= Tk X_els)-
ksVx

r<Vx n<Vi x
n=0 (mod k) s B

Cornacio dopmyae (9) umeeM:

> Qlgm)=|7

Qams)=|»
sS"/%

-— 1 OKOHYATCJIbHO IIoJdyvyaeMm:

Q=X |F]ne. 1y

Vi

ITpumep. Bouucaurs Q (100), T. e. unucno yuces, cBo6OAHBIX
OT KBajApaTOB, CPefd NePBHIX CTa HATYpa/JbHBIX UHCeJ.

cwo0-ion—[19] ~[7]~[])+ (2]~ [ + %] -0
Teopema 323.
Q(x) =z x+0(V %), (12)
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Iloxasarennocreo. M3 pasencrma (11) coBepuiento auano-
THYHO TOMY, KaK MpH JOKa3aTesbCTBe Teopemsl 321, MOAB3ysChH

OUEHKOH
W (k)
2. *leékZ O<Vx)

r>Vx >Vy

U teopemoit 318, noayuaem:

QW= X [F|uw=x X “k‘f)+o( ) 1>=

sV sV rsVix

=x<§: L w *”’”) OV x) gl x40 (V)

k=1 > Vx

:%x+0(l/f),

®opmyaa (12) nokasplBaeT, YTO OTHOIIEHHE YHCJAA YHUCeN, CBO-
GoJHBIX OT KBajApaToB, K HMCJAY BCEX HATypaJbHBIX YHCeJN B OTpe3-
KaX HaTypaJbHOLO psja IO Mepe YBeJUUYeHHS JJIMHB OTPe3Ka

6
CTpeMHTCS K Ipeleny, PaBHOMY ﬁ=0,6079..., T. €. 4YHCeJ, CBO-

GOAHBIX OT KBajApaToB, GOJplE, 4eM 4uces, HeMSHIUXCA Ha KBal-
patsl KakHxX-jJu60 MPOCTHIX UHCeJ.

Hemopuueckue wommenmapun rx 34-u 2aase

1. Teopema 319, sinsilomasicss HEMOCPEJACTBEHHBIM CJIEACTBUEM
teopeMbl 55, npunagiexur dupuxne. Boporolt yayuwss ocratod-
Holit uiex B gopmyae (1) (cm. 4-w0 raasy). Jlyumras ussecTHas
B HacTosiilee BpeMs OLEHKa 2 t©(n) (Ua Baup-nunb, 1959 r.)

n=

HMEEeT BHA:
N

13
No(m)=NInN-}@2C—~HN+0 (Nﬂ“) )

2. B 10 BpeMa Kak cpefHee 3HaueHMe GYHKIHM T (n) Ha cer-
mente [1; N} yBenmuupaercsi, Mano oTJhuasice or In/N, cama sra
¢GyHKIHS MeHseTcs upe3BbiuaiiHo HeperyJsipuo. Jlas Bcex npocThix
3yayeHu# fn 3Ta QYHKUHUS paBHA 2, H BMECTe ¢ TeM OBIJIO J0OKa3aHo
(Burepr, 1907 r.), uto ans 1106010 & >0 cymecTByeT GecKkoHeysoe

(1-9) 1
MHOXKECTBO #, TaKHx, uro T (n)>2 nlnn  Burepr poxasan

TaK¥e, 4YTO IIpH aobom & >0 paa Bcex n, HalH/IHaH ¢ HEKOTOoporo,

(14e) Inn
HMEeT MecTO HepaBeHCTBO T (n) < 2 nlna,

3. Benuuuna T (n) paBHa 4YMCJy peIICHMH YpaBHEHHS XX, =N
HeJbX NOJOXKUTENbHLIX UHCHAX X,, X, PaccmarpuBaercs Oogee

331



ofmasa ¢yuxuus 7T,{(n), paBHas UYHCJY pelUeHUil ypaBHEHHS
X1Xy...X, =N B IeJbX NOJOXKHTEJbHBX YHCJAX, T. €. PABHAS YHCAY
NpeiCTaBJeHUl n B BUJAE NPOU3BEJIEHUs B HATYPaJbHBIX MHOMXHTE-
Jgeit. Pysxuus t(n) fABASETCS YACTHHIM cayuaeMm (yHKui T, (n),
a MMeHHO T (n)=1,(n). 2. Jlangay B 1912 r. poxasan, uro0

il Lok S
Ztk(n):NPk(ln N)+O<Nk+1 ) (13)

rie P,(In N)=c,In*"'N+4¢, In*"2N + ... +¢,_,—MHOrOUNEH OT
In N crenenn k—1. Pesynprar Boponoro—uactamii cayuail ¢op-
mynel (13) npu k=2.

B jasbreiilneM pad octaToyHOro dseHa B (13) mpuy pasauuHbIX

E 6B noJiyueHbl HeCKOJIbKO 6oJiee Tounbie omenxu. Hanpumep,
14

npu k=3 ocraTtounnii uien B (13) Obln 3ameHeH Ha 0<N—2‘9 .
4. B Hacrodmee BpemMs H3BeCTHA Jayuiias, 4eMm (7), OLEHKa

zNO' (n), a umenHo paborst H. M. KopoGosa (1958 r.) ganu BO3-
n<
MOMXHOCTb JIOKa3aTb, YTO

a2 2
Y o(m=5N*+0 (N(InN)T ),
nSN
5. Teopema 321 Onlma jgokasana Bnepeble Meprencom B 1874 r,
B nactosimee Bpems Ha ocrose pabor H. M. KopoGosa nouay-
YeHa cJlefyiollas OLeHKA:

- 2
2cp<n>:,%N2+0(N(lnN>s).
nsS N
6. Teopema 323 Oba omybankoBaHa Brnepsole B 1885 r. [eren-
GayspoMm. B Hacrosiilee BpeMs NpHUMeHeHUe TeOpHH (QYHKIHUH KoMII-
JIEKCHOTO IIEPEMEHHOr0 JaJi0 BO3MOXKHOCTB NMOJYYHTh GOJiee TOUHYIO
OllEHKY OCTaTOYHOIO 4YJeHa.

r1ABA 35

PACHPEJEJIEHUE HNPOCTbIX YUCEJ]
B HATYPAJIbBHOM PAAY

1. HEPABEHCTBA YEBBIIUEBA AJiSl ®YHKIUH, BbIPA)KAIOMIEA
YHUCJA0 NPOCTHIX YKCEJ B 3AJAHHBIX NMPEAEJAX

CyinecTpoBaHMe GECKOHEYHOTO MHOXECTBA NPOCTHIX YHCeNa JOKa-
sbiBaeTcs (reopema 21) coBceM NpPOCTO; OJHAKO BONMPOC O TOM, Kak
YacTo Cpejyd HAaTypaJibHbIX YHCEJ BCTpPeYaloTcsi NPOCThlie M KaK Npo-
CThie UHCJ/IA pacnpelielieHbl CPeil HaTyPaJbHblX, OKa3bIBaeTcs BechMa
cnoxubiM. [IpeacraBum cebe, uyTo OyseM noc/aes0BaTeNbHO nepebu-
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paTh BCe HATypalJbHble 4HC/Ia B NOpsiAKe MX BospacTaHust. Byayt
JIM TIPH 3TOM [iPOCTHIE HUCJIA BCTPEUYAThCS CPABHATENBHO PABHOMEPHO,
GyIeT JH 4YMC/0 BCTPEYAIOHHXCS MPOCTHIX YHCEJ MONUHHSATHCS Ka-
KHM-JIH60 3aKOHAM HJH OKaXKeTCH, YTO OHU 6ecnopsmoqr-lo pas6po-
CaHbl CPeiH HATYpaJbHBIX HHCEN?

Uycao npocTHIX YHCes, MEHBUIMX MJIH DABHBIX X, Mbl 0603HAUHM

gyepes m (x), Tak 4To
)= X1
pP=x

JIIst KaxJIoro JaHHOrO X MOXKHO, M0JIB3YsIChb, HANpHMEP, Teope-
Mol 23', BhiNHCATh BCe TNPOCThIE YHCJIA P << X M ONPElesUThb HX
YHCJAO, T. €. BBIYMCJHTH T (X); OLHAKO Mbl He NMOJYYaeM IpH 9TOM
NpeicTaBJeHHe O TOM, KaK MeHsercsl Qyukuust m(x) ¢ yseauue-
HHEM X, T. €. MpEeACTaBJeHHe O TOM, KaK OBICTPO YBeJHUHBAETCs
YHCJIO DPOCTHIX uucen, ecsqn OpaTh Bce O0Jbllige OTPE3KH HATy-
pajibHOTO psfa.

Teopema EBxaupa o 6eCKOHEYHOCTH MHOMKECTBA MPOCTHIX HHCEJ
(Teopema 21) moxeT ObITb 3amHcaHa B BHJE

T(x)— 00 OpH X — cO.

OpHako 3Ta TeopeMa HHYETO0 He TOBOPHT O TOM, Kak OBICTpPO
NpU yBEJHYCHHH X pacTeT BejuypHa = (x). B 3Tof TiaBe mbl cTa-
BUM cefe B MepBYIO ouepelb 3alauy-—OaTh ONEHKH TOpPsAKa pocTa
GYHKUME T {x).

B 1808 r. Jlexauap ony6JauKoBaj HaHZeHHYIO HM 3MIHDPHUYECKH
dopmyny
X

(%) R T 08566

Jalomylo npubJMXeHHble 3HAYeHHUs (QYHKHHH 7 (x) nmpH CoJablIKX
3HaueHusx x. Ha camoM Jese, Kak OblJI0 JOKas3aHO mo3xe, OoJee

X
6JMH3KOe K WCTHHHBLIM 3HAUCHHSIM & (X) AdeT BblpaKeHHe ST

eumie 6ojee OJiM3KHe 3HAUCHHS K 7 (x) npH OOJbIUMX 3HAYEHUSX X
Jaaer QyHKUHSA
X
dt
Sm- (h
2

laycc emle B IOHOIECKHe TOJbl BBIYMC/IS CPEIHIOD MJIOTHOCTh
NPOCTHIX YHCEJ B NpejieslaXx HMEBIUMXCSl TOrJAa TabJIui, ¥ 3TH BbiYHC-
JIEHHS [0Ka3bIBaJH, YTO HMEHHO BblpaxeHnue (1) aBnsiercs dyHkuuei,
XOpOLIO anfpoOKCHMHUPYIOWEH 7t (x); OZHAKO CBOM COOOpPaXKeHHS OH
ony6auKOBaN MHOTLO MO3Ke.

B 1848 u 1850 rr. mosiBMJHCH JBe 3aMeudartesibHble PadoThi
[1. JI. UebbimeBa, B KOTOPBIX HCCJIEJOBAJCS BONPOC O MHOPSIAKE
pocta ¢yukuuu s (x). B paGore 1850 r. UeOplmieB pokasana, uTo

a
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)7 (x) npu OOMBINHX X 3aKJIOYeHa MeXAy ABYMS BeJHYMHAMH:

1r1x " b]nx
foKasals, YTo B KauecTBe ¢ M & MOXKHO B3dTh 3HaueHus a=0,921,
b=1,106, Tax uto a u b cpasuuTesbHO OaM3ku K 1. B panbueit-
mux paGorax Obiin TONYYEHH M ZPYyrue sHaueHus aq u b, Gojee
6anskue K 1.

Mb  gpokaxeM Teopemy UeOwlmeBa, orpaHuuuBasich, OAHAKO,
TOJLKO JOKA3aTeNIbCTBOM CYIIECTBOBAHMSI TOCTOSHHBIX 4 H b
(0<a<<1, b>1), He cTpeMACh NOJYYATb JJs HUX BO3MOXKHO
6nuskue K 1 3HaueHHus, Tak Kak 3T0 ObLIO Gl CONMPAXKEHO C TEXHH-
YECKHMH YCJIOKHEHHSIMH J0Ka3aTesIbCTBa.

Teopema 324 (YeOnmues). Cywecmsywom 0se nocmoawnse a u b,
makue, 4o 0<<a<<1, b>>1 u 0aa ecex x=2 evinoansomea He-
pasercmsa

, THe a U b—nonoxureapHble NOCTOsIHHBE, Yebhines

A= <n () <br—. )

% .
Mpumenyanue. Onenky m(x) <b oy Mot OyZeM Ha3HIBATb OLEHKOI 7 (X)
X o
CBEpXY, a OLEHKY & (x) > a {5~ ouenKol 7 (x) cnusy.
JorkasaTenbcTBO. MB YCTAaHOBHM TMpeXje BCEro HYXKHble

HaM Jna4d naJIbHeﬁmero OLIEHKU CHI/Igy u CBery BbIpaXeHud
al
T (x) —2T <7> rae

T(x):ln[x]!=21np([%}+[§2]+...) 3)
p

— (yHKIUA, paccMaTpuBaBliasicst HaMy eme B 4-if rnaase (crp. bl).
[lpr n=3 umeem:

T (2n)—2T (n) = Z Ink— 21nk—1n”+1+1 a2,

k=n+1 k=1
o+ = 1y ine, (4)
+s n
TaK KaK KaxJoe cJjaraeMoe BHAa In <l+?>>ln2, a
nepsoe u3 HuxX In - 1 =In4=21n2.
C apyrofi cTOpoHHI,
B Cly < 14-Cha ...+ Chn o+ Gl = (1 1) =27,

TakK 4YTO HMeeM:

(2ﬂ)

T (2n)—2T (n)=In 55 <<2nln2. (5)
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Bo3bMeM MpPOHM3BOMBHOE X =6 W noxaSepeM a Takoe, 4TO
‘ 2n=sx<<2(n-+1).
Ins tarkux x seanuusa T (x) nubo pasua T (2n), qubo Gosblue
yem T (2n) Ha Bennuuny In(2n4-1), a T (—%)zT(n), TaK 4TO

T (2n)— 2T (n) < T (x) —2T (;) < T (20)—2T (n) +1n (2n-+1),

OTKYJa, N0Jb3YysAch ouenkamu (4) u (5) u TteM, yto n+ 1 >% , 110~
Jaydaem:
T (x) —2T/3£> > (n+1)n2>122x, (6)

T(x)—QT( )an In241n@n+ ) <xln2+

4ln(x4+1)=0(x). (7)
1) Ouenxa n(x) cuusy. dopmyna (3) nokassiBaer, uTO

reg=r (5)- 5 o (5] [5])+

pix
X X
+([p)=2 [aal)+ ®)
TaK KakK [pH p > X BCe cJlaraeMble BO BCSIKOM cJyyae oﬁpamaloTc;x
B HYIb.

Ckofxu Buga ([.’%] —2 [2—’6-,;']) npu p*>x paBHH HymO, TakK
P p
uto Ko3pduuuent opy Ilnp B mpaBofl yacTH MOXKeT ObITh 3alikCaH

B BHJE
b=s

x X

L T 2t

s Inx

rae p<<x, T. e. slup<<lux, s<l_';3
Cornacxo teopeme 51 B npasoit uactu toxzectBa (8) xaxpast
ckoOxa He Goapiue 1, a yMca0 TakUX CKOGOK, KAK MBI TOJNBKO YTO

In x Inx
0Kasaju, He GOJibilieé YeM—- , TaK 4TO o, < 1 T

op np’ H U3 TOXJe-

crBa (8) moayuaem:

T(x)—.‘ZT( ) L In plﬂf—-—ln Y l=a@ine (9

plx
CpaBHuBas HepaBeHCTBa (9) u (6), umeem:
n(x) lnx>1n2
T. e w(x)> a- e a—l—2
c )= Iz A &=
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DTo ' HepaBEHCTBO " J0OKa3aHO TMpH Xx==6, HO OYEBHAHO, uTO,
HECKOJbKO YMEHBIIMB @, MOXHO CJHeJaTh €ro CHPaBelJMBbHIM A
BCEX X = 2.

2) Onenra sm{x) cBepxy.lockoabky Bce ciiaraembie B npa-
BOfi uacTH ToxAectBa (8) HeOTpHLATENEBHH, TO, OCTABUB H3 HHX

X
TOJILKO Te, Y KOTOPhIX p>>< , Mbl BO BCSKOM ciyyae, He YBeJH-
YHM CYMMY.
X
[pu 5 <D< X uMeeM:

x x X o 5 x N
(Fl=2 B+ (Fl-2 =]+ =t w0
23
JleficTBUTEILHO, TIPH TaKUX p H x=06, 2p>x, p2>%>x,
tak 4ro B Jjepodl uactd (10) TonbKO [—ﬂ OTJIHYHO  OT HyJs,

npHYeM JJisl TaKHX p HMeeM: [ﬁJ = 1.
W3 paseHncrBa (8) noJyuaeM:

TH—2r (5)= X lp=hy 3 1=
< p =<

X
?<p<x

P x
:(n(x)—-—;rc (%))ln % (11)

[IpubGaBnsgst K Jepolt u npaBoif uyacTsiM HepaseHcrBa (1)
n(x)In2, T. e. BesnuuHy, MeHbIyIO YeM xIn2, u nosaB3ysch
ouenkofl (7), nonydaem:

a(x)nx—n (g) In 3 < 7(x)-2T( )—{—xln2——-0(x),
TdK UYTO CYLIECTBYeT IOCTOSIHHAS C, Taxaﬂ, YTO NpHU BceX x¥=>2
a(x)lnx—mn (i) In —x-<cx. (12)

Jas mo6oro x==2 MOXHO HaHTH HAcTONBKO OOMbIIOE §, YTO
==0. [locnenoBaTeIbHO HOMB3YSICh HepaBeH-

ofw

<2 TaK 410 7 23>
LTBOM (12), nonyuaem:

n{x)Inx= cx—]—n(%) In %é cx—f—cg-—]—n(—;%) In —;—2<...<
<cx+c%+.‘..—|—02—sx:;+n(2%> In 2%<
<cx(1+%+§1—2+...>=2cx,
T. €., NOJOKUB 2c=>b, nomayuyaem:
(x)<blnx'
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Has toro uroObl NoJgy4yuTh 3HauYeHUS a u b, Gonaee Gauskue k 1,
X
I1. JI. Yebrimes smecro T (x)—2T (7) Opas Belpa¥enue

X X X X
T(x)—T (-2—>-—T (_?;>._T (3) +T (%) _ (13)
Paccmatpuas (13), o nosyuus cHavasa OUEHKH Ans (hYHRILMK
d(x)y= 2 Inp,
P x

nonyumBileii HasBaHhe (yHKUHH YefSpileBa, a 3aTeM yiXe nepelued
K OLEHKaM T (X). .
K3 teopembl UeGblieBa, B YaCTHOCTH, CAEAYET, UTO TPH yBeNH-

T (X
YeHHH X OTHOUIeHHe —(;)»—»0.

JelicTBUTENILHO, COTJIACHO HepaBeHCTBaM (2) HMeeM:
a mw(x) . b
Inx x Inx’
1
TaK 9TO TOCKOJIbKY MNpH YBeJHUYeHHH X BeJIUYMHA ln—x»~>0, TO U
) 0.
X

Cpeas nepBbIX CTa HATyPaJbHBIX UHCes cojepKarcs 25 npocTbix,
T. €. NpPOCTble YHCJa COCTABJSAIOT 3Hech 20% HaTypaabHbix. Cpend
NepBOf THICAYM HATYpasbiblX uuces umeroTest 169 npocreix (16,9%).
Tabauue! NpoCTHIX YHCEJ NOKA3biBAIOT, 4TO IPH YBENUUCHHH TIPO-
MEXKYTKAa PACCMATPHBAEMBIX HATY PAJibHBIX UHCEJ JOJS TPOCTHIX YHCE
yMeHblaercss. 10 camo 1o cebe He HCKJIOYAJo, ORHAKO, TOTO, UTO
IpocThie Yucja U 1pu GOJIbUIKX X MOTJIH BCE JKe COCTABANATh XOTe Obl
ne menee 0,000001% or uucha HaTypaibHbIX uHceJ. Teopema
UebpliieBa MOKa3bIBaeT, YTO HA CaMOM JleJle 3TO He TaK W OTHOWe-
HUE J%x) ApYU YBeJHYEGHHH X CTAHOBUTCS MeHblIe JioGoro Hanepef
3aJIAHHOTO YHCJA.

Teopema YeGniuieBa 1103ponsieT cpaBHUBATh YHCJO 1IPOCTHIX YHCEN
B 3afaHHBIX [IPeAeJax H UHCJO HHCeJa KakoR-nnbo Apyrodl nom-
HOCJe0BaTeJbHOCTH HATYpaJbHBIX unces. BosbMem nocaefosaTe/b-
HOCTb MPOCTBHIX YHCeJ M, HallpHMep, MOCJeL0BaTeNIbHOCTL BCEX KBaj-
paToB HaTypaJbHBIX YHCEN:

2,383,565, 7,11, 13,17, ...
1, 4, 9, 16, 25, 36, 49, ...

Cpelm l'lepBbIX CTa HaTypaJIbeIX JyuceJ HMEIOTCH 25 l'IpOCTle )41
10 xBajpaToB, Tax YTO NPOCTHIX UHCEN BHadase GoJblile, 4eM KBal-
patoB. UTo noJgyuurcs B STOM OTHOWIEHHH, ecjH 6paTh JOCTATOUHO
6osibliNe OTPe3KH HaTypaJibHoro psiza? Kakux gucen 6yner Gosbluie:
OPOCTBHIX HMJIM KBaApaToB?

O6o3nauuM uepes K (x) UHCIO KBAaAPaTOB HATYPAJbHBIX HHCE]
B npejenax or [ mo x, T. e. uHCea k%, TakHX, u4T0 | <CAR¥?<Cux.
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HUncso TaKMX UMCRST PABHO YHMCAY HATYpabHBX R, TaKUX, UTO

l<<k<V % 1. e K(x)=[V xl.
HOJILSyHCb HepaBeHncTEoM UYeOslteBa (OLeHKa (2) cHuly), no.y-
yaeM:

X
a— —

7 (x) nx x
K (x)>[]/‘,g]>a Inx *
Vi 7 (x)
m , a cJjepoBaTtedibiio, H K——(—) HEOTr PAHAYCHHO  YBEJHYHUBAIOTCSA

IpH yBeJHUEHUH X, TaK uTO & (X¥) CTPEMHTCS K OECKOHEUHOCTH
Ovicrpee, ueM K (x). Takum ofpasoM, NpPOCTHIX 4Yuces B 3aJaHHBIX
JOCTaTOuHO OOJBINNX OTPE3KaX HATypPasdbHOTO psijga 3HAUUTENDLHO
Gosblie, YeM KBajpatos.

[onbsysice Teopemoit UebrnleBa, MOXKHO NOJYYUTh OUEHKY BeJjd-
YHHBI [IPOCTOrO HHcAa ¢ HoMepom r. OkxasbiBaercsi, 4TO r-¢ 1po-
CTO® YHCJO TpejCTaBJsieT co0oil BeJWUYUHY nopspxka rlnr.

Teopema 325. Cyuwecmsyrom 08e noAoNCUMEAbHOIE NOCMOAH-
Hoie ¢ u d, maxue, wmo Oan ecex npocmuix duces p, (r=2)
UMeem MeCmo COOMHOUeHUe

crinr<p,<Zdrlnr. . (14)
HorxaszartenncrBo. Cormacuo Tteopeme UeGblieBa wMeeM:
mp inp,* (15)

TaK UTO, MOCKOJBLKY IO ONpejesieHHIo 7t (p,)=r (YHCJIO MIPOCTBIX
YMCeJI, MEHBLUHX HJM pPaBHBIX UYeM r-& MPOCTOoe YHCJIO, PABHO r),
u3 HepaseHcTB (15) nosyuaewm:

1
pr<—rlinp, (16)
H
P> rlnp, lr.nr {7
:/ni NpY YBEJAWUYEHUM 2 CTPEMHTCH K HYJIO, TaK 4YTO NPH JocTa-
¥4

TouHO GosbiuoM p, HmMeeM Inp,<<a)/p,. Tlogcrabass 5Ty OLEHKY
Inp, B HepaBeHCTBO (16), BO3BOAS 3aTeM B KBagpaT H JOrapHPMHU-
pys, mosyuaeMm OpHU 1 >>#,:

p,<rVp, p,<r® lnp,<2inr
M3 nepapencrsa (16) monyuaem Temepb
p,<%r1np,<%rlnr. (18)
O6vepunsisi ouenkd (17) n (18), umeem npu r==ry:
arlnr<p,<dprlnr,
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1 2
rie ¢;=v, dy="=. TlocTostHHbE ¢; ¥ d; MOXKHO 3aMEHHTH TIOCTOSH-

HBIMH ¢ M d, Tak 410 oueHka (14) Beanunnm p, GymeT yxke pepHa
npu BCeX p,, HauuHasg ¢ 3.

Hdng Toro uTo6bl 0XapakKTepu3oBaTb [YCTOTY HEKOTOPOH moamno-
CJleIOBATENLHOCTH HATYpPaJbHBIX HHCEN

Ay, Qg gy vvvy Ay ooy

4acTO HAYHHAIOT C TOTO, 4TO PACCMaTPHBAIOT BONPOC O CXONMMOCTH
WM PacXOAMUMOCTH psja OOpaTHBIX BEJHUHH:

1 1 1 1
artar e e

WasecTHo, 4T0 pAA BEAHUMH, 0OOpaTHBIX BCeM HATypaJbHbIM
qucjaM, T. € FapMOHHYCCKHMH psX

b gyttt (19)

pacxomputcsi. Ecau B psge (19) BuiGpocuth AOCTaTOYHO GOJbINIOE
YHCJIO UYJIEHOB, TO BMECTO 3TOTO Psijia MOMET MOJYUUTBCS CXOASA-
muiica pap. Hanpumep, ecau B (19) ocTaBUTH TOMBKO 4Ji€Hbl BUJA

TO NOJIyYawUUHcH npH 3TOM pAR

ﬁi’
T

KaK H3BeCTHO, OyJeT CXOASIMHMMCS.
PaccMoTpuM psiji BeIMUKH, 06paTHBIX TIPOCTHIM YHCJAM, T. €. paj

1,1 1 1
.2_+_3_+—5—+_,,+-p—;+..-y (20)

H IOKaXeM, TO OH DPACXOAWTCS. DTO NOKAXKET, YTO, XOTs1 NPOCThHIe
YHCJIa B HATYPaJbHOM DSy BCTPEUAlOTCsS BCe peXe, HX BCe Ke
HACTOJBKO MHOTO, YTO CYMMa OOpPATHLIX BEJIHUHH MOXKET JaTb CYMMY,
IpeBOCXOAANYI0 Mo0YI0 Hamepe] 3aAaHHEYIO BeJHYHHY.
Pacxomumocts psiga (20) 6pna JokasaHa BiiepBue JiijiepoM
B 1737 r. HoxasatesincTBo Jilnepa Obljl0 OCHOBAaHO Ha PACCMOTpE-

HUKH GeCKOHEYHOTO NpOU3BejeHUs H(I———;—j;) npu s—1 u npen-
P

craBasieT co0oif YepBHI HpuMeEp NpPHMEHEHHs] MeTOJ0B MAaTeMaTH-
4eCKOTO aHaJjIu3a K TEeOpPHM NPOCTHIX yucen. Mpl Jajum 3peck noxa-
3aTeJbCTBO, OCHOBAaHHOE HAa MpUMeHeHuU HepaBeHCTB YelObinena.
Teopema 326. Psd eeauuun, o6pamrblX NPOCHIGIM HUCAAM, pAC-
xodumes.
HdoxkasarteanctBo. Paccmorpum psx

1 1 1 i
smoTamsTamat - trm, - @n
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b
Sxf:x—:inlnb—lnan IpH yBeJHMEHUM b cTpeMHTCST K 0ecKo-

2

HeYHOoCTH, T, €. lenx pacxopurcst. CorflacHO H3BECTHOMY HHTET paJib-
HOMY npugﬂaxy CXOJMMOCTH psifioB psf (21) Takxke pacxopurcs.
CpasuuM Teneps psif (21) ¢ psiaom

bbb b @

B Teopeme 325 Owbino gokasaHo, 4to p,<<drlnr, (r=2), oTKyza
CJeLYeT, UTo
1 I 1
P, d T
T. €. uieHb pafa (22) CoJblle COOTBETCTBYIOIHX YJIEHOB Pacxo-
pawierocss psaga (21), yMHOXKeHHBIX Ha NOCTOSHHYIO ‘11—. CornacHo

TeOpeMe O CPaBHCHMH PSAJI0B C NOJOMKHTEJAbHBIMH CJaraeMblMu
pan {22) pacxoaures.

B 1845 r. ¢pannysckuii MateMarux Beprpan BbicKasaJj Npeano-
JIOKeHue, uTo NpH JboM x>>1 Mexay x ¥ 2x Bcerfa Hahjercs
X079 Obl OJHO TNpOCTOE YUCJI0. DTO NPeANOJOXKeHHe INOJYIHIO0
HasBaHue mocTyJsata bBeprpana. B 1852 r. UeOniues gokasaa cmpa-
BeJIJINBOCTb 3TOrO HOCTYJaTa ¥ nosayuyus Gojee CHJBHBIH pesyJbTar,

a HMeHHO JokKasaJ, 4YTO IpH JA0CTaTOUHO 6OMBIINX X U 6>§

BCerja CYLIECTBYET INIPOCTOE YHCJAO p, JcKallee Mexpy x u Ox.
Mpr paanM pesysbraT YelHliueBa B HECKOJBKO ocnaGaeHHOH (opMe.
Teopema 327. Cyujecmeyem nocmosHnan 8, maxas, amo mexcoy
x{x=1) u 8x eceeda umeemca no kpaiueii mepe 00HO npocmoe
HUCAO.
ﬂoxa?,aTeanTBo CornacHo HepaBeHcTBaM (2) HmeeM:

7 (8%) — 70 () > Qi — b ud {(ad—>b) In x—b1nd}. (23)

ln(ﬁx) inx Inxin (6x)

Ecau B34Tb 6>E’ TO [pH AOCTATOYHO GOJBIIOM X == X, BbIpa-

xeHue (23) GyneT NOJIOKHUTEJNbHBIM, T. €. MeXAYy X U Ox JexKuT
no xpaiinefi Mepe ofHO npocroe yuHcao, HeckosbKo yBesuuus §,
MOXKHO chenath Tak, 4Tto 7w {0x)—m (x) OyneT MOJOKHTENLHBIM H
s < x < x,.

2, OB30P JAJIbHENIUUX PE3YJIbTATOB

PaGotst Ye6bnueBa mnocTaBusy Iepel MaTeMaTHKaMH 3ajady
J0Ka3aTb, UTO B HepaBeHcTBax (2) @ u b Moryr OpiTh mpu jAocTa-
TOYHO GOABLIIOM X B3STHl CKOJb YroAHO 6aHM3KuMHU K 1, T. e. moay-
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AT ACHMITOTHUECKYIO GOpMynay

()~ (24)
Bhpaxatomyto, uto lim & =1,
RNTY:

UebpiieB B 1848 r. pokasan, 4TO ecad 7npeje] OTHOLIEHHS
X
n (x):m CYLLECTBYeT, TO OH MOMKeT OhITb paBeH ToJbKO 1 (CM. Te-

opemy 331). OcHOBHAsl TPYIHOCTb 3aKJIOYaeTcst B TOM, YTOOHI ycTa-
HOBUTh CYIIECTBOBaHHE 3TOro mpefena, H YebbiweBy He YAajaoch
sToro cpenath. CyulecTEOBaHHE 3TOro mpefiesia H TeM CaMbiM JO-
Ka3aTeJbCTBO (opMyJbl (24), noayuuBmiell Haspaiine acUMITOTHYEC-
KOr0 3aKOHa pacnpejesieHust 1pOCTLIX Yuce, 661710 noayueno B 1896 .
HesaBuCHMO JApyr oT japyra Apamapom u Basane-Ilyccenom. Tot
¢daxT, YTO sl TEOpPeMBl, KOTOPYIO B TEUEHHE MHOrUX Jier Gesyc-
NemHo NBITAMMCh J0Ka3aTh KpPyNHEHILHE MaTeMaTHKH, ObLIO MOJY-
YEHO Cpasy JBa JOKasaTesJbCcTBa, He sgBjfercs cayuaiiroctsio. llo-
KasaTteJbcTBa Agzamapa u Bange-IlycceHa OCHOBaHBEI Ha NpHMEHEHHH
TEOPUH (PYHKLHUH KOMILJIEKCHOTO INIE€PEMEHHOIO, a HMeHHO Ha pac-
CMOTPeHHHU  A3eTa-GyHKuuH Pumana {(s) (cM. 33-10 raBy) npH KOM-
NJeKCHbIX 3HaueHusx S. Mjes takoro noxxona k npolbneme pacmnpe-
JeJeHuss npocTeix uuces Oma gana B. Pumanom B 1859 r. (oM.
HCTOpHYECKHEe KOMMEHTapuu K 33-ii riase).

IIpumenenue ¢ynkuun §(s) IS NONYyYeHHsT acCHMNTOTHYECKOH
¢opMyanl (24) ocHOBAaHO Ha TOM, YTO TIpH S==0 - if (0 >1) 3Ta
(YHKIEA MOMKeT OBITh NpejIcTaBJEHA B BHJLE

b =T —, (25)

p*

T NpPOM3BEJEHHE PACIPOCTPAaHEHO MO BCeM NMPOCTHIM 3HAUEHHSAM p.
Cootuomenne (25) npu HeACTBHTENbHBIX § >>1 OblIO HM3BECTHO eme
Dinepy (1748), v ero o6n1uno HasLBAIOT TOKAecTBOM Jilnepa Ko Bpe-
MenHu mnosiBnenust B 1896 r. pabor Anamapa u Baane-Ilyccena passu-
THE CaMOH TeopuH (QYHKUHH KOMIJIEKCHOrO I11€DEMEHHOTO JOCTHTJIO
TaKOH CTajyH, YTO CHeJaJ0 BO3MOKHBIM, HCMOIb30BaB nien Pumana,
JOKas3aTh aCHMITOTHYECKHHA 3aKOH paclpefesieHHsl NPOCTBIX YHCel.

Pa6orsi Pumana, Apamapa u Banne-Ilyccena noxasanu, 4to

X

dt X
Sln—t npaer Gosiee TouHOe mpUO/IHKEHHE K 7t (X), ueM Ty Mur npu-
2

BeJeM 3JieChb TOJbKO (GOPMYJHPOBKY OCHOBHOH TeopeMbl Ajamapa
u Bagne-Tlyccena.
Teopema 328.
X
dt
um~§m. (26)

2
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: ! dt
IMockobKY, KaK JIerKO MOMKHO JHOKa3aTh, ‘S'lnt iy opmy-
) 2

a (24) sBnsleTcs HENOCPEACTBEHHLIM cJeJCTBHeM (opmyJnl (26).

YcraHoBJleHHe aCHMIITOTHYECKOTO paBeHcTBa (26) He wmcyepmbl-

BaeT npobseMbl u3yueHuss pocra (yHkuuu n (x). OcHOBHON 3anauei
X

dt
3JeChb SIBJAETCA OLEHKAa MOJIYJ/SI PA3HOCTH MEXAY d(X) HSI?Z'

2
CymecTBeHHbIe Pe3yNBLTATH B 9TOM HallpaBJIEHHH ObUIH NOJYYEHEL
H. T'. Yynakossim. Ilpu 3ToM GBIIM HCNOJB30BaHbl GUEHKH COOT-
BETCTBYIOIMX TPHTOHOMETPHUECKMX CYMM, NOJYYeHHbIE MeTOJIOM
U. M. Bunorpanoea. Ilocnennue pabotst M. M. Buuorpajnosa u
H. M. KopoGoa pasu cJeIyOIYI0 OUEHKY:

’ n (x)— § %f <cre-a mws 27
2

rjpe ¢ 1 a—HEKOTOPbIE MOCTOSTHHEIE. )
B fpenenax HU3BECTHHIX B HacToduiee BpeMA Ta0JuI 3BauYeHUR
x

dt
7 (x) BeNMUMHA Sl—ﬁ—t OObIYHO TNPHHHMAeT 3HAYEHHHA, HECKOJBKO
2
Gonpume ueM n (x), ognako B 1914 r. anrsumiickuii MmateMaTuk JINTJI-
X
*dt
BYA JOKa3al, YTO (BYHKHHS § 7 IPHHHMAET GeCKOHEUHOe MHOMe-

2
CTBO pa3 3HaueHHd, M MCHbluMe U Gosbiine ueMm 7 (x).

B Teopum uuces [0Ka3aTeJbCTBA, OCHOBAHHbIE HAa MPHMEHEHHH
TeopHd (DYHKIHH KOMIIJIEKCHOrO MepPeMeHHOro, HPUHSATO YCJOBHO
Ha3blBaTh , HeaseMeHTapHBIMH“. Takum o6pasoM, AOKa3aTeabCTBO
Ha3biBaeTcs ,JIeMeHTapHbBIM® He B CMEBIC/E ero IPOCTOTHl, a B TOM
CMBICJIe, YTO OHO OCYIIECTBJSIETCS, OCTaBasch B paMKax JAeficTBH-
TeJILHOTO IePeMEHHOrO. ﬂoxasaTeanTBa Teopem UeOwliiera B 3TOM
CMBIC/IE SIBASIIOTCS ,,3JI€MEHTaPHBIMU",

Muorue mMateMaTHKM 1O HEJaBHETrO BPEMEHH COMHEBAJIHCH B BO3-
MOXHOCTH [OCTPOEHHS ,3JeMEHTAPHOrO“ JOKa3aTesbCTBA aCHMMTO-
THUECKOr0 3aKOHA pACIIpPe]esIeHUSI IPOCTHIX uKuces; OJHAKO 3TO MHe-
HHe oOKasajoch ommbounsiM. B 1949 r. HopeXCKHH MaTeMaTHK
A. Cenpbepr u Benrepckuit mareMaTux II. Dpaém onybsnxoaau
,IIEMeHTapHOoe* JOKa3aTeJbCTBO STOTO aCHMOTOTHUYECKOTO 32KOHA.
AcuMnToTHYECKHH 3aKOH pacHpeleseHUs MPOCTHIX YHCE MO3BOJISET
NOJYYUTh PE3Y/IbTAT 3HAUMTENBHO GoJiee CHJIbHBI, YeM JOKasaHHBIH
UebbiuieBoiM noctydiat beprpara.

Wz dopmyast (24) serko noJgyduTh HDpPOCTOe CJAEACTBME, YTO TpH
IPOM3BONLHOM CKOJIb YTOXHO MajoM & >>0 jus Jo6oro x > X, T. €.
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15 mo6oro JOCTaTOuHO OGOJBIOrO X, CYHIeCTBYeT MO Kpained
Mepe OJHO MPOCTOe YHCJO, Jexailee mexay x u (l-4e)x.

B HacTosilee BpeMsi B 3TOM OTHOIICHHH H3BEeCTEH 3HAYHTEJBHO
Gosiee CHJIbHBIA pe3ynAbTaT, a MMEHHO JOKa3aHO, 4YTO CYIIeCTBYeT
&< 1, Takoe, UTO HPH JOCTATOUHO OOJBIIMX 3HAUCHHAX X MEXAY
x u x-+x° Bcerga JeXMT N[O KpailHell Mepe OZHO IPOCTOE YHCJIO.
OnpefieleHHeM TaKOTO BO3MOMKHO MEHbIIEro 3Hauenus ¢ saHHMa-
nuch MHorue MaTematuku. Hanmpumep, B 1936—1937 rr. B pesyiib-
rare pa6or H. I'. Uyaakosa u Hsrama ana ¢ Obio noayueHo

48 38
3HaueHHe =&, a 3aTeM Jame s te EcTh npeanosioxeHue, 4TO,

Ha caMOM JeJge, npu BCeX JAOCTaTOUHO 60NbIIUX X CYUIECTBYET 11O

Kpaiineil Mepe OXHO IPOCTOE YHCJO, JiekKalliee MEXAY X U x+Vx;
OfIHAKO JI0Ka3aTb 3TO NOKa He YHaJjoChb.

3. OUEHKH HEKOTOPbIX CYMM C NMPOCTbhIMH HYHCJIAMM

dopmysa (3) He JaeT BO3MOXKHOCTH NOJNYYHTb HENOCPeACTBEH-
HOe JIOKa3aTeJbCTBO aCHMNTOTHYECKOTO 3aKOHa; BMECTe C TeM H3
5TO OPMYJIBI MOXHO DOJYYUTh aCUMNTOTHYECKHE OLEHKH HEKOTO-
DBIX CYMM, 3aBHCSIIMX OT pacHpejeeHHs -NPoCcThX uHced. Mu
OCTAHOBMMCS Ha OLEHKaX CYyMM

1 1
X e X5
P X p=lx
Ham nounano6uTcsl NpH 3TOM cJliefylomasi Teopema.
Teopema 329.
> Ink=xlnx—x-+0(Inx).
k<l x
JlokasaTteabcTBo. CorjacHo H3BeCTHbIM OLIEHKaM HHTerpaJja
(teopema XX) umeeM:
b
m—a)< [ @) dt <M (b—a),
a
rae m M M —COOTBETCTBEHHO HauMeHbllee M HauboJiblllee 3HAYCHHSA
HenpepbiBHO# (yHKUHH f(f) B cerMenTe a<<f<<bh.
IIpu f(t)=Int umeem:

k k41
{ntat<inr< § nzar. (28)
k=1 k
[Myctb [x]=n. IlpupaBas B HepapeHcTBax (28) umcay k sHaue-
Hua 2, 3, ...,n H CKJajplBas, IOJydaeM:
n n+1 n+1
(intat<y, me< § intdr< (inra (29)
1 hkx 2 1 ’
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Jlerko BHIETH, UTO TOCKOABKY n<lx<n-+1, 10
n4l X+1

| Smtdt-gmzatls S\ntdt In(x+1)=0(Inx),

¥ aHaJoTHYHO

IS inzat—S§nede|=0 onuwy
i 1
Torza us HepasencTs (29) HaxomuMm:

Zln Slnedt+0(lnx)—xlnx—x+0(1nx)

kslx

Teopema 330,
L P nx+0(). (30)

Py

Hoxasatenbctso., CormacHo gopmyde (5) 4-fi raasu u Te-
opeme 329 umeeM:

Ly 1np{[%]+[g§]+. }:% S nk=lnx+0(1). @)
plx helx

Ex o3l (3l s S el ie -

[ pP=Xx
- np <3 o =0, (32)
==l s nn—
Inn
TaK Kak pﬂ}lz m CXOJUTCA.

n=2
Mpsl uMeeM TaKike cOrJiacHO HepaBeHcTBaM (2) UebblwieBa oneHKy

O<P§‘x 1np(—;—— [%D <p§xlnp<n(x)-lnx%0(x),

TaK UuToO

+ Y mp[2]= 3 o). (33)
pslx DS x

Hs (33), (31) u (32) noayuaem Tenepb
> 7 inx+0(1),
=P
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T. €. CylecCTsyCeT HOCTOsiiHasK €, Takas, uTo

3 mTp——-lnx—}—r(x), Ir(x)] < c. (34)
P X

Tlpumenns oueBHKHOE TOXKIECTBO

| Fla)g @) +F (u+ D (g e+ )—g (@) +
+iu+2)(glu+2)—gu+1)+... +[ () (g@)—gv—1)=

=g F@)—=fu+D)+gu+)(Flut+ H—fu+2)+...

o g—D ([ (0—1)—7 () +g @)/ (v) (35)
H rnoJap3ysch TeopeMoil 330, Mbl Terepb ROKaXKeM yiKe YIOMSHYTYIO
Bbillle Teopemy [1. JI. YeObiesa o ToM, 4TO npenes OTHOWEHHS
5(X) K —— He MOXeT ObITb OTJIMY4eH OT 1.

Teopema 331. (T1. JI. YeOniwen.) Ecau npu yserudenut x om-
Hoterue n(x):mix cmpemumcs K onpedenenromy npedeay, mo smom
npedea pasen 1.

Hokasartenscrro. [Ipenmonoxum, uto lim <”§Cx)) =1y < I;

Inx

X—>®

Torja Afas goctatouno GoJpmioro uesoro uucjaa N npu Beex f, Ta-
i 1
Kax, uto N << << N?, 6ynem umeThb () <vyj7 o THe er:——g—-y<l,

A b1 1, ecoi k—mpoctoe uuco;
ak)—n(k—1)=
(k) ( ) 0, ecau k—cocTaBHOe YHCJIO.

[Tpumensia Toxpectso (35) npwu | t)—l"tt, gy=mn(t), u=N

v=N?, a TakXe NpUHUMas BO BHHMaHHe, YTO COIJIACHO TeOpeMe 324
Int
BeJIHYHHA n(t)T OTPAHUYCHHA, NOJYy4YaeM:

1
ae Z (¢ (k) — 2 (b — 1)) S =
N<p< N k=l
Ni-1
kz;v (k)(lnk lﬂkfi:i;l)>+ (Nz)mNIZ*“(N)LnNIY=
NEo1 k-Hlnt—l =i lnt
k=N k ke
N lnt—l
om—S () =——dt +0(1).
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Mu BoCTIONIB30BANUCH 37eCh TeM, u4TO QYHKIHS 7 (£) NOCTOSHHA
t
B uHTepBase (k; k- 1). Iockoabky m(f)<C Yii;; OpH BCEX £, Ta-
KuxX, 4T0 N << << N2, Tenepb noaydaem:

NZ
Inp Int—1
> < T a+rom=
N CpsIN2 N
=y;(InN—In2)-+- 0 () =y, In N+ 0 (). (36)

C zpyroit cropoust, coraacuo dopmyae (30)

inp Inp Inp
N<p<IN? P p/\ZNz P psi N P
=InN2—~InN4+0(l)=InN++0(1). 37)
CpasunuBas gopmyasi (36) u (37), umeeM: ln N+0(1)<vy;InN4-
+0(1), (1—y)InN<0(l), InN= 0( ) 0(1), m.e. InN—
OTrpaHHyeHHAst BeJMUNHA.
[pennonoxenyue, uto lim “(x)

X > 0 -
lnx

peunio. CoBepuIeHHO aHAJIOMMYHO UPUBOINT K NPOTHEOPEYHIO U Npej-
. n{x
nonoxenue, yro lim (x)

x> _X
Inx

X
K nx MOXKET pPaBHATHCHA TOJNBLKO 1.

<1, OpuBeJio Hac K IIPOTHBO-

>1, T. e 1npejesn OTHOWeEHHS "7 (X)

Ionbsysce Teopemoit 330, ¢ nomoinbio npeoGpasopaHus Abess
MOXKHG NOJYYMTb AaCHMIITOTHYECKHE OLEHKHM LeJOTo psifa APYTHX
CyMM ¢ npocTeiMu uucnamu. OcoGeHHBIH HHTEpEC NpencTaBisier cle-
Ayiollast OlleHKa, CYLIeCTBEHHO YTOuHAMWAA Teopemy 326.

Teopema 332,

> s=lnlnxe+B+0(g), (39)
péx
20e B— HeKomopas nocmosHHas.
Hoxkasarteanbctso, Ipa g(f)= Z——— uMeeM:

gy —gh—=1)_ 7:-, ec/ii R = p-—TpOCTOe YHCJIO;
mk 0, eciiu k— COCTaBHOE YHCJIO.

[pumensis Toxaecteo (35) npu u=2, v=[x] (x=2), a Takxe
IIpUHHAMas BO BHHMaHMe, yTo corjacHo Teopeme 330

g(lx]) _Infx1+0(1) _
In[x] Inx] =1+0 <ln x)
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Tostyyaem:
Ix]

> %zf—n(—?-% 3 @) —g(k—1) =

p<x k=3
[x]—-1
i g([x])
= ?_: g (k) (TEE ln(k+1)>+ln[x]
=2
[x]1=1 k1

= k;zg(k) _g t1n2t+1+o<lnx>

[x]
=% et vo (k) -t vo(d)-
& 2

\\nx

Msl BOCHOJIB30BANUCH 3JeCh TeM, yTo g(f) DOCTOfIHHA B HHTEp-
Bane (k, k-+1), u teM, uro (Teopema 330)

R 1 dt !
S s 7=0<m>-
)C

3amenss g(f) Bupaxenuwem Int-+r(f), rme |r(f)|<c[ouen-
Ka (34)], nomydaem:

Hwmeem
ot acl tmgiemo(). e
Crinat

HecoGcrBennbli I/IHTeraJIS“nzt cxonuTcd, Tak uYT0 B=1-—

2

O
tyd
—_ 1\1In2+5‘%])2—t~t——nexoropaﬂ NOCTOSIHHAS BenuuuHa, 4 u3 (39)

2
‘B (40) HaxoauM OKOHYATENbHO

3 13‘_:1n1nx+3+0<%c) ‘

pElx
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Bouncnenne mnocrosiggoli B nokasano, 4ro B=0,26149....
Ouenxa (38) nokasbiBaeT, YTO, XOTS Psij BEJAHUKH, OGPaTHBIX Npo-
CTHIM YHCJIAM, DACXOJMTCSI, CYMMa 3TOTO psfa o06pa3yerT MeJIeHHO
pactymyio Benuuuny. Hanpumep, npu x= 100000 000 (cTo Mumano-
HOB!) BeninunnHa Inlnx MeHbme uyeM 3, a ecqH YBEJMUHTH X eule

B JeCSITb pas, TO B 2 —;71106a13mca 6ouee 45 000 000 caaraemnix,
psCx

KOTOpBIE, OJIHAKO, YBeJAHYaT 5Ty CYMMY MeHblue, ueM Ha 0,2.

PacemoTpuM ¢yHKUMIO v (1), BBHIPAKAWHMYIO YHCIO PasiH4HBIX
npocThix pesuteniedl n. COryacko ONPEReNeHuIo ecain n=py ... p¥ —
KaHOHHYECKOe pasjoxkeHue n, To v(n)=s. Hanpumep, v (600)=
=v(2%.3.5%) =3, v(n')_n(n)

Mbl nocraBuM 3amayy onpefieJieHHs] CPEJHEr0 3HAUYEHHsI 3TOH
(byHRUUH,

Teopema 333. Cpeluee suauenue Qyuxyuu v (n) Ha ceemenme
[}, N] pasno

lnlnN—}—B—}—O(mN)

20e B—nocmosanuas meopemor 332.

Takum 06pas3oM, B cpeJiHEM Ha Kaxjoe M3 nepBle N narypanb-
HBIX YHCeJ MPHXOJUTCS COBCEM HEMHOIO, a MMeHHO npuMepHo Inln N
PasJUYHBIX NPOCTHIX JeJuTeJIe.

JlokazaTeabCTBO.

Soo-RR1-% 5 1-3 (5] 3 (34

n=1pln p<IN n<iN <
n= ¢ (mod p) PN PN

rae |6,|<<1, tak uro, nmoap3ysach HepaseHcTBaMmu (2) UYeGbiuesa
(oueHKa CBEpPXY), LOJyuaeM:

l $o < T =)= (-1"7\,)

PN PN

a Temepb Ha OCHOBAHHH TeopeMbl 332 HMeeM:

Zv(n)—-NZ >+0(5x)= =NlnlnN+BN+0 (2% ) (4D

=1
Jens neByio u mnpapylo wactd paseHctsa (41) Ha N, mosyuaem:

N

-}Vzv(n) ~lnln N+ B+0 (5w) -
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4. POPMYJIA MEHWCCEN Y

AcuMnTOTHYECKHH 3aKOH pacrpefesieHUs I[POCTHIX YHCEea Naer
NpeAcTaABAeHHE O MPUMEPHOH BejuuuHe 3t (x) NpU OOJbIINX 3HAUE-
Haax x. HaxomxpaeHde ToyHbIX 3HaueHuil 31o#l (yHKuHH npu GoJib-
UX 3HAYEHUAX APryMEHTa CONPSKEHO C AJNHHDIMU BHIYHCJIEHHSIMU,
Mpbl ocTanoBHMcsl 3Jiecb Ha HEKOTOPBHIX TOUHBLIX opMyaax s m (x),
HO3BOJISIIOIIHX BBIYHCHAATS 3HAUEHHS 3TOH (YHKIHH, HE COCTABJSA
npejBapUTeJIbHO TAGJHUIB CaMHX MPOCTbIX uyucen. Haurem ¢ Ttoro,
4TO ONpefeNMM OJAHY HOBYIO TECPETHKO-UYHCAOBYIO (PYHKUUIO ABYX
apryMeHToB, KOTOpPOR YZIOOHO [10J1b30BaThCS NPY BBIUUCJEHHH 3HA-
YyeHHUH T (x).

O6o3uaunM uepes @ (X, y) YHCJO UHCEJ, MEHBLIUX WJHM PABHBIX X,
HE JeJsIHXCS Ha NPOCTble 4HcJa, MeHbINUe HJM DPaBHbC y, 1L,
HHaue TOBOPSI, UHCJO uuces 7 <I X, B3auUMHO HpocTbx ¢ [y]l.

Teopema 334, [Tycmo p, =2, p,. ..., p,— Apocmoie 4UCAQ, MeHb-
wiue usu pasuele yem y; moada
X
o~ Y |5|r@ (42)
dipy...py
Hoxasareancrso. Coriacno teopeme 316 umeem:
b, ecqnt (n, py...p)=—=1,
; u(d):{ 0, ecan n jgenutcsi XoTsi Obl Hd ORIO
an.py- - -pr) [ wus mpocreix wicen py, ..., p,.
Px, )= 2 1= 2 1=2 X p@d=
ns_x n<lx n<lx di(n,py...pp)
(n, fylhH=1 (1, Pr..-ppy=1 )
X
Y owd ¥ 1= ¥ [F]ea@
dlpy...py n<x d|pe...pr
n=9 (mod d)

[Tpumep. Bouucaurs uucno uucen cpegu nepsnix 1250 nHaty-
3
palbHBIX YMCEJ, He NeJSIUXCS Ha npocThie uncsa << j/ 1250.

f/1250: 10,7. .. . Ilpocrbimu uncaamMu << 10,7 spasiores gucha
2, 3, 5, 7. Tlo dopmyse (42) naxopum

o(250, 120 = ¥ [ wi =[] -[F]-

dl2-3:57
— [ [ ) [ [ + [+ [+
+[%] T[%?J“[%?}—[l'i’?]~[%9}—[%)] +[ o] =287

B caenyiomelt Teopeme Mal AaiuM POPMYNY, KOTOpasi OCYILeCT-
BJISIET NOJCUET UKC/Ia NPOCTLIX YHCEJ METOJOM 3patoceHoBa peiuera.
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Teopema 335. Ecau py, py, ..., p,— npocmoe qumas;VJ?, mo
s ()—n(VD)+i= ¥ [—Z—}u(d).
dipy...py

JNlokazaTeabcTBo. O(x, ) x) BHpamaeT UncJO YHCE] << X,
He ZeJSIMXCSA Ha NPOCTHe yucaa <<V X, T. e. COTacHO Teopeme 23

OTJINYAETCSt OT YHMCJA NPOCTHIX UMCeJ, JEKAWMX Mexay VX u x
(BKJIIOYast X, ecqiu X -—TIpoOCTOe UHCJIO), TOJBKO OJHHM HUCJOM l.
Takum oGpasoM, MoMb3ysCh elie NpelbiAyeld TEOPEMOH, ToaydaeM:

a@)—a(/ D+1=0& VD= 3 [4]e@ @y
dipi...pp

ITpoussenenue p,-p,-...-p, o6o3naunm yepes M. Popuyay (43)
MOXHO 3anucaThb B PasBepHYTOM BHJE!

sw—aVD+1=- ¥ [2]+ 2 [;%]-

pii M pipj | M

p> [mpj;pk]_f_”" (44)

Pip ok M

dta dopmyaa JaeT YMCAEHHHIH MOJACYET YHCJIA MPOCTHIX HUHCe,
Jexamux Mexay V x u x, NoayyaeMbiX B mpouecce IIpHMeHeHHs
pemwieta JpaToceHa. Brmuiiem Bce HaTypajbHble UYHCHA < X —HX

Oyner [x]. Bouepkuem uncia, kpatusie p,, —ux Gyuer [b’f—] ; Kpart-
1

X
HbiE p,,—HX OyJler [—] M T. A. IO 4YMCeJ, KpaTHHIX p,,—HX
2
X o
?] BBIYEPKUBAHHUH.
H

JloGaBuM YHCHIa << X, KPATHbIE BCEBO3MOXKHEIM p;p;, Tie pip; I M,

Oy per [i] , T. €. BCEero mpoH3BejeM [
(1

X

T. €. KoGaBHM Z [—— yucesl. BriuepkHem umcna <Cx, xpar-
pipjim -7 7

Hbie BCEBO3MOXKHEBIM  D;p;Pp, THE p;p;pp|M, T. e. BblUepKHeM

] qyupcea, U T. 4.

[ X
pipiplM PibiPr
IlpaBast yacTb paBeHcTBa (44) BHIpaXKaeT YHCJIO YHCEN N<CTX,
OCTAIOLIMXCA TOCJe BCEX STMX BblUePKHMBAaHHH H Jo6aBjeHui.
IlogcunTaem 3TO Xe YHCJIO OCTAIOLMXCS 4YHCesl JAPYTMM CHOCO-
6om. Ecqu cpemm umcen py, py, ..., P, HMEETCS S NPOCTHIX HeJH-
Tesiell yucsaa n(n<<x), To n OblI0 BLINHCAHO OJMH pas, BbIUEPK-
Hyro C. pas, no6aBneno C:. pas, Bbiuepknyro C; pas u T. I

[Nockonmbky
1-C+Ci—... +(—1)Ci=(1—1)°=0,
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TaKOe 7 BBIYEPKHBAETCS CTOJBKO pa3, 4TO, HeCMOTpS Ha BCe JO-
Gasjienust, OHO He coxpaunrcst. Uucna n<Cx, He Jensmyecs HHU
Ha OJHO M3 YMCea Py, Py, ..., P, COBCCM HEe BBIYEPKHBAIOTCS U
coxpansiorcs. Takum o6pasom, mocse BceX BhMeDKHBaHHH H JO-
OaBJleHUH OCTAHYTCS Te H TOJBKO Te€ YHCJA, KOTOpLIE He JeNsTCs
Ha Py, Py, ..., Py, T. €. OCTAHETCS | U TMpOCTLIE UHCJA p, TAKHE, YTO
Vx<p<x. Uncio >THX ocTaBmIHXCA uHceJ paBHO |-+ (x) —
—g(V x). Mbl nonyuaem, TakuMm o6pasoM, Jpyroe NOKa3aTebCTBO
ToxjecTBa (43), HarJfAHO NOKashiBaiomee CBSA3b (opMyanl (43)
¢ pemeroM JpartocdeHa.

INpumep. [lpu x=45 npoCTHIMM YHCAAMH, MEHBLIUMH WX

PaBHBIMHK V@zG,?, ve., ABagOTCH 2, 3 U 5.
o= 0t o[£ [5][5)+ [£] [ ¢
(8] [5]-w

Ipumenenne dopmysel (43) IpUBOAUT K AJNHEHBIM BBIYUCJICHHAM,

TaK KakK CyMmMa B HpaBOﬁ YacTH COJHIEPKHUT GoJibLIOE YHCJIO Cla-

raeMeiXx. Meficcens B 1870 r. man dopmyny, B xotopo# w (x) Bbipa-
1 1

JKaeTcs He yepes (D(x, x?), kak B (43), a yepes @\ x, )ﬁ). Sra
tdopMyna ropasno ynoGuee, uyem Gopmyna (43) AAf BHMUCTEHUS
sHa4yeHu# = (x).

Teopema 336 (Meiiccess).

1

n(x)z(I)(x, x_3>-- Z n(i)—k

1 1

> <p<x
L/ 2 1 1 1
+§< (xz)—{—n(x“)—2><n(x2)—n(x3)+1>. (45)
JloxasaTeabcTBo. 1Hycn; Psets Psens «n:s Pp—TPOCTHE

ync/a, JeXalue MeXAy x° U x?, TaK uto s=gm(x?), { =n(x?) u

1

1
ps§x8<ps+l< Psia<< ... <pt<x2'
O6osuausm qyepes M wmHOXecTBO umces << X, He Jendmuxcd Ha
1

npoctbie uxcna p << x 3, OueBupHO, 4TO yucja, BXoisulye B M, He
MOTYT UMeThb TpeX HJH GoJiblie NpPOCTHIX AeNHTeNeH.

1) 1eM. 2

2) B M BXomdT BCe HpOCThle YHCAA, JEXKANME MEXAY X3 H X
(Braouas x, ecau x—mpocroe YHC0). UHCHO TaKUX MPOCTHIX HH-
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1
cen papHo T (X)) —m (x?)=mn(x)—s.
3) Cocrapubie wicJa, Bxoismue B M, He MOryT nMerh Goblue
IBYX (POCTBIX AEMHTeJeH, T. € OHW HMEWT BUA p;p;, (p;<<p;),
TZ€, NOCKOJBKY P;p;<=X, A5l HAUMEHBIIErO M3 5THX NBYX NMpPOCTBHIX

MHOXHTEJNEH p; HMeeM:
1 1

X P X, Pi<l7j<§- (46)

i
Ina kaxporo p;, rhe s<is<Cf, YHCIO IPOCTHIX HHCE Py
YIOBJETBOPSIOMUX YycaoBusaM {46), paruo
x [ x .
n{=)—mn(p)+l=mn ~>-—L—Ll
<m> (P) "\m b
a ofmee 4MCJO cocTaBHBIX unces B M pasho

i=f{ | - )
S (a(Z)-irt)s ¥ a(E)-trihes

i=s+1i

[

Takum obpasom, s @(x, x3)— ofmero umcaa uncen B M
nosyuyaeM gopmy.ay:

O(x, x¥) =1+ (x) — s+ 2 n(%)-—%(s—}-t——l)(t—s):

21 A
x3<p<x2
x 1 \
=aw+ X w(f)-grsai—s+t,

E 2
PAPITS;
1

1

OTKYJa, 3aMeHsist S M ! HX SHAUCHHSMH & (X%) M m(x?2), nosydaem
s s (x) dopmyay (45).

[Tpume p. HalTn grucsio npocTHX uMcen B npefeaax ot 1 o 1250.

B npumepe Ha crpannue 349 6bsio  HaiineHo, uTo
® (1250, 3/ 1250) = 287. Mexny 3/ 1250 =10,7... u /1250 =35,3...
Jexar npocrmie udmena 11, 13, 17, 19, 23, 29 n 31; n(10,7) =4,
7 (35,3)=11. Haxoaum npu x=1250:

B ()= (B (B (B (5

43 (%)—{—n (1_259)_!_“(%?_9):135‘

xd<pgx
7 (1250) = 287 — 135+ 5 (11 +-4—2) (11 —4 4 1) = 204,

)
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Briyncnenuss spadenuil QyHKUME s(x) OObLIYHO OCYLIECTBJASIOTCSH
c. nomotpio Gopmysn Meliccenss uau aHaNorH4HBIX HOPMYJ TAKOTO
1

poma. MsBecTHbl QopmyJibi, Bbipaxawomue 7 (x) Yepes DOx, xm)
npu n>>3, U 3uavyeHus sx(y) NpU CPaBHMTEALHO HeGOJBIIMX 3HA-
yeHUsIX Y, OAHAKO 3TH (FOPMYJIbl OUEHb FPOMO3JKH.

Hcmopuseckue KoMmenmapuu k 35-i 2sase

1. Eme B 1798 r. Jlexaunp B OepBOM H3JaHMH CBOEH KHHIH
,Essai sur la théorie des nombres* onyGaukoBan npuGIHKEHHYIO

GopMyy AJs m(Xx) B Buje A_mxTc'-F'E' Bo BropoM wu3ganum 3TOH

KUMTH OH YTOUHHJ CBOW (GopMmyJy, B3aB B KauecTBe A uucio 1.

2. Taycc cBo# coofpamenus O BeauuuHe OQyHKUHH 7(X) 0OpH
GOJBIIAX 3HAYEHHSX X coobwua To4bko B 1849 r., a onyGanKoBaHbI
ony Gun B 1863 r., yxe nocae pabornl Pumana.

3. TNabuytuit Jlbsosuu UeGhimen pomuaca s 1821 r. C 1837
no 1841 r. yumacs B Mockosckom yuusepcutere. B 1846 r. saumu-
THJI MATHCTEPCKYIO AHCCepTaniio mo Teoput peposiTrocrefi. C 1847 r.
U 710 KoHua cpoefi xusnu (1894 r.) paboran s IlerepOyprckoM yHH-
pepcurere, [louTn ¢ camoro nayasa cpoefi xusiu B [lerepGypre
cran paoTath Takxke M B AKajeMHH Hayk, kyAa Obul u3bpan
B 1853 r. ambloHkToM, a B 1859 r. akagzemuxoMm. [loMuMO cBOHX
3aMeyaTeNbHbIX paboT no Teopun uuces, HeObilies H3BECTEH CBOHMY
¢yHIAMeHTaIbHBIMU PaboTaMd N0 MaTeMaTHYECKOMY aHaJ/M3y, Teo-
pHH BepOSTHOCTEH M NPHKJAJHOH MaTeMaTHKe.

B 1849 r. I1. JI. YeBniues Hanucas xuury ,Teopua cpaBuenui”,
Sra Kuura npeicTapaser co0ofi OpHUruHaJbHBIN H BecbMa rJIyCOKH
AJs1 TOTO BPEMeHH KyPC OCHOB TeOpHM uuce]. B kauectse OxHOro
u3 jonoaHennit k stoMy Kypey I[1. JI. UebpimeB paer cBod Memyap
,O6 onpefelenul 4ucJaa NPOCTHIX YHCEN, HC NPEBOCXONALULIHX JaHHOH
BeinuMHbL®. B 3TOM MeMyape, OnyOJMKOBAHHOM TaKiKe OTAENBHO,
B UaCTHOCTM, ROKa3biBaercs TeopeMa O TOM, YTO Npejlesl OTHOLIEHHS
m (%) K#; He MoxeT ObiTh oTauyen oT 1.

Pa6ora H. JI. UeGnmesa ,,O npocThiX YHCJaXx“, B KOTOPOH JAaHbl
yepaBeHCcTBa BHAA (2) A1 QYHKOMH 7 (X) U JOKAa3aTeJNbCTBO MOCTY-
nata Beprtpana, onyGankosana IleTepGyprckofi Axamemuedl Hayk
B 1850 r.

4. TocryaT, noayunBliui HaspaHue nocTyJjata Beptpana, Obia
chopmysuposan Beprpanom B cneayiomed gopme: Ilpu n =3 cyue-
CTBYET NPOCTOE YHCJIO p, Takoe, 4To n < p=<2n—2. BeprpaH mpo-
BepHJ COpaBeiJiMBOCTb 5TOTO mOCTyjata npu seex n<< 3000000
¥ NPHMEHHJ ero [pH 0KasaTeNbCTBe ONHOH TeOpeMbi TEOPHH PNl
Uebnimes faer 0oJiee CUJbHBEIH pe3yJbTaT, a HMEHHO, OH JOKasad,
YTO YMCJO IIPOCTHIX YiCeJT B TakoM HHTepBaje HeOrPAHAYEHHO
yBEJNUYHBAETCH NIPH YBEJIHYEHUH BEJHYHHBI 1.
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5. Pesyastar I1. JI. Yefunimesa o TOM, 4TO npejfes OTHOUIEHMS

X
m(x) K {m% He MOXeT (ecM OH CYIIeCTBYeT) OTIHYATbCA OT 1,

IOJIyuaeTCsl y HEro Kak ChAefcTBHe W3 cuepywomefl Teopemsi: ,Ilpu
[pOHU3BOJIBHOM CKOJIb YTOAHO GOJMbIIOM £ H MOGOM CKOJb YrOXHO
MajoM @ >0 cylnecTByeT OeCKOHEYHOE MHOKECTBO X, TAKHX, 4TO

X
x dt x
—_— e &I (X)) — X —,
In®x ) s Infx

2
¢ d
i
Benuunna uaTerpada Sm JaeT Gosee TOUHOE NPHOTMKEHHe
2

K 1 (x) (npu AOCTaTOYHO GOJIbLIMX X), uUeM KaK Obl Mbl

X
Inx+4+B"
HH BHIOMpANH NOCTOSIHHYIO Be/JHUYMHY B.

Eme Puman ganx dopmysy, yCTAHABAHBAOULYIQ HENOCpeICTBEH-
HYHO CBA3L MeXAY 71 (X) M Hyasmu {(s), MexalUMi B KPHTHYECKOI
nosoce. ®opmyna Pumana 6nuia nosdocTsio oGocHoBama B 1894 1.
MaHroabAoM.

x

dt
Ectb npeanonoxenune, 970 MOAY/Ib PA3HOCTH MeXAY m (X)

Int

2
3HAYHTENbHO MEHblUe, YeM 3T0 faHO B (opmyse (27). [Ipexmonaraior,
YTO MOAYJb 3TOH Pa3sHOCTH NpeACTaBJseT coboif BelHUHHY NOPSIEKA
O(V xInx). Takasa mouTH mpefebHO XOpomas ONeHKa 7t (x) Gymer
nodyuena, ecju Oyjer Aokasana rumoTesa Pumana (cM. cTp. 324).

. X

dt
Ouernxa pasHocT Mexay 7 (x) u Sm 3aBHCUT OT TOlO, Ha-

3
CKOJIbKO JaJ/ieKd oT apaMod o=1 uyau { (s).

6. JloxasarenbcTBO  aCHMMNOTOTHYECKOI'D 3aKOHA paclipeyeseHus
npocteix unces, AaHuoe A. Ceanbeprom u I1. Dppémom, ocsoBano
Ha MCNOJ/b30BAaHUH TOXKJAECTBa

Dintp4+ ¥ lnplng=2xInx+0 (x), 4"
p<x Pi<x
rae p u q npoberaioT npocrsie 3HaueHusi. Toxpecrso (47) noayuuio
naspanue ToxjaecrBa Cesbbepra. Co Bpemens Bhixofa pabotel Cesb-
Gepra ¥ Dppéwia NOSBHIOCH HECKOJIBKO DAa3/JHYHBIX BapHAHTOB
3JIEMEHTAPHOIO JOKAa3aTeJpCTBA ACHMITOTHYECKOIO 3aKOHa pacrpe-
JeNeHusl NMpOCTbIX UHCed.

7. B 1940r. I1. dpmém joxasan, 4TO l_i_{_n—e’if—;—;;—p"<c<l,

T. €. Pa3HOCTb MeXJAY COCEJHHMH IIPOCTBIMH HHCIAMU Py — Pj AJS
6eCKOHEeUHOTO MHOMXKECTBa 3HaueHUl & MeHbule, 4eM ¢ In py, the ¢ << 1.
C npyrofi cropousn, 6buio goxasase (Dpaém, Paskun), uro cyue-
CTBYeT HEKOTOpasi WNOCTOsHHAsi b, Takas, 4To Ajs OGeCKOHEYHOro
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MHOMKECTBA NPOCTHIX uKces p, GyJeT BHINOJHATLCS HePaBEHCTBO

Ininp,ininininp,
Pasr—Pu=>bIp, =g e

B KauecTBe b MOXHO B3ATh b==¢C—¢, rae C—nocroanyas Diinépa
(cM. crp. 53), &> 0—npou3BosibEO Majasi BeJHYHHA.

8. Teopema 332, Tax e kak u TeopeMma 330, Obila JOKasana
B 1847 r. Meprencom. IlpuMeHeHue - METOZOB TeopHH (YHKUMK
KOMIIJIEKCHOTO ~ IIEPEMEHHOTO TO3BOJMJIO ~ 3HAYHTEJBHO YTOUHUTH
oueHky (38). MepTeHc JOKasas Takxe, 4To

1 e C
1I (1“7) abret
p<x
rae C—nocTosiHHas Ditjepa.

9. Teopema 333 ussectna us paGots Fapan n Pamanymxana (1917).
Ecnu sMecro ¢ynKuHH V(1) B3aTb QyHKUMIO Q (1), PaBHYIO YHCIY
NPOCTHIX JeJuTeNefl n, CYuTasi Kax bl H3 HUX CTOJNBKO pas, CKOJIBKO
pas OH BCTPEUAETCSl :B KaHOHUYECKOM pa3NOXKEeHHU 71 (Hampumep,
Q(1200) = Q (2¢-3-5%) =7), TO TaKkKe HMeeM:

3 Q(n)lenlnN—i-BlN—}—O(%V),

n< N
: 1
NpHYeM TOCTOSIHHAA 31=B+2m, rje B-—rnocrosinHas
P

TeopeMnl 332.

- 10. Teopema 335 BcTpedaercss BhepBbie B BHAe Gopmyuab (44)
8 kuure Jlexannpa ,Essai sur la théorie des nombres“. Ilocae pa-
6ot Melficcessi pasJauunble (GOPMYJBI, BhHIpaiKalomue 7 {X) C IOMOH(bIO
dyrxmuu @ (x, y), bt nocrpoersl Porenem (1899) n Unnoua (1905).

I'JIABA 36

PACHPEAEJIEHUE NPOCTbIX YUCEJ] B APUPMETHYECKMX
NMPOrPECCUAX. AJAUTUBHDLIE 3AJAYH

1. MPOCTHIE YUCJIA B APUOGMETUYECKOW ITPOIrPECCUH

Ons GoJpluMHCTBA Pe3yJabTaToB, O KOTOPHX Oyjaer HWATH peyb
B HacTosIefl ri/apBe, JOKA3aTENbCTRA BEChbMa CJOKHBI, U Mbl He OyJleM
ux npupoauth. OcHOBHAas 3ajaya 3TOH rJaBbl— JAaTh OYEPK COBpe-
MEHHOI0 COCTOSIHMS TEOPUM HPOCTHIX YMCEJ € TeM, YToObl uMTaTesy,
3aMHTepeCOBaBIUNeCs] paccMaTpHBaeMoOfl npobJeMaTHKOM, 0GpaTHINCD
K cHenMaNbHOH JIHTEPaType.

B npemnipyineil rjape Mbl PacCMOTPEJIH BODPOCH!, CBSI3aHHbIE
C pacnpejieJieHHeM INPOCTHIX YMCeJ B HaTypaibhoM pany. Kax cae-
IYIOLIYIO CTYNEHb H3yUYeHHS! NPOCTHIX YHCeJ eCTeCTBEHHO NOCTaBUThH
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3ajauyy H3YUeHHS HX pacrpejie/leHHs B Pas3/MUHBIX [OANOC/]IEN0BA-
TeJbHOCTAX HaTypaJbHoro pspa. HaunboJee npocTeiMi GeCKOHEUHBIMH
NOANOC/IeJOBATEJbHOCTSIMH HATYPAJbHOTO pAja ABJSIOTCS apubpme-
THYECKHE TPOTPECCHH.

Ecnu B39Th, Hanpumep, IporpeccHio ¢ passocteio 10:

7, 17, 27, 37, 47, b7, 67, 77, 87, 97, ..., )
TO B Haua/Je Cpeid ee UJEHOB BCTPEYAeTCs CPABHUTENbHO MHOTO
NIPOCTHIX HHCeJ (MOJUYEPKHYTHIE uJeHbl); OYAYT JiM MPOCThiE UYHCJIA,
CoZepxKaiivecss B 3TOH nmporpeccun, oOpas3oBLBaTL GECKOHEYHOE MHO-
JKECTBO WJIM HAUWHASi ¢ HEKOTOPOTO MeCTa NpOCThie Yucaa GoJbiie
y¥e BCTpeuaThCsl He OynyT?

OxassiBaercsi, # 370 ObLIO BepBbie LoKas3aHo B 1837 r. dupuxJe,
4yTO He TOJBKO B Iporpeccud (1), Ho u Boobue B JioGoii nporpeccuy,
Yy KOTOpPO# Hava/bHbi 4YJeH B3aMMHO IIPOCT C Pa3HOCTHIO, COJEp-
XKUTCSl OecKOHEUHOe MHOXKECTBO IHPOCTBIX YHCEJ.

Teopema 337 ([upuxane). Ecau (k, I)=1, mo npoepeccus

I, [+k, [-+2k, [+3k, ... @)

coldepaicum OeCKOHEUHOe MHOINECIBO NPOCHIbLX YUCEA.

Yenosue (k, [)==1 cymecTBeHHO, Tak Kaxk eciu (B, )=d>1,
TO BCE UJIEHB! MMOCJAeHOBaTeNibHOCTH (2) AensiTcsi Ha d U NPOrpeccHs
TOTJa COACPKHT camoe GoJibllee ORHO NPOCTOe YHUCJIO. Mbl IPHBOANM
3Ty TeopeMy 6e3 JoKasaTesbCTBa. [loKasaTesbcTBO, AaHHOe JlHpHXJe,
OCHOBaHO Ha PAcCMOTPEHHH OCOObIX TeOPeTHKO-UHC/IOBBIX (YHKIHI
X (n), HaspiBaeMBIX XapakTepaMmu (XapakTepsl IO MOAYJIO k), H Tak
Ha3biBaeMbix L psgor upuxie

- % (n)

ns

L (s, %)==

n=1

MpH KOMIVIEKCHBIX 3HAUEHHAX apPTyMeHTa s.

XapaxTepoM no Mony/uo k HasbiBaetcst yucioBas ¢yskuus X (1),
taxas, 4ro: 1) X (I)=1, 2) X (a)=0, ecsm (a, k)z~=1, 3) % (ab) =
=X (a) ¥ (b) nas mobex a u b, 4) % (a) =X (b), eciiu a=b (mod &).
MOXHO JIETKO J0Ka3aTh, YTO BCE OTJMYHbIE OT HYJIsi 3HAUEHHS TAKO
GYHKUHMH [PEeACTaBJASIOT cOGOR KOpHM cTenenu ¢ (k) H3 eQUHHIDL

JloKkasaTe/ibCTBO HCNOJAB3YET TO, YTO XapaKTepbl WMEIT OXHO H
TO Xe 3HaueHHe JIJIsi BCeX YHCEJ, CPaBHHMBIX N0 MOAYJIO £, T. €.
LSt BCeX YHCeJ], INPHHALNEKAMUX OJHON H TOH Ke NpPOrpeccHU
€ pasHocThiO X.

B 1949r. A. Cennleprom Opuio onyGaHKOBAaHO 3JieMEHTapHOe
A0Ka3aTesIbCTBO 3TOH TeopeMbl. [/ OTHENBHBIX YaCTHBIX CJy4aeB
Teopema JlupuxJje moxeT ObITh NOJIyYeHa COBEPIUEHHO 3JIEMEHTAPHO,
H MBI DacCMOTPHM HECKOJBKO NPHMEPOB TaKHX JOKA3aTeJbCTB.

Teopema 338. Mrosecmeo npocmoix uuces euda 4t -+ 3 6eckonedro.
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JlokaszarteabcTBo. [IpeanosoxuM, 4To CyLecTBYeT TOJbKO
KONCUIIOC MHOKCCTBO [POCTLIX 4uced Buaa 4f - 3; TOrAa MOMKHO
B3ATh 4Hcao N, paBiioc MpOH3BCACHHIO BCeX TaKHX MPOCTHIX YHCEJ.

N3 x=1(mod4) u y=1(mod4) caenyer xy=1(mod4), no-
9TOMY TPOM3BCJIENHC MNPOCTBIX uHces BuAa 4f--1 He mMoxeT pas-
et 4N —1 (4N—1 £ 1 (mod 4)). Takum o6pasom, uucio 4N—|
JOMKHO MMEeTb NO KpaliHell Mepe OJHH NPOCTOH JesuTesb p BHAA
4f 43, T. e. JO/KHO CYIIECTBOBATb MPOCTOE UHCJO p, TaKoe, YTO
pN u p|(4N—1), orkyna noaydaem p|l, B To BpeMa Kak p==3.

[Ipennonoxkenue, 4T0 CyUECTBYET TOJABKO KOHEUHOE UHCJIO NMPOCTHIX
yyces Bupa 4f-3, npuBesi0o Hac K NPOTHBOPEUHIO; 3HAUMUT, MHO-
ECTBO TAaKHX ITPOCTHIX uuces GecKoHeyHO.

CoBeplIEHHO AHAJOTHYHO JOKasbiBaeTcs OeCKOHEUHOCTb MHOMKe-
cTBa NpOCTHIX uMcen Buja 6f--5. M3 npeanonoxkenus, 4uto cyue-
CTBYET TOJILKO KOHEUHOE MHOMKECTBO TaKHX HUHCEJ, CJEeIYeT Cyle-
cTEOBaHHe XOTs1 Obl OJHOTO MNPOCTOTO UHCJa p, Takoro, uTto plN
n p|(6N—1), rie N-—mnpouspeienne BCceX NPOCTBIX uMCeJ BHJA
6¢ -5, u torna p|l, 4To He MOXKeT HMETb MecTa.

HeckoanKo clioxKHee JOKasbBaeTcst CAeAykomas TeopeMa.

Teopema 339. Mroocecmeo npocmuotx wuces suda 4t -+ 1 eckoneuro,

JNoxasarteabcTBo. [Ipeanosioxum, 4TO CYLUIECTBYET TOJBKO
KOHEUHOe UYHCJIO TPOCTHIX uHcesn Bupa 4f--1; Torga MOMXHO B3SATb
N paBHEIM NpPOM3BEJEHHMIO BCEX 3THX uHces. BosbmeM J06oit npo-
croii jenuresb p uucaa 4N*4 1. Ms toro. uto pldN%+1 craexpyer

(2N)2 =—1(mod p), T. e. <_Tl> =1, p=4f{+1 (teopema 207).

[Tockombky N-—mnpousBefienyie BceX NPOCTHIX YHcesa Bujaa 441,
TO p sIBAseTCs OJHHM H3 Jjequtenedr N, p|[N u p[4N?%--1, orkyna
noiygaeM p|l, B 1O Bpema kak p>>1. Ilpeanonoxkenne, uro cy-
LECTBYEeT TOJIBKO KOHEYHOe UHCJO MpPOCThIX uHcesa Bupa 4f -1,
NPHBENO Hac K IIPOTUBOPEUYHMIO, T. €. MHOMXECTBO TAKHX MNPOCTHIX
ypcesJ GECKOHEUHO.

Teopema 340. Muosicecnso npocmux wuces suda 6t - 1 beckorneuro.

HNokasaTteabcTBO. [IpeAnosoxNM, 4TO CYINECTBYET TOJBKO
KOHEUHOEe UMCJIO IHPOCTBIX uHcesa Buaa 6f--1; Torga MOXHO B3SITh
upcao N, paBHOe NMPOH3BEJEHUIO BCeX 3THX uices. Jlio6oe HeueTHOe
npocToe YHCJO p MOKHO 3amucatb B Buie 12f{--r, rae r=1, 5, 7

unn 11. Bpiuncaum  cuMBos Jlexaunapa (:p§>:

(:17“3) = (127jr) == 1)%1 (12t3+r> =
r=1 = fr\ 1, ectt r=1 wma r =7,
=(—1)2 (=1)? (3>—{—l, ecau r=>5 uan r=11.

Taxkum obpasom, (:p—?f):l, TOJMIBKO ecqu p==1 (mod6).
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Bosomem mo6oft npoctoil fesutens p uucia 4N2-4-3, umcao p me-
YETHO H

(2N)? =—3 (mod p), (_73) =1,

T. €., KaK Mbl TO/JIbKO 4TO JoKasanau, p umMeer Bupg 6f--1, m, cie-
noBatessHo, pIN.

Uz p|N u p|4N?+-3 caenyer p|3, p =3, 4TO NpOTHBOPEUHT TOMY,
yto p==6f- 1. IlosyueHHoe npoTHBOpeYHe HOKa3biBaeT GeCKOHey-
HOCTb MHOXKeCTBa NPOCTHIX uHcesn Buja 6f 1.

O6o3uauuM uepes i, (k, X) HUCTO HPOCTHIX YHCEJ B NMPOTpeccut (2),
MEeHBIIHX MHJK paBHbIX X. Teopema Jlupuxse sak/ioyaercsi B TOM,
yto npu (k, [)=1 u x— oo Besuuuua xm, (k, x) — oo. s GyHKUHU
7, (R, x), TaK Ke Kaxk Ja QYyHKUMH 7 (X), cTaBHTCA mpoOjema ompe-
[eJeHUus TOPSiAKa pocTa IPH YBeJIHUEHUH apryMeHTa X.

MeTtoipl, ¢ MOMOLIBIO KOTOPBHIX OBLI ONpejeseH MOPAAOK pocTa
7 (x), ObliM IepeHEceHbl HA CJydal NPOU3BOJILHON apu(pMETHUECKOH
HPOTrPecCHH, Y KOTOPOH HayajpHBIl YJeH M pPasHOCTb — B3aHMHO
npocThle 4Mcaa, u Oblla JOKasaHa cjefylomas Teopema.

Teopema 341. [Tpu aobbix nocmoaxHelx, 83aumuo npocmotx k u |
UMeenm MecHnio ACUMRMOMUYECKOe PABEHCIEO:

1 [ ode .
n, (k, x) ngm’ 2de @ (k) —pynkyua Jiirepa. 3)
2

U3 sroft Teopemsbl BBITEKaeT, 4TO

1
ks ) ~ o e ()

a Takke BBHAY dopmyssl (24) 35-if rnaaBml, uyTo
1
%, (k%) ~ o5 7 (8). (5)

Onenka (3) Tounee, uem (4), B TOM CMBIC/I®, YTO Pa3HOCTb MEXKJAY
JeBo#t M MpaBoft yacTsMU B (3) Mo MOAY/IO MeHbINe, YeM B (4).

3HAYNTENbHO TPYJIHEe H3yYeHHe MOPAAKA poctd DYHKIUH 5T, (R, X),
Korjga k pacrer BmecTe ¢ X. BakHbie pe3y/nbTaThl B 3TOM OTHOLIEHHUH
6oy noJsyyensl B nocnefnue roasl K. A. Pomocckum, Tarynsasa u
2. K. DorescoM.

AcnMnToTHYecKoe paBeHCTBO (5) MOKasbiBaeT, 4YTO B KamJ0H
us nporpeccuit kf--1, takofi, uto (&, {)=1, cogepmurcs B u3BecT-
HOM CMbIC/Te OJIMHAKOBOE KOJIMYECTBO TIPOCTHIX Yuces. JefcTBHTebHO,
4uCJO Mnporpeccuit ¢ pasHocTeio K, rhe (k, [)=1, pasHo ¢ (k), u,
KaK NOKa3blBalOT PABEHCTBO (), HA JOMO KaXJOH H3 HHX HpH-

XOMUTCST MPHMEPHO W q4acTh OT OOWero Yuc/aa HPOCTBIX yuceJs,
JexXalux B rpefesax or 1 oo x.
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INokaswiBasi, 4T0 B KaXAOH TaKOH NpPOTPeccHH COAEPKHUTCA
BECbMA 3HAUMTEJILHOE KOJHYeCTBO TIPOCTHIX uuces, Gopmysaw (3) u
(4) BMecTe ¢ TeM HHUEro He TOBOPSAT O TOM, KaK JajeKko OF Hauania
IIPOTPECCHH HAYHYT BCTPEUATLCS! NPOCTLIe yncaa. B 37oM oTHOWIEHHH
ype3BhIYAil0 HMHTepecHbi pe3ysabTaT Owl noayuen B 1944 r.
I0. B. JluuuuxkoM. Teopema JlunHuka ycTanaBjuBaeT I'panuny Ansd
HauMeHbIIEro IPOCTOro uucaa JIo60H 3afaHHOH nporpeccuu.

Teopema 342 (Jlunnux). Cywecmsyem NOCMOSHHOE HUCAO Cy,
makoe, umo npu aobvix esaumro npocmotx kv I (1 <! <kR) Hau-
Merbuiee NPOCHoe 4UCA0, NPUHAlAexcatiee npoepeccuu

I, 14k, I+2k, 13k, ...

He npesocxodum ke,

Apudmernueckne nporpeccu¥ NpeACTaBAAIOT co00H 3HaueHHs
aunednodl gyukuuu [(f)==kt-+{ npu £=1, 2, 3... Ecau smecto
JHHEHHOR QyHKUMK B3ATb APYryio ¢ynkuuio f(f), T0 MOKHO TaKmKe
CTABUTb 3ajauy: COAEPKHMT JH MNOCAEAOBATEIbHOCTD

F, £@2), £3), ... - (6)
GecKOHEUHOe MHOXKECTBO NPOCTBIX YMCes?
Hanpumep, ecnu B3sTh f(f)==124-1, To MOXeT OLITh NOCTaBJEHA
3ajaua; COJEPXKHUT JH TOCIeoBaTeNbHOCTL Yncesa Buja 121, T.e.
NOCJIeJOBATENBHOCTD

2, 5, 10, 17, 26, 37, 50, 65, 82, 101, ..., @

6CCcKOHEUHOe YHCJAO0 NPOCTHIX UHcen?

Buauane 3JeCh NONAafaercs JAOBOJbHO MHOIO TIPOCTHIX YHCET;
cpenu nepBeix 3000 uneHoB 9ToH mocjenoBaTesbHOCTH HMeercss 300
NPOCTHIX uYHCeJ. ByIyT JM TpocThle YHCAA BCTPeYarhcsl B 2TOH
110CJIe0BATENbHOCTH U Jajblle, Kak Obl Aajeko Mbi HE LM OT ee
HayaJsa? CoBpeMeHHas TeOpusl UYHCes NOKa He CyMeJa pPelINTb 3TOT
BOOPOC, U, TAKHM 00Da30M, HEU3BECTHO, COJEPMHT JU NOCAEIOBa-
TeAbHOCTh (7) OecKOHEUHOEe YHCJAO IIPOCTHIX YUCeJd HAH HayuHas
¢ HEKOTOPOro MecTa NpocTble yucsaa Godblue He OyAyT B Hell BCTpe-
4aTbes. o

He napo nymarb, u4to TpyAHOCTb 5TOH npofJembl CBsizaHa ¢ Ka-
Kofi-ro ocoGenrocTblo GyHKUEM 12 1; npobsema OyneT cT0Jb XKe
TPYAHOH, €C/IM aHAJOTMYHLIH BONIPOC TOCTABHTh M A APYroro
HENPHBOJMMOI'O HaJ NOJEM palHOHAJBHBIX HHCEJ MHOroujeHa 2-ii
crenenn at®*4-bt4¢, rpe (a, b, ¢)=1. Eme TpylHec cTaHoBuTCA
npobaema, eciu nepefiTH K MHOrousleHam 0oJiee BBICOKOH CTENEHH.

Ho cux mop HH st OXHOrO MHOTOYJEHA C LEAbIMH KO3(u-

IUCHTaMHu
fty=ad"+at" '+ ... +a,

CTENEHN 1 >>1 He YJanoch YCTAHOBUTL CYILECTEOBaHHE GECKOHEUHOTO
Yhc/a NPOCTHIX 4Yuce] B nochenosaresbrocTd (6). Takum oOpasom,
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COBPEMEHHON TeOpHM UuCeJ YAaercs HCCaefOBaTh pacnpefeneHde
NPOCTHIX UHCEA TOJIbKO B apudMeTHUECKUX NPOTPECCHAX, Ja ¥ TO
J471EKO He HOJHOCTBIO.

2. MPOBJIEMbl AJJIUTUBHON TEOPHUM NPOCTbIX UHCEJN

3uayuTeAbHble TPYAHOCTH BCTPEYAIOTCA H B TaK HashiBaeMBIX
ALIUTHBHBIX 3ajauaXx C MpPOCTHIMU YHCJaMH, T. €. B 3ajayax, B
KOTODHIX TPOCTHIE YHC/Ia BCTPedaloTesl B KauecTBe cjaraemoix. Hawu-
GoJlee W3BeCTHA M3 3THX 3alau— 3HaMeHuTas npobnema I'oababaxa —
Ditsiepa.

B 1742 r. Toapabax B nucbMe K DiJlepy nocTaBHJ npoGiemy
oKa3aTh, YTO KamJoe HeYeTHOe UYHCJO MOIKeT ObTb NpPeAcTaBJeHo
B BHIE CYMMbl TPEX MNPOCTHIX 4uCes (HeueTHple uucaa Oepyres, Ha-
ygHas ¢ 7). Dfi;ilep B OTBETHOM IHChME BHICKA3aJ THIIOTE3Y, 4TO
HMeeT MeCTO ropasfio Gojee CHIAbHOE yTBepXKJAeHHE, a HMEHHO, YTO
KaXkjgoe YeTHoe uuc/I0 (HauuHas ¢ 4) mMoxer ObTb IPeLCTaBJEHO
B BHJE CyMMbl JABYX TPOCTBIX UMCeJ. ITH npobneMbl NOJyYH/IH
naspanue npoGiaembl [onpadaxa—iinepa.

Kouneuno, ecau Obi yAalOCh pPEIIMTL 34jady, NOCTABJEHHYIO
DiepoM, TO OTCIOAA ClpaBelIMBOCTL TeopeMbl ['osibabaxa nonyua-
Jach Gbl KaK OueBHAHOe cJefacTBHe. JleficrBurenbHo, Jaio0oe Heyer-
Hoe uucso BUga 2N -1 =7 MOXHO NpeicTaBHTb B BHAe 2N -1 =
=342(N-—1), rae 2(N—1)=4, Tax ur0 H3 pPasJOMHMOCTH
2 (N—1) Ha cymMMy IBYX NpPOCTBIX BbITEKA€T Pas/omHUMOCTb 2N -1
Ha CyMMYy TpPexX MHpOCThix uHces . BMecTe ¢ TeM pewenne npoG/iembt
Fonpa6axa He JaeT BO3MOMHOCTH CHEJATh BBIBOA O CIIPaBelJIHBOCTH
yrBepxKaenusi Ditnepa. Takum obpasom, npoGrema Iisiepa TpyaHee
W, KaK TIOTOM BBISICHMJOCH, 3HAUNTE/JbHO TpyJAHee, deM npobiema
Toapabaxa.

Stu ase npobaeMbt MOXHO OOBeAHHHTb OOWeR GopMyaHpOBKOIi:
,AOKa3aTh, YTO KaMJoe Harypajibhoe uucio N >1 moxer ObiTh
peiCcTaBieHo B BHJE CyMMbl He 0oJiee dYeM TPeX MNpPOCTHIX HHcea“.

B TeueHHe NOYTH HBYXCOT JeT, NMpPOWEIIHX MOCJIe NepenucKu
[onpabaxa u Diepa, a uMeHHO K Hawaay XX Beka, 3T IpoGJeMbl
Ka3a/JuCh COBEPIIEHHO HEJOCTYNHBIMH, a BMECTE C TeM YHC/eHHbE
BLIUMCJIEHMS TIOKa3biBajy, YTO HaTypajbHble HuCAa B npefeiax g0
HECKOJIBKUX MHJJHOHOB OOBIYHO passiaraioTcst Ha CYMMY ABYX HJIM
Tpex MPOCTHIX YHCe] Jake HECKOJbKHMH CnocoGamu.

WU3BeCTHBI CMEMKHAUCT 110 aHaJUTHYECKOH TeopuH unces J. JlaH-
nay B 1912 r. nocraeus BOTPOC O TOM, yToObl JJOKa3aTh, YTO KaxKJoe
HarypaabHoe uncao N > 1 MOXKeT ObiTh NPEACTABJIEHO KaK CyMMa He
foniee Hy XOTsi 6bl MHJIIHOHZ WM KaKoro-aubo -Jpyroro ompepe-
JIEHHOTO YHCJa IPOCTHX YHCes, ONHAKO H B TaKOM BHJE 3ajaua
B TO BpeMs IpeAcTaBjisiack 4pe3BbiYafiio TPYAHOH.

TlepBuiit pesynbTaT B HampabJeHuu peiuenus npoGaemsl [oaba-
faxa Obw1 cpe’daH 3aMEY4TeNIbHBIM  COBETCKHM — MaTreMaTHKOM
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JI. T'. Hlnnpensmanom, kotophifi B 1930 r. noxasasn cnpaseiinBocTh
TeopeMbl B Toli fopme, KoTopas Oblnia npeijoxerna Jlanaay. Teopema
[Huupennmana MoxeT OLITb CHOPMYySHpOBAHA B CIAeAyWOmEHd dopme.

Teopema 343 (Ulunpenwvman). Cyuwecmeyem  nocmosuuas k,
makas, umo kagcdoe HAMYPAAbHOE 4ucac, Corvuee wem 1, moscern
Ooime  npedcmasseno 8 eude cymmol He Ooace k npocmoeix ducen,
m. e. daa aoboeo nHamypaiserozo N (N > 1)

N=pi+py+...4pp

20e p;—aubo npocmole wucaAa, AUGO HYyau.

Uucmo & y llInupeneMana 6bl0 HOBOMBLHO BEJNHKO; OJHAKO B HA-
crosimee BpeMsi MertoaoM [uupenpmana cnpaBelJIMBOCTH TeEOpPEMbi
JOKasaHa NPU CPABHUTENBHO He0OJbINHX sHaueHusx k. Ecau Gpatwb
HatypaJabHble yucaa N = N,, T. e. 6paTb HaTypaJbHble YHCIA, HAYH-
Hasl ¢ HexoToporo, 10 MeroJ IHupesbmana noseosisier JoKasath
CripaBefJIMBOCTL TeOopeMbl Ipu k= 18.

Pa6ora J1. I'. UluupenabMana, siBUBLIASICS B TO BpeMsl CeHcailuei
B MareMaTHKe, HHTepecHa OCOOeHHO TeM, 4YTO paspaboTaHHbIE UM
METOMpl CTaJH OCHOBOH HOEOIO HamlpaBJeHHS TEOPUH uYHces. MeTox
[HupenbMata HaXOAUT IPUMEHeHUe He TOJIbKO B 3aaaue ['onbabaxa —
Diinepa, HO U B JPYTHX aJJUTHBHLIX Apobaemax. MuTepecuble pesyb-
TaThl, CBSI3aHHBIE ¢ npuMmeHenunem Meroja [lIHupenbmana, noayuna
H. I1. Pomanos, uccrefoBaBluHil MHOXKECTBO YHCeJI, [1PeJCTaBUMBIX B
BUJE CYMMBI IPOCTOIO YMCJa M YHCJAa BHAA a” TIPU 3aJaHHOM LesoM
a>1.

B 1934 r. coBepuieHHO HCKJIOUHTeNLHOTO YyCHEXa B pellleHHH
afLUTUBHBIX 3aJiau C NPOCTBIMH YHcaaMu nobusics akazeMuk Meau
Marseesuu Bunorpajior. EMY yzaJoch NOJHOCTBIO PelIHTS mpobiemy
l'onbabaxa Ans BCeX YHCEJ, HAYMHAA ¢ HeKOTOporo. [lokasaHHas uM
TeOpeMa MOXeT OblThb c(POPMYJHPOBaHA CAERYIOLUM 0GpasoM.

Teopema 344 (Bunorpanos). Cywecmsyem nocmosrroe qucio N,
makoe, 4mo 6ce Hedemuoie uwuciq, Gossuwiue wem N, moeym Goimo
npedcmasaenot 6 8ude cymmor mpex RPOCMOLX HUCEA.

Takum oGpasom, npobaema [onpabaxa pewieHa AJs Beex uMced,
33 MCKJIIOYEHHEM, ObITh MOXKET, KOHEYHOTro UX uucsa. MoxHO 6blio Gl
OPraHu30BaTh NMPOBepPKY TeopeMbl ['onbnfaxa M AJig 4uCesa He mpe-
BOCXOAALINX Ny, OFHAKO 3TO noxa He ciejaHno. Ilonyuennoe mas N,
3HAUEHHE HACTOJIBKO BEJHKO, YTO Ja)ke JJIsi COBPEMeHHBIX OhICTpo-
AEHCTBYIOINX 2JEKTPOHHBIX BBIYHCAHTE/BHBEIX MALIHH NOTPe60oBaIOCh
Obl CAUIKOM 060Jibilloe KOJHYECTBO BpPEMEHH,

Pemenne M. M. Bunorpagoeeim npoGjeMbl I'onbafaxa fBHJOCD
upe3BbUafiHO BaXKHBIM COObITHEM B Da3BHTHH aHaJHTHYECKOH TeOopHH
vucen. [Npu pemwenun 5Tofi npobGaems M. M. BuHorpaios npuMeHH
CO3JlaHHBIA MM BeChbMa MOIIHBIH METOA, OCHOBAHHBEIA Ha NpHMEHEHHH
KOHEYHBIX TPUIOHOMETPHYECKHX CYMM. DTOT MeTOX Haiuen cebe npu-
MEHEHHE TMpH pelUeHHH MHOTHX TPYIAHBIX 3aJad TeOpHH uyHced,
B YaCTHOCTH, MHOTHX aJJUTHBHBIX 3aJa4 C IPOCTBIMH HHCJIaMH.
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Meton BuHorpazosa okasajicsl BCe Xe HeNOCTaTOUHBIM JJIst perte-
HHsl aJAJWTHBHBIX 3ajay ¢ JBYMs MNPOCTBIMHM CJaraeMbIMH, H Npo-
6nema Tonpabaxa—Diisepa O NpPeJCTABJEHHN YeTHHIX YHCEJ B BHJE
CYMMBI IBYX TPOCTBIX YHCEJ OCTAeTCs JI0 CHX Nop HepemieHHOH. Bwme-
cre ¢ TeM 6b1a10 gokasano (H. I'. Uynakos, Ban-Kopnyt, T. Dcrepman),
YTO MOYTH BCE YETHLIE YHCJAA Pas3JaralTcs Ha CyMMY ABYX HPOCTHIX
yHceJ; 3TO 3HAUMT, YTO OTHOLIEHHE uucaa uyucea oTpeska [1; N,
Hepas/JOoXUMBIX Ha CYMMY MNPOCTHIX UHCeJ, K caMoﬁ Benuunse N
CTPEMHTCS K HYJIO MPH YBeJHUCHHHU. N. .

B ananuTHyeckoil TEOPHM uMCeN CTaBATCH TaKiKe 3ajauH o npes-
CTaBMMOCTH UKCeJ B BHAE CYMMbl OJHOTO NPOCTOrO 4HC/Ia U APYIHX
yucesa 3aJaHHOTO BHIA.

3ajfaud Takoro THna OOBUHO SBASIIOTCH BecbMa TpPyAHbIMH. Tak,
Hanpumep, TOJABKO BeCbMa TOHKHE aHAJIUTHUYECKHE METOAbl NO3BOJIMHIY
10. B. JIMHHHKY pewnTb B 1959 r. npoGieMy, noOCTaBJEHHYIO B
1923 r. aHrNMHACKUMH MaTeMaTHKaMu Xapau H J]HTJIByJ.IOM a IMEHHO
eMy YZAaJoch JIOKa3aTbh CJAEAYIOULYIO Teopemy.

Teopema 345 (Jlunuux). Kascdoe Odocmamouro Goavluoe HAmy-
pastoe 4ucio n moxcem Goimb npedcmaseno 8 6ude CymmoL LPOCMOL0
wucaa u 0syx Keadpamos yeavlx 4ducer, m. e. 8 eude

n=p--k2+I1%

Cpean afiuTHBHBIX 3ajay € NPOCTHIMH YHCHaMM 0co0ol M3BecT-
HOCTBIO 1OJIb3yeTcs npobJeMa. Tak HasbiBaeMbIX HPOCTHIX YHCel-
GausnenoB. Kpome 2, Bce OCTanbHble INPOCTHE YHCJA-—HEUETHHIE
¥ HaHMeHbllas BO3MOXKHAsi PA3HOCTh. MEXIY:HHMM paBHa 2,

Onpenenenue 94. [lsa npocmeix uucaa ¢ pasuocmb;o, paanou2
HA3bIBAIOMCA NPOCMbIMU UUCAAMU OAUSHEYAMU.

Hanpumep, cpemu nepsoix 50 naTypaabHBIX. uncesn umeercs 6 nap
HOPOCTBIX YHCeJ OJIM3HELOB, a HMEHHO:

3,5 5, 7; 11, 13; 17, 19; 29,731 u 41, 43.

[peanonaraior, 4TO CYLIECTBYET 6ec1<oneunoe YHCNO TAKUX Hap,
OJHaKO HH J0KAa3aTh, HU ONPOBEPTHYTh 5TO IpPeANONOKEHHE [I0Ka He
yaanoch. ITpocteie uncsia Gin3HeHb! MOMHO BBLLAEIHTb K3 HATYPab-
HOT'O psijia CrnocofoM, COBepU.IeHHO anaJoruunbiM oGbIMHOMY 3paroc-
deHOBY pemiery.

Teopema 346. Ilycts p,=2, p,, ..., p,—6ce npocmeie 4ucia
<V NF2(N=T7). Ecau 6 namyparotom pady nocaedosamervro
BLIMEPKHYMb 6Ce 4UCAQ N, Oeafujuecs HA Py, HQ Py, ..., HA P,
maxoice 6ce ducaa n, makue, 4mo n-+2 Oesumcs xomsa Obt HA 00HO
UB YUCEA Py, Pgy ««+y Pys MO OCMQABULLECS HUCAG 0OPABYIONM MHONCECTEO
npocmoLx Huces p, MAKUX, 40 P -2 maKwce npocmoe Hucio, npudesm
VNF2<p<A.

HoxasateabctBo. Yucso 1 6yper 3auepKHYTO, TaK Kak
1+2=3 peaurca Ha 3. Bce ocTanbHble HaTypaJbHBIE YHC/IA
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n<V N2 Oyayr Takxe BOLIMCDKHYTB, TaK KaK KaXJoe 3 HUX
JeJHTCSl HA Kakoe-unbyib U3 UHCRT Py, Py, «v., Py

W3 uuces n, nexauux MexAy VN+2uN, VNF2<n< N),
BCe 1 TaKde, YTO n HiaM n--2—cocraBuoe, OYAYT BBUEPKHYTH,
TaK KaK Torga A HAH n--2 uam of6a 3TU uucna HeJsTcs no Kpa-

Hell Mepe Ha OJHO U3 4HCeN Py, Py, ..., P,. HHCIAA p Takue, UYTO
p+2 Toxe mpocroe uncao u Y NF2<p<<N, ne O6yAyT BBIUEPK-
HYTHI, TaK KaK B 3TOM cliy4ae p M p -2 He JeJATCA HA Py, Py, ... P,

KOTOpBIC TOTJA MeHbIle 4eM p.

Mbpr uMeeMm, TakuMm 0o6pasoM, aNropHTM, HO3BOJISIONUE HAXOAUTD
BCE Maphl NPOCTHIX 4yuces GJIM3HELOB p, p-+2, rie l/N—{—2<p<N,
JlobaBasist K HEM mapbl OausHenoB p, p+2, rae p<<V N+2, Mol
_ HaxojuM Bce OnmsHeunl p, p+2, rae p=<<N.

Dr1oT ANTOPUTM INO3BOJISET, TAKUM 00pa30M, BHIYHCAATH 3HAUECHHS
¢dyuguuy B (N), Bopaxamolmlell 4HCJI0 NPOCTHX uHcea p << N, Takux,
uyTo p--2 Toxxe mpocroe uyucao. Ilpobsaema NpocTHIX uuces Ganu3He-
0B 3aKJ/JIOUaeTcsi B TOM, YTOOB! JI0Ka3aTh, YTO MIPU YBeauueHud N
BeanudHa B (N) ToXe HeorpaHUUEHHO yBeJHYMBAETCA.

[Mopo6Hulill 2JIrOpUTM MOXHO IOCTPOHTH JJIS HAaXOMAEHHS Mpo-
creIX umcead p<< N, takux, uro p’ =2N—p TOXe mpocroe, T. e.
VIS HAXOXAEHHWSi paccmaTpuBaeMbix B npoOneme [onpabaxa-—3i-
Jepa nap npocThix uuces ((p, p')), CyMMa KOTOPBIX paBHA 3aJaHHOMY
ueTHOMY 4HCay 2N.

Teopema 34§’_._ Hycms p,=3<p,<...<p,<VN< Pri1<<
<...<ps<<V2N—6ce Hewemnvie npocmoie 4ucia, He RpPesOCXo-
daugue V' 2N.

Ecau cpedu HewemHbix HOMYPAALHOIX 4UCer N, MAKUX, HMO
3<sn<< N, svivepknyms ece uucag, Oerawjuecs xoms 0ol HQ 00HO u3
wuces Py, Py, ---» P, @ MaKxce ece uucia n, mague, 4mo 2N—n
Oeaumcs xomsa 06l HO OOHO U3 QUCEA Py, Pyy ooy Ppy « -+ 4 Pgy MO OCMAB-
wuecs 4ucAq 06pasylom MHONCECMBO NPOCMOLX 4UCeAr P, MAKUX, 4Mo
p'=2N —p mooce npocmoe, npuwen YV N<<p<N.

HoxasarteabcTBo. Echu p-—npocroe 9HCI0, Takoe, 4TO
VN<p<N, u 2N—p=p’ Toxe NPOCTOE, TO p He AEJMTCH Ha
NpPOCTblE YHCJIa, HE 1PEBOCXOLAILKE VN,ap =2N—p=N=>V2N,
He REJHTCS HH HAa ORHO IPOCTOe YHCJO, He mpeBocxoxsumee ) 2N.

Ecau xe pans takoro p quciao 2N —p cocraBHOe, TO MO Kpafiuei
Mepe OIMH HedeTHH MpocToll fesutens 2N —p He mpeBOCXOAMT
VN, t. e. Takoe p Oyjer BLIUEPKHYTO. Bce cocTaBHBle yucJIa,
MeHblIHe HJAX paBHBie N, W OpoCThie HHC/a, MEHbLIHE WJH PaBHbLIC
V'N, 6yayr, oueBHAHO, BBIUEDKHYTH, TAK KAK y KakIOrO M3 ITHX
uuceJ MMEETCs N0 KpadHedl Mepe OJMH IPOCTOR HEMHUTE/b, He lipe-

BOCXOASAIW A VN .
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JloGaBnsisi K OCTAaBIIMMCA uucjaaM npocthie uwucaa p<< VN,
Takue, 410 p’ =2N-—p npocToe, Mbl MOJYYHM BCE NApPbi NPOCTHIX
yuces p U p’, YIOBAETBOPsOMHKE yeoBuIO p+p’ =2N, 3<<p< N).
Beps napsiay ¢ napamu ((p, p’)) ewe u napst ((p’, p)), Mbl Haiigem
pce pelledust ypaBHeHus [oapabaxa—Diaepa:

x+y=2N, (8)

rje 003 HeH3BeCTHEIX TP HHUMAIOT TOJILKO 3HAYEHHs, IPEICTaBASIONIHE
cofoil mpocThe yucaa.

Ofo3HaynM YHCJO peleHHH ypaBHEHHA (8) B NpocThiX uucaax,
T. €. uMCJIO map MpoCTHIX umced ((p, p’)), Takmx, uro p+p’ =2N,
uepes P (2N). IlpoGaema lonpabaxa—D2ilnepa 3akJicuaercss B TOM,
uyToGH joKasathb, uTo P (2N) >0 npu Bcex N =3.

[Tpumep. Halitn Bce nmapm npocteix umucen ((p, p’)), Takux,
uto p-+p’ =232. HeueTHble mMpocThle YHCHA, MEHbIIME HJIH PABHHIE
V116, pasuwl 3, 5, 7, a A uuces, MEHBIUHX MJH paBHbIX )/ 232,
npubapasiioTes eme npocthie yucaa 11 m 13. B MHOXecTBe Heuer-
neix uncea 3, 5, 7, 9, ... , 115 BuniGpacriBaeM (BhiuepKHBaeM) Bee
yycna n, Jesiigecs Ha 3, ¥ uhcaa n, Takue, 4to 232—n == 0 (mod 3),
t. e. n=1 (mod 3). Ocrarorcs HewerHble yncaa n=2 (mod 3), 1. e.
yucsa: 5, 11, 17, 23, 29, 35, 41, 47, 53, 59, 65, 71, 77, 83, 89,
95, 101, 107, 113. M3 ocraBmuxcs uyuces BoiGpackiBaem Te 7, AJIS
kotopeix 1= 0(modb), 1 Te, A1g KoTophIX 232—n =0 (mod 5), 7. e.
n=2(mod5). Ilocne storo ocratorcsa uucna: 11, 23, 29, 41, 53, 59,
71, 83, 89, 101, 113. BuiGpacniBaem 3ateM uncaa suaa n == 0 (mod 7),
a Ttakxe Buja 232—n=0(mod7), 1. e. n=1(mod 7). [Tocse storo
ocratorcst uumenaa: 11, 23, 41, 53, 59, 83, 89, 101. BrGpacniBaem
eule uucsa n, Takue, 4to 232—n==0(mod I1), 1. e. n==1 (mod 11),
H uHcaa n, Takue, uT0 232—n=0(mod 13), T. e. n=11 (mod 13).

B urore ocrarorcs uuchaa: 41, 53, 59, 83, 101, Ho6apasieM K HuM
npoctsie uucaa 3 u 5, menbwme uem V116, 11 koropeix 232—3=
=229 u 232—5 = 227 — Toxe npocrble yucaa. [IpeacraBaenus yuciaa
232 B BHIE CYMMBI IBYX NpPOCTBHIX UHCEJ HMEIOT BHI

232=34-229=5+4227=41+4+191 =534+179 =59+ 173 =
=83+ 149 =101+ 131,

H elle 7 npeAcTaBAeHHH, NOJYYAIOIMXCS NEePeMeHON MecT cJarae-
MBIX. ¥YpaBHeHHE X+ y =232 umeer 14 peinenufi B IPOCTHIX UHCHAX,
T. e. P(232)=14.

Pewero, aHasornysoe TOMY, KOTOpOe Mbl NPHMEHHJH AJs Ha-
XOXJEeHHSI Hmap NpocThiX yucen ((p, p’)), Takux, 4t0 p'—p=2, u
pewtenufi ypasHeHust [oabpbaxa—isepa p+p' = 2N, MoxeT GbiTh
NOCTPOEHO W AJAS APYFHX ajJUTHBHBIX 3aJa4 C IPOCTHIMM YHCJIAMH.
Pemero nopo6uoro THna 4acTo HasbBAIOT ABOHHBIM 3PaTOC(HEHOBHIM
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peleToM (ABa ,MPOCEUBAHUA" LIS KaKAOTO W3 MPOCTHIX YHCeH
p;<<V'N). Takoe peiieto GbIO BlepBbie NOCTPOCHO (BPAHILY3CKUM
MaTeMaTukoM Mepauiiom.

ITopo6Ho TOMY Kaxk OOBIKHOBEHHOe paTOCEHOBO PeleTo BbIpa-
WeHo B Buae dopmynn (44) 35-fi raasb, MOXKIO H A8 ABOHHOTO
spaToceHOBA pelleTa NOCTPOUTb (POPMYJIbl, Bblpaxalomue (yHKIHH
B(N) u P(2N) B sasnom suge. B npasofi uactu dopmysnt (44)
35-f1 rjaBbl (GUIYPHPYIOT BeJHUYHMHBI BHIA [L’Z— , BHIpaxalouue yuc-

JIO YHCEJ, MEeHbIIMX WJH paBHLIX N W Jedsiluxcs Ha k, npuuem k
PaBHO NPOU3BEACHHIO IPOCTHIX MHOXHTEeH, B3ATHIX U3 YHCJa I POCTHIX

Y N
qHCeN Py, Pay ..., p,gl/N. Bennuyuna [7] He Gosiee uveMm Ha |
OT/IHYaeTcs OT - . B cayuae nsofiHoro sparocdeHoBa pewera Ajas’
kamjgoro k Buma k=p, ... p;, B npaBoli dacth OyaeT 2° BesqHuMH,

N
KaXjasi H3 KOTOPHIX OT/IHYAETCHA OT - TOXKe He GoJsiee yeM Ha 1.

HcnonbzoBanue gopmyanl (44) 35-it riaBel 105 onpefiesieHHs NopsaaKa
pocra m(N) BCTpevyaer Ty OCHOBHYIO TPYHHOCTb, 4YTO, XOT# MOCJe

X
3aMCHbl KaxJoro cJjaraeMoro na % ominbKa He BEJiMKa ¥ He npesoc-

xoaut 1, ofiiee YUCJIO CJATaeMbIX B CYMMe, paBHOe, KAK JIErKO
BUAETb, 27 ==2n (VW) npeactasasier cofo# ouyeHb O60MblIOE YHCTO,
HaMHOro GoJjibiuee, 4eM caMo 7t {X).

Eme 606/biiye TPYIHOCTH BCTPEYAIOTCS NMPH MCHOJb30BaHHH IO~
Ho6HbIX dopMya ans B(N) unu P (2N). Hanpumep, B hopmyie aas
B(N) uncno ciaraemblx paBHo 14-2074+2:CF+ ... 27 1C; " ==
=3"—2" r=n(Y'N+2). B 1919r. HOpBe:KCKHH MaTeMaTHK Buro

Bpyu paspaGoran sameuartenpHblil MeTOJ, AAIOLIMI BO3MOXHOCTD
HCI0J1b30BaTh JBOIHOE 3PaTOC(eHOBO pelieTo AJist OUeHKH (YHKIHH
supa B(N) u P(2N). Ilpexne Bcero Buro Bpyu 3aMeHuT 3TH

1 1 1
dynxuun pynkuusmu B(N, N*)yu P (2N,(2N *), @yuknusa B(N,N ¢)
BRIpaXaeT 4YHMCJAO UHCes n << N, TakHX, 4TO BCe NPOCThie AEJIHTENH 7

1

1
u n+-2 Goabwe uvem Né, O®ynkuns P (2N, (2N)%) paBua uucay
yuces n =< 2N, Takux, 4T0 npocTeie Jesutenan n u 2N —n 60.blue

1
yem (2N)®. Ilas Taxux Gynkuwit npu o= 10 Bpys cTpout aBoiiHOR
1
pemtero (pewero Buro Bpyna), Tak uro Beamumuni P (N, Nit) u
1

P (2N, (2N)3%) oxa3sbiBaloTcs 3aKJIOYEHHbIMH MEKJIY ABYMS CYMMaMmH
CO CPaBHHTEJbHC HEOOJbLINM YHCJ/IOM CJATAeMBIX, IPHYEM BeJHUHIIbI
CaMHMX 3THX CYMM OLEHHMBAIOTCS CBEPXY M CHH3Y XOTS U CJONKUbIM,
HO BHOJHE 3/eMeHTapHHM MeTofoM. Ilpumenas ator wmerton, Buro

365



1
Bpys poxasan, uto B (N, N1°) u P (2N, (2N)1%) HeorpanHyeHHO
YBEJUUHBAIOTCS NPH yBeJauueHuH N. :

Eciu uncsio n << 2N TakoBO, UTO BCE NPOCTHIE ACAUTENH # Goblie
1

gem (2N)1°, To n COCTOMT He Gojlee ueM W3 JEBSTH TIPOCTBIX - MHO-
xuresefi. Ecan xe npu 3TOM M y uucsia 2N -——n BCe NPOCTHIE MHO-
1 . . ’

®urtean GoJabize ueM (2N)1°, 10 n'=2N-—n TOXe - COCTOUT He
GoJibllle . yeM M3 JIeBATH NPOCTBIX MHOXKHTeneft. Takum -o6pasom,
1

noayuus, uyro P (2N, (2N)1%)— oo, B. BpyH hoKasaJj, 4To Kaxjoe

JocTaToyHo 0oJibloe yeTHoe uyHucao 2N MoXKeT ObiTh NpEJCTaBIIeH0

B Buge 2N =n-n’, rie KaxkIoe U3 cjaraeMelX 72 U 7' COCTOHT He

- 6oJlee yeM U3 JEBSITH NPOCTHIX MHOXKHTesaeH. TOYHO TaK Ke U3 TOro,
1

yro B (N, N'%) — oo, cJefyeT CyIIecTBOBaHHe GeCKOHEYHOrO MHO-
XeCcTBa 4YHUcesl n, TAKUX, 4TO U n U n'=n-1+2 cocroar He GoJjee
ueM M3 JEBSITH NPOCTHIX MHOXHTEJEH.

Psn ycoBeplIeHCTBOBANMIl, BHECEHHHBIX B MeTOJL Buro prHa no-
3BOJIUJI CHHM3HTH HYHCJO NPOCTBIX MHOXHTeJell y n U n' (B npob-
Jeme loabpbaxa—iepa 2N =n-+n" u B npobaeme Gu3HENOB
n'—n=2) no uernipex (A. A. Byxwmra6, 1940 T.).

Jlpyroe peweTto, CyUeCTBEHHO OTJnuaomeecsi OT pewera Buro
Bpyna, 6nno nocrpoeso A. Ceabfeprom.

Hcnonpays pasiuunble METOIBl pelneTa, passutsie Buro Bpysom,
byxwra6om, CenbnbeproM, KyHoM, B KOHEUHOM cyeTe yAaJoCh CHU-
3UTb 4YHCJO HNPOCTBIX MHOXHTeJeH y n 10 ABYX, a Yy n' JO Tpex
(Ban-IOanb, B. B. Jlesnn 1958 r.).

B 1948 r. penrepckuii Mmatematnk A. Penbn noxasan cjeayoumyio
TEOpEMY.

Teopema 347. Cywecmeyem nocmosunan I, maxasa, wmo Kasicdoe,
docmamouno Ooabuloe HamypaavHoe emroe wucio 2N npedcmasumo
6 eude 2N =p--n, 20e p— npocmoe uucao, a n cocmoum He 0oaee
yem us | npocmolx muoscumeaned.

B 1964r. A. A. Byxmwrab noxasan Teopemy 347 cO 3HaueHueM
{=3. AHanoruusas Teopema Gblia UM JOKasaHa H B npoGJeMe mpoc-
TBIX uHceJ 6/H3HeN0B.

Teopema 348. Mroxcecmso npocmeix ducer p, makux, 4mo p-+2
cocmoum He 6oaee, wem U3 mpex NPOCHbLX COMHONCUmMENeil, GECKOHE4HO.

PaccmatpuBass npocrtoie uncaa 6ausHens, Buro bpyn nokasan
TaKxKe CJIEAYIOIMYIO TeopeMy.

Teopema 349. P50 seiuwun, obpamneix npacmoim wuciam 6au3-
Heyam, cxooumcs.

Teopema 349 noxasbiBaeT, 4TO €CJM Jaxe NpOCThie yuc/aa 6/u3-
Hellbl 06pa3yioT GecKOHEYHOEe MHOXECTBO, TO MX BCE K€ HAaMHOTO.

1
MeHblIlle, 4€éM BCEX IIPOCThIX HUCEJ. Pﬁ,ﬂ, Z —p- BeJIMUNH, o6pamh1x
P
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BCEM NPOCTHIM YHCJAM, pacxoAutcsi (Teopema 326), HO ecau ocTa-
BUTb B HEM TOJIbKO M[POCTBIE 4HCJA P, Takue, 4T0 p’'=p--2 Toxe
MIpOCTOe, TO NOJYHHTCS CXOASIIUACH P,

IMpocTste uncaa 6aM3HeN B — Mapa HEUETHLIX MTPOCTBIX YHCEJ ¢ BO3-
MOKHO MaJeHbKOIl pasHocTblo 2. MOXHO paccMaTpHBaTh TPOHKH,
YeTBEPKH M T. J. MPOCTBIX YHCEJ C BO3MOXKHO MaJsIeHbKHMH pas3HO-
cTaMu. JLjsA Tpex NpocTHIX uyucea p, p° U p’, rhe p >3, He MOXKeT
GhITh OJHOBPEMEHHO p'=p-+2 u p"=p’+2=p-4. Jleficreutens-
HO, YHcaa p, p+2 u p-+4 o6pa3yloT NMOJHYIO CHCTEMY BBIYETOB MO
MOAYJ/O 3, U, TaKUM 00pa3oM, ONHO U3 3THX uHucea 00s3are/bHO
Jenurcst Ha 3. HaumeHbllie BO3MOXKHO MaJIeHbKHE Pa3sHOCTH MEXKAY
TPeMs TPOCTHIMU YHCJIAMU, OTJAHYHBIMU OT 3, 3TO PasHOCTH p'—p =2,
pP’—p'=4 (um p'—p=4, p"—p'=2). Tpoiikn npoctux OJaus-
HeuoB p, p'=p—+2, p"=p-+6 BcTpeyawTcs BHAUAJE CPABHUTEJHLHO
yacto, Hanpumep ((5, 7, 11)), ((11, 13, 17)); Bmecrte ¢ Tem TaOMAHLLI
IPOCTBIX YHCEJ MOKA3bBaIOT, UTO MO Mepe YAaJeHHs OT Hayasa Ha-
TYPaJbHOrO psifla TAKUE MPOCTHiE YHCJAa BCTPEHAIOTCH BCE pEXKe H
pexe. AHrnuiickiue MateMaTHky Xapiau u JIMTJABYJ NOCTaBUIH NPod-
JeMy JoKasare/lbCTBA CYIULECTBOBAHHS OECKOHEYHOr0 MHOMKECTBA
TaKHX TPOEK NpPOCTBIX ducesa: p, p'=p-+2 u p”"=p-+6. Ira npob-
JeMa Mo TPYAHOCTH 3HAYMTEJBbHO NPEBOCXOJUT NPOOJEMY CYLIECTBO-
BaHusl OCCKOHEYHOro 4Hc/a NpPOCTBIX uuces Giuspenos. Ilpobiema
CTAHOBHTCS elle TPYJAHee, eC/JH pacCMaTpUBATb UYETBEPKH NPOCTHIX
yucesa: p, p'=p+2, p'=p+6, p"'=p+8.

MoxXHO 1noCcTaBUTb PAL M APYTHX 3ajad TEOPUU NPOCTHIX UHCel,
KOTODble ellle XAYT CBOEro pelleHus. [lepeunucinM HEKOTOPBIE H3 HUX.

1. JoxasaTb, 4TO CyLIeCTBYeT NOCTOSIHHOE YHCJO. R, Takoe, 4YTO
HepaBeHCTBO p’ —p <k uMeerT GeCKOHEYHOE MHOMECTBO DELIeHMH B
MpoC THIX Yuciax p u p'.

2. Hafitn mnoctosiHHoe uMc/I0 k, Takoe, 4TOOBL CYIIECTBOBAJO
OeCKOHEYHOe MHOMKECTBO I1ap MNPOCTHIX YMCeJ p ¥ p’, TaKHX, UTO
p'—p=r.

3. JloxasaTp, uTo Kaxjoe 4YeTHOe HATYpPaJbHOE UHCJIO MpeicTras-
JfeT co60H pasHOCTh JBYX KAKUX-JIUOO NPOCTHIX YHCe.

4. JlokasaTpb cyulecTBoBaHHe GECKOHEUHOr0 MHOMECTBA IPOCTHIX

—1
upcesa p, TakHxX, 410 p':E~2—— TOXKE MPOCTOE YHUCJO.

5. JlokasaTh, 4TO CYILeCTBYeT OecKOHEUHOE MHOXKECTBO TPOEK
COCeNHM X IIPOCTHIX YHCEN P; _y, P;, P;41, OOPA3YIOMHKX a pudMETHUECK VIO

IPOTPeCcCHIO, T. €. TaKHX, uTo p,=Pi=ttPi

2
6. Hoxkasarp, 4To AJsi JIOGOTO CKOJIb YTOAHO GOJIBINOTO- YHCAA N
CYILECTBYET M MPOCTBIX YMCEN Piy, Py, +.., Pi, TAKHX, YTO
Pi, = Pi,=Pi, = Pt,y= oo =Pt Piy_y-

7. loxasaTb, 410 CYUIECTBYeT MO KpafHel Mepe ORMH MHOrOUseH
[(x)y=ax*4bx+c c uenmMu xospdunuentamu a, b, ¢ Takoil, uTo
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nocjezoBatesabaocts [ (1), f(2), f(3), ... couepxur GeckoHeyHoe
MHOXECTBO NpPOCTBIX YHCEJ.

8. OmnpegeauTb cyumecTByerT JH KBajparHbifl TpexuieH f(x)=
=ax®4-bx-+c, Takoii, 4yTo NPU BCeX X, TAKHX, UTO [(X)=p, rae p
npocroe 4ucao OYIeT TakkKe MPOCTBIM H 4YHCIO p-+ 27

9. JloxaszaTb, 4TO B MOCJEJOBATEJBHOCTH

1,1,2,3,5,8,13,21,...,

rie Kaxjoe CJelylomlee YHCJIO DaBHO CyMMe JABYX MpelblIyIHX
(nocenoBatenbuocTb @uboHauuM) cymecrsyer OGeCKOHEYHOE MHO-
KeCTBO NPOCTHIX YHCEJ.

10. Byper au pns Jio6bX B3aHMHO NPOCTHIX uHcesa k u [ Gec-
KOHEYHBIM MHOXECTBOM NPOCTHIX YHCeJ p, TaKHX, YTO BCE NPOCTblE
JEJUTENH Yuca p -+ 2 npuHaanexar nporpeccuu I, [+ k, 142k,

11. JokasaTb, YTO KakJo€ JOCTATOUHO OOJBILOE HATYpaJbHOE
yucao N qubo camo sABJsSeTCS KBaaparoM, JHOO UPeICTaBUMO B
Buje cymmol N = p-s?, rlie p—npocToe UHCJIO.

12. oxasarp, 4TO BCe HeUeTHHle YHCJA, HAUMHAS C HEKOTOPOTo,
MOTYT OBITh HPEACTABJER! B BUAE CYMMBI IPOCTOTO UHCJIA U Y IBOCHHOTO
KBaapara npocroro uucja (ducaa 5777 u 5993 He mnpencraBHMH B
TaKOM BHJE).

13. Onpenenuts, 6yAeT i 6eCKOHEUHLIM MHOXKECTBO HATYPAaIbHBEIX
urcen 1, Takux, uto n=p* n-41=p}, rie p u p;— npocthe yncIa,
k u | —nuenvle.

14. Jloxkasatb, 4To npH mMw060M HATypaJbHOM 71 MeXAy h2 H
(n-+1)? nexuT no kpafiHeil Mepe OJHO NPOCTOE HUCJIO.

15. Hokasatb, uTo npH Jio6oM € > 0 Kax10e HaTypaabHoe Yucjo N,
HauuHasi ¢ HeKotoporo N, (N>N0, rae No=N, ()} moxer OHTb
TPeNCTaBeno B BHJE N —fn+n rle BCe NPOCTble JeJTHTENH HHCeJ
n u n' He npesocxogar N°,

16. JlokasaTb cyuiecTBOBaHHe 6eCK0HeuHoro MHOXECTBA NPOCTHIX
YHceJs, IPeJCTaBUMBIX B BHJE CYMMbI TpeX KYO0OB HaTypa/ibHBIX UHCE.

17. JlokasaTtb, 4TO A/ KaXJOTO HaTypaJjbHOro yucaa N cymecrt-
ByeT LeJioe YHCJO 4, TaKoe, 4To x%—x -4 a NpUHHMAeT NPoCThie 3Ha-
yegusa npu x=0,1,2,...,N.

18. JlokasaTb, 4YTO MHOXKECTBO MPOCTLIX YHCeJ, JAJS1 KOTOPHIX
g=2, sBasercsa nepsooGpasHbIM KOPHEM, HMEET MOJOKHTEABHYIO
MJIOTHOCTb.

KoHeuHO, He HMCKJIOUEHa BO3MOXKHOCTb TOTO, YTO HEKOTOpHIE H3
9THX npobaeM OYIyT pelleHbl B OTPUUATENbHOM CMBIC/]E.

Hcmopuueckue kommenmapuu k 36-it 2araee

1. Teopema 337 nas cayuast [=1 Onia BeicKasana B 1775 r.

Ditnepowm.
Jlexannp B cBoeil xkuure “Théorie des nombres” (1808) npusen
IOKasaTesbCeTBO TeopeMbl 337, ORHAKO 3TO JOKA3aTeJbCTBO ONHPAJOCh
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Ha OJHO BCIIOMOTATeNbHOE HpeJIONKEeHHe, KOTOPOe, KaK 3TO BbisICHH-
JIOCh 03XKe, 0Ka3ajoch HeBePHLIM.

Hoxasaresabcrso /lupuxiie OblJo CymecTBeHHO ynpomero 3. Jlan-
zay.

2. XapakTep HasbBaeTcsl AeHCTBHTEJbHBIM, €CJIH ero 3HaYeHH AMH
ABJsioTCs ToJbKO upeaa 0,1 u —1. OcnoBHast TPYRHOCTH, BO3HH-
KaBliass UPH J0KasaTeJabCTBe Teopembl 337 MeromoMm Jlupuxie,

x*
3aKJI09anach B TOM, uToOR f0Kas3aTb, 4TO Z—)—‘%l %0 pasa Bcex
n=1
IeHCTBHTENBHBIX XapakTepos Mo Moxyawo k. JlokasarenasctBo Ceib-
6epra obxopurcst 6e3 3T0TO.

3. DnemeHTapHBEIE JOKA3aTelbCTBA CYLIECTBOBAHUSI GECKOHEYHOTO
MHOMECTBA TIPOCTBIX YHCEJ JJSl O4eHb MHOTHX apH(QMETHUECKHX
nporpeccuil yacTHoro Buja 6w noayuensl 1o Cenbbepra pasHbiMH
aBTOpaMy, Hanpumep, ObIJIO H3BECTHO 3JEMEHTapHOE JOKa3aTesibCTRO
Anst Bcex mnporpeccuii Bupa ki1 (£=1,23,...). Ilag MHOrHX
nporpeccui npumeHsiicst Meroy Yebwimepa, aHaJOTHYHEBI TOMY,
KOTODBIIl OH NPHMEHSJ NPH JOKasaTedbcTBe Teopembl 324. Jlokasa-
tesibCTBO A. Cesbbepra 6blJI0 mepBoe 3jieMeHTapHOE JOKa3aTeqdbCTEO,
ropHoe B o6iieM cJayuae.

4. Teopema 341 6nlsa nokasana Baane-Ilyccenom. Banae-Ilyccen
JIOK43aJ, 4TO Npu JoGOM NOCTOSKHHOM K

1 ¢ d i
%, (ks ) = o § g 0 e ™), ®
2

rfe ¢ —MOCTOsIHHAS, 3aBHCALLAsi TOMBKO OT k. B Hacrosiuee Bpems
ocTaTOuHBI 4seH B ¢opmyJe (8) oueHen Cosee TOYHO.

5. Tabauupl npoCTHIX YHCEJ B IIHPOKHX NPelesiaX [OKasbiBaloT
npeobnafaHHe KOJHYECTBA MPOCTHIX YHCes BUAA 4f - 3 110 CpaBHEHHIO
¢ NPOCTHLIMH YHcJaMH Buja 4f-4-1.

BoisicHunoch, 0QHAaKo, 4TO Takoe NpeobaajaHue NPOCTHIX YHce
BUJa 4¢ + 3 He GyJeT NPOAOJ/IKATLCA HEOT PAHHUEHHO Jajeko. MeTosom
JIntaByna 6plo J0KAa3aHo, UTO CYLIECTBYET NMOCTOsSIHHAas A, Takas,
410 AN OECKOHEUHOTO MHOMKECTBA 3HAueHHH x OYJeT UMeTb MecTo
HepaBeHCTBO

7ty (4, x) >n, 4, x)+A %(lnln In x)?
H BMecTe ¢ TeM /i OeCKOHEYHOrO MHOMXKECTBA 3HaueHHH x Gyjer
AMETb MECTO HepaBeHCTBO

n, (4, x) >n, (4, x)+ 4 'mﬁf (Inlnlnx)2.

B 1957 r. JIny names uncJo 26861, 1151 KoToporo 7, (4, x) << nt,(4, x).
26 861 naummeHbluee umcsio, obaajaiollee TakuM cBoiicTeoM. B mpe-
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peqax g0 3000000 umeercs TOMBKO OAMH HMHTEPBAJ 3HAUSHHH X
(61 600 << x < 63400), ans xoTOPBIX 7ty (4, X) <7y (4, x).

6. B nacrosimee BpeMsi BBIUHCJIEHO, YTO AJIA JOCTATOYHO GOJikb-
mux k nocrosuHas C, Teopembl 342 TakoBa, uto 1 << C, << 5448.

Corsaceo runotese YHoBja HaWMEHbIUee MPOCTOE YHUCJIO B INpO-
rpeccud (2) He mpeBOCXOAWT k'*e mus Jjoboro € >0 U Bcex HocTa-
TOYHO OGOJBIUUX F.

7. Eme B 1882 r. BebGep pokasaj, uro Kakjas NPUMHTHBHAS,
O6unapuas kBajapatuuHasa ¢opma ax®--bxy-cy? ¢ HeKBajgPaTHBEIM
JHCKPUMHHAHTOM [/ GECKOHEUHOTO MHOMKECTBA map WHeNdBlX X, Y
NpHHEMaeT 3HaYeHust, MpeicTapisiomue coboil npocrtuie uwcaa (1pu
D <0 ¢opma npepmo/iaraercs NOJOXKHUTEAbHO ONPelesIeHHO).

B 1954 r. Bpurc nokasajn, uro 3Ta TeopeMa MOxer ObiTh AOKa-
sana meronom CennOepra.

8. Xpucruan Toabpbax (1690 — 1764) — maremaruk, wien Ilerep-
Gyprckoft AkajeMun Hayk.

9. JI. I'. Hluupensman (1905— 1935) ussecten ceoumu paboramu
N0 TEeOPUH YHCeJ, TeOMETPHH M BapHAUHOHHOMY HcuucjeHuo. Oxn
J0Ka3aJi, YTO MHOXKECTBO HATYpPaJbHbIX HHCEN, NPEeICTABHMBIX B
pujie p--p’, Tae p 1 p’— OpOCTHIE YKCIA, Noce 106aBaeHIs K HeMy 1
HAMeeT [OJIOMKHUTEIbHYIO NJAOTHOCTD.

[locnenoBaTesbHOCTD HATYPANBHBIX UHCEN &y, Gy, ..., G, .
HA3bIBAETCsl NOC/EN0BATEAbHOCTHIO HONOKUTENLHOH MIOTHOCTH, ecan

CYyleCTByeT MNOCTOSAHHAS o, Takas, YTO Z 1 =aN gias Bcex ie-
ap <IN
JABIX TIOJIOXKMTEAbHBIX N,

10. H. Il. Pomanos (1934) noxasan, 4TO eCAM K MHOXECTBY
HATYPAJIbHBIX YHCEN, MPeACTABUMBIX B BHJE CyMMbl MPOCTOTO 4ucsa
U CTEIeHW 3aJaHHOIO LeJoro OcHOBaHusA a>>1, nobGaBuTh uwHcio 1,
TO TOJYYHTCS MHOMKECTBO NOJOXKHUTeNbHON miorHoctH. OH Jokasai,
4TO TO ¥Ke camoe OyJer, ecM BMeCTO CTeneHeH 3aJlaHHOr0 OCHOBAHHUSA
B3ATh k-e CTeneHM HaTypadpHHX uMcen (kR ==1 moGoe menoe).

11. Y. M. Bunorpanos He TOJbKO JOKasaJ MPeACTaBHMOCTb BCEX
0CTaTOUHO GO/bIIKX HeUeTHbIX urce N B BUJie CYMMBbl TPeX HPOCTHIX,
HO M Jan acUMITOTHUYECKYI Gopmyay mis uucia J (N) Takux npen-
craBuTediel, a HMeHHO JA0Kasas, 4To

I ~ e I (1 +55) T (1 = =5)

rje nepsoe NpOU3BeNEHHE PACHPOCTPAHEHO I10 BCeM IIPOCTHIM YHCHAM,
a BTOPOE IO IpPOCTHIM JeJauTensM uucaa N.
Tocrosinnas N, B Teopeme 344 Gnina onpefenena (K. boposakun)
B Bune N =" "38. Xya Jlo-KeH paccMOTpes PsiA 3afad o mpeicTas-
JEHHU HaTypPaibHBIX UHCEJ CYMMaMu k-X cTeneHell MPOCTHIX YmCel.
12. B 1931 r. T. DcrepMaH J[oKasaJj, YFO0 KaxkjJoe HaTypajbHoe
yucsao, Gogbluee geM 1, MOxkeT ObITh HPEACTABAEHO B BHAE CYMMbBI
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IPOCTOTO 4MCJA M uucha, CBOGOAHOrO OT KBajpaToB, M AaJ acuMi-
TOTHYECKYIO GOPMYAY ISt YMCHA TakHX TpeACTaBJEHHI.

13. K. Tlpaxap moxasan (1952 r1.), uro CymecTBYyeT GeckoHeyHOe
MHOKECTBO umMces k, TAKUX, 4TO ypaBHeuue p’— p=2k Hmeer Gec-
KOHEUHOE MHOMKECTBO peuleHHil B IIPOCTHIX uMcaax p H p'.

14. B 1963 r. B. M. Bpenuxuu, pasBuBas mMeroj JIMHHUKA, HO-
Kasaj, YTO KamJoe AOCTATOUHO OCoJbluoe yuc/io N npeicraBuMo B
puge N=p-f(k, 1), rae p npocroe umcno, f(k, ) =ak?®+ bki-cl?
IIPUMUTHBHAS NOJOKHATENbHO Onpefieientasn Gopma, O0<<f(k, I)y<<N.
Teopema Dpepuxuna siBisercs, TakuM o6pasoM, 00OOWEHHeM Teo-
pembl 345. VM e 6bi1 nosyueH u psii APYTHX TeOpeM TaKOro THia.

15. Mepaun 6bi1 y6ur Ha ¢poHTe BO BpeMss NepBOil MHPOBOH
BOiiHBl H OCTaBMJ CBOIO paboTy He3aKOHYEHHOH.

16. Tpu nokasatenbctBe Teopembl 347 A. PeHbH CYIeCTBEHHO
JCHOJB30BAJ TaK HaspBaeMmoe ,Oosbluoe pewero” Jlunnuxa. Jloka-
3aTebCTEO TeopeMbl 348 (Tak e Kak M Teopembl 347 ¢ [=3)
onupaeTcs Ha OLEHKY.

2 _ () o x
3wl max |, 9= 515 | i () O
hx @ B)=1 :

3
rae v=-g—¢, ¢ >0, A-—nponsposibnasi nocTOAHHAR. JTa OUEHKa

6bia moayuena B 1962 r. M. B. Bapbanom.

B. pacTosimiee Bpemsi A. M. Bunorpanos nonyuua ouesxy (9) co
3HAUYEHUEM ¥ == ;———e, YTO JlaeT BO3MOXKHOCTb peliaTh MHOTHE panee
HeOCTYNHbIE 33auH . aAMMTUBHON TEOPHU UYHCEs. ;

17. B 1959 r. 6maa ony6iaukoBana TabJuua HNPOCTHIX. Yuces-
Gausnenos B npefenax po 1 100 000. MasecTunl Takue GobiIMe napbi
NPOCTHIX 4HCe]-OIHU3HeNO0B, KaK, Hanpumep, 10016957 n 10016 959.
OpIOTAbL TOACYMTAN, YTO CPEJivi IEPBOro MUIJIHOHA HATYPANbHBIX YHCE
uMeercst 166 uyeTBepoK NpOCTHIX uHces BHAA p, p'=p-+2,p"=p-+6,
p''=p--8, a B npejiesiax [0 ABYX MHJ/IMOHOB, MMEETCH 295 Takux
yeTBEpPOK. DTH nopcuersl Gpan npojoskenbt B. A. ToayGesoiM.

18. Cpeau npoG.ieM, cHOPMYJIHPOBAHHBHIX HA CTPAHULAX 367—368,
npobaema 6 mpeanoxena I1. Dpuémom, a npobaemsr 11116 Xapau
i JIuTaByAOM.



TABJIMIIBI HHAEKCOB JIJIst MOJAYJIE#A,
HE HPEBOCXOJAIIUX 112

JleBble Tabaunbl cayxKaT AAs HaxoxaeHus uujpekcos. I[lpasble
TabJuubl CAYKAT LI HaxOoXJeHus uHCesa (KJIaccoB) 110 3afaHHBIM
3HAUEHHAM HHIEKCOB. [lyctb no moaymo m umeem ind,a=s. Jlesble
TabJnIBl MO3BOJSIOT 110 3HAYeHUsM m u a Halith s. las storo B 1-#
cTpoke (mox Haanucklo  Moayan“) Haxoaum Mozyas m, a B l-m
cronbue (MOJ HaANMChIO ,uucaa“) HaxoauM uucao a. HMumexc s
HaXOJUTCS HA NepecedeHWy CTOJONA, B KOTOPOM JIEXKMUT MOAY/Jb M,
H CTPOKH, B KOTOPOH JIEHHUT YHCJO 4.

ITpuwmep. Hailttu unpexc 58 no monymo 89. Ha crp. 377
B JieBoil Tabsnue Ha nepeceueHuu CTONGHIA, CBEPXY KOTOPOrO Ha-
nmucas MOAYJAb 89, M CTPOKM, cjeBa KOTOPOH Harucano uucao 58,
HaxonuM, uto ind 58 =75,

[lpaBrie TaGAMIEI TIO3BOJSIOT MO 3HAUEHHSM M H $ HAWTH a.
Jins aroro B 1-ii cTpoKe (IO HAZMHCBHIO MOLYJIH') HAXO UM MOLYJIb 11,
a B l-m croabue (nox HaANHCHIO HHAGKCH) HAaXOAUM HHJEKC S.
Yuca0 @ HAXOJWTICA HA mMepecedeHHH croablla, B KOTOPOM JIEKHT
MOAVJIb 7, H CTPOKH, B KOTOPOH JIeXHT HHJEKC S.

B uactHOCTH, N0 HHJEKCY § == MOryT ObiTb HalileHbl nepsoodpas-
Hble KODHH g, SIBJISIOLLHECS OCHOBAHHSMU B3fTHIX CHCTEM MHAEKCOB.

[Tpumep. Haiith no moxaymo 49 umcio, HHAEKC KOTOPOTO pa-
pen 40. Ha ctp. 375 B npamoii Tabnuiie Ha nepecedeHuyn crosabua,
CBEPXY KOTOPOro HalHcaH MoAy#ab 49, M CTPOKH, CJ/ieBa KOTOPOH
nanucan uHgexkc 40, waxoxum uucio 11. HMuaeke 11 no mopysmo 49
(ocHOBaHue g=3) pasen 40.
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